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1 Definitions

Before we give the formal construction of Archimedean copulas, we want to motivate the definition
of this class of copulas. By elementary probability theory we know that two continuous random
variables X and Y, with joint distribution function H and margins I’ and G are independent if and
only if H(z,y) = F(x)G(y) for all z,y € R. Now there are families of copulas that satisfy a property
that looks similar. Remember the Ali-Mikhail-Haq family of copulas given by

Co(u,v) = 1—0(1—u)(l—w)

for # € [—1,1]. This family was constructed in a way that

1-Colu,v) 1—u 1-w l—u 1—-v
— 1-0 .
Co(u,v) u * v *+ ) u v

holds. So defining A(t) = 1+ (1 — 0)(1 — t)/t, this can be written as
A Ch(u,v)) = AMu)A(v).
Going one step further, if we define ¢(t) = —log(A(t)), we get
p(Co(u,v)) = @(u) + @ (v).
Maybe there are more copulas satisfying
p(Cu,v)) = @(u) + ¢(v),

for a function ¢. If we define an appropriate inverse =1 we can solve this expression for C, so we
have a copula fulfilling

Clu,v) = ¢ (p(u) + ¢(v)). (1.1)
This leads us to the following definition. Why we expect ¢ to have these specific properties as stated
below, becomes clear later.

Definition 1.1 Let ¢ : I — [0, 00] be continuous, strictly decreasing and such that ¢(1) = 0. The
pseudo-inverse ¢[=1 : [0, 00] — T is defined as

oI = {%0_1(75)7 0< tSS

©(0)
0, p(0) <t <oo’

t < oo

Let us first note some useful properties of the pseudo-inverse.

Lemma 1.2 (Properties of pseudo-inverse) Let ¢~ be defined as above. Then
(i) =" is continuous, non-increasing on [0, oo] and strictly decreasing on [0, ¢(0)].
(i) Ve e I: (p(t) =1t

(iii) V¢ € [0,00] : p(pl71(t)) = min(t, p(0))



(iv) ©(0) =00 = g7 = !

Proof. (i) These properties are an immediate consequence of the definition of =" and properties
of an inverse function.

(ii) Let t € I since ¢ is strictly decreasing o(t) < (0). Therefore per definition of !=! it holds
P () = t.

(iii) Let ¢ > 0. If t < (0), we have

If t > ¢(0), we get

The claim follows.

(iv) Follows directly from the definition of ol=1.

In order to show that a function C' defined by (1.1) is indeed a copula, we will need the two following
Lemmata.

Lemma 1.3 Let ¢ : I — [0, 00] continuous, strictly decreasing such that ¢(1) = 0, and let =1 be
the pseudo-inverse. Let C' : I — I defined by

C(u,v) = o™ (p(u) + ¢(v))
Then C satisfies the boundary conditions for a copula that is for every u,v € 1
C(u,0) =C(0,v) =0

and

C(u,1) =u, C(1,v)=wv.
Proof. Let u € I. By definition of p[=1 it follows that

C(u,0) = o (p(u) + ¢(0)) =0

>¢(0)
and
Clu, 1) = ol (p(w) + ¢(1)) = ¢! p(w)) = u
Since C' is obviously symmetric, the proof for the other component remains the same. [ |

Lemma 1.4 Let ¢ : I — [0, oc] continuous, strictly decreasing such that (1) = 0, and let o= be
the pseudo-inverse. Let C' : I — I defined by

C(u,v) = ! U (p(u) + ¢(v)).
Then C'is 2-increasing if and only if for all v € I:

uy < ug = Clug,v) — Clug,v) < ug — uy.
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Proof. "=" Let uy,us,v € I with u; < uy. Now using Lemma 1.3
C(ug,v) — C(uy,v) < ug —uy

is equivalent to
C(ug, 1) — C(uy, 1) — C(ug,v) + C(ug,v) > 0.

So we have Vo([ug, ug] x [v,1]) > 0, which is true if C' is 2-increasing.
7<«<" Now assume that for all v € I:
up < ug = Clug,v) — Clug,v) < ug — uy.
Let uy, ug, v1,v9 € I with vy < vy and vy < uy. By Lemma 1.2.
C(0,v2) =0 < v <wy=C(1,v9).

So by using the intermediate value theorem on the continuous function s — C(s,vs),s € I, there
exists a t in I with C(t,ve) = vy, or equivalently ¢(t) + ¢(v2) = ¢(v1). Using this property we get

C(ug,v1) — Clug,v1) = e (p(uz) + p(v2) + (t))—

P (p(w) + ol(v2) + (1))
= C(C(Ug, UQ), t) — C(C(ul, Ug) t)
C(Ug,vg) (Ul,UQ)

IN

Where we have used our assumption in the last inequality, since C(uy,v2) < C(ug,v2). Now
C(Ug, ’Ul) — C(Ul, 'U1) S C(UQ,UQ) — C(Ul,vg)
is equivalent to Vi ([u, us] X [v1,v2]) > 0. This completes the proof. |

The following Theorem is an important result of this chapter, since it gives a necessary and sufficient
condition under which circumstances C' defined by (1.1) is a copula. For the proof we will need
Lemma 1.3 and Lemma 1.4.

Theorem 1.5 Let ¢ : I — [0, 00] be continuous, strictly decreasing and such that ¢(1) = 0, and let
@71 be the pseudo-inverse. Let C': I* — I defined as before. Then C' is a copula if and only if ¢ is
convex.

Proof. By the preceding Lemmata it is enough to show that
Vo el: (ug <uy = Cug,v) — Cu,v) < ug — up) & ¢ convex.
Now since ¢ is strictly decreasing, ¢ is convex if and only if pl= is convex. We will therefore show
Vo el: (up <uy = Cug,v) — Clur,v) <ug —up) < go[_l} convex.

The statement on the left can be written as

ur + o (o (uz) + 9(0) < us + @ () + o (v))
if u; < uy. Now defining a := ¢(uy),b := ¢(us) and ¢ := ¢(v) this can be seen as

e (a) + (b + ¢) < pU(b) + o (a + o). (1.2)



7=" Now assume that (1.2) holds. For s,t € [0,00] with s < tset a = (s+1)/2,b=s,c= (t—5)/2.

So (1.2) yields
s+t _yft+s _ _
w[”(Q )+w[”63—)§¢[W@+w[WW

which is equivalent to

-1 -1
wucgqu}@;dWﬁ

Therefore =1 is midpoint-convex and since ¢!~ is Lebesgue measurable as a continuous function,
it follows that ¢!~ is convex.

"«<" Let ¢l be a convex function. Furthermore, let a,b,¢ € I, with @ > b and ¢ > 0. Define
v:=(a—"0)/(a—b+c) €]0,1]. Note that a = (1 —v)b+~y(a+c¢) and b+ ¢ =~vb+ (1 —v)(a + ¢).
Now using the convexity of pl=1 we get

Pl (a) < (1=l () + e (a+ o)
and
P+ o) e (0) + (1 =)t a+ o).
Adding these inequalities yields
Pl (a) + (b + o) < U (0) + o a+ o)
and this is exactly (1.2). The claim follows. [
Now we are finally ready to define Archimedean copulas as follows.

Definition 1.6 Let ¢ : I — [0, 0o] be continuous, strictly decreasing, convex and such that ¢(1) = 0,
and let ¢!~ be the pseudo-inverse. Let C : I — I defined by

C(u,v) = o (p(u) + o(v)).

By Theorem 1.5 C' is a copula, called an Archimedean copula. ¢ is called a generator of C. If
©(0) = oo, we say ¢ is a strict generator and C' is a strict Archimedean copula.

In the following example we will proof that two well-known copulas we have already discussed are
Archimedean copulas. We will refer to this example quite a lot throughout this paper.

Example 1.7 (a) Let p(t) = —log(t), t € [0, 1]. Since ¢(0) = oo, by Lemma 1.2 (iv) it follows that
plH(t) = 7! (t) = exp(—t). So
C(u,v) = exp(—[(—logu) + (—logv)]) = exp(log(uv)) = uv = (u, v).
(b) Let ¢(t) =1—t,t € [0,1]. In this case it holds

. 1—t, 0<t<1
w[WQZ{

0, 1<t<oo
Therefore

u+v—1, 0<2—u—v<l1

= max(u+v —1,0).
0, 1<2—u—w

Clu,v) = p (2 —u —v) = {

So we see C' = W, where W is the lower Frechet-Hoeffding bound for copulas.
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2 One-parameter families

The great benefits of the class of Archimedean copulas were already hinted at in the last chapter. First
note that it is really easy to construct Archimedean copulas. By Theorem 1.5 we only have to find a
suitable generator function ¢ to construct such a copula. In addition to that the class of Archimedean
copulas consists of a wide variety of different families and has therefore a lot of applications, for
example in statistics. We will give two example one-parameter families of Archimedean copulas here.

Example 2.1 First we will take a look at the Gumbel-Hougaard family given by
Co(u, v) = exp(=[(=logu)’] + (—log(v)")]"'?)
for 0 € [1,00). The family of generators is given by
wo(t) = (—logt)".
Special cases in this family are C; = II and Cy, = M, where M (u,v) = min(u,v), (u,v) € I*.
Example 2.2 The second example of an Archimedean family is given by
Cop(u,v) = max(fuv + (1 — 0)(u +v —1),0)
for § € (0,1]. The family of generators is given by
wo(t) = —log(0t + (1 - 0)).

Special cases in this family are Cy = W and C; = II. In Figure 2.1 we can see a scatterplot of 500
samples of this family for different values of 6. Interesting is that we can already see as we get closer
to 1 with 8, how our plot more and more resembles II.

Figure 2.1: Scatterplots, § = 0.4 (left) and 6 = 0.9 (right)

Note that the special cases in these families are taken for values that are not necessarily in the
parameter interval, for example Cy in Example 2.2. We conclude that some limit has to be calculated
there. How one can calculate these limiting cases of Archimedean copulas is discussed in the fourth

chapter.
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3 Fundamental properties

For simplicity let 2 denote the set of continuous strictly decreasing convex functions ¢ : I — [0, 0]
with (1) = 0. So € is the set of generator functions for Archimedean copulas. The next theorem and
the following corollaries are used in chapter 4 to prove a theorem about limiting cases of Archimedean
copulas.

Theorem 3.1 Let C' be an Archimedean copula generated by ¢ € Q. Let Kc(t) denote the C-
measure of the set

{(u,0) € P|C(u,v) <t} = {(u,v) € Tlp(u) + p(v) > (t)}.
Then for any ¢ in I
(1)
@ (t+)’
where ¢'(t+) denotes the right-sided derivative of ¢ at t.

Ko(t) =t —

Proof. First note that ¢'(t+) exists, since ¢ is convex. Let t be in (0,1), and set w = ¢(t). Let
n€N. Let W:={0,%,..., %"} be a partition of [0,w] and T := {t = to,...,t, = 1} be a partition
of [t, 1] with

It follows that
Cltj,te) = o N (o(t;) + o)) = o (w +

especially C(t;,t,—;) =t.
Denote [tg—1,tk] X [0,tn—r+1] by Ryi, and let S,, = Up_; Ry.

Note that by using the convexity of ([~
Oétl_tﬂg Stn_tn—l

and lim,, ooty — th_1 = lim,_yee 1 — 7Y (%) = 0. So the mesh of our partition converges to 0 as
n — 0o. Therefore we have, by the construction of the C-measure, K(t) is the sum of the C-measure
of [0,t] x I and lim,,_, Ve (Sy).
Now we calculate for each k
Veo(Ry) = Otk th—is1) — C(tr, 0) — C(th—1, typ—p+1) + C(te—1,0)
= C(tg, tnks1) —

=) = ¢ (w)

and since Ry and R; are disjoint for k # [ (apart from a set with C-measure 0)

n

P (w) — ol (w —w/n)

Ve(Sa) =3 Ve(Ri) = nVe(Ry) = —w

p w/n
So using the rule for the derivative of an inverse function
w w
lim Vo(S,,) = — = — )
AL Vel = sy T e



Finally

Eo(t) = Vo([0,2] x T) + lim Vo (S,) =t — eI

Corollary 3.2 Let C' be an Archimedean copula generated by ¢ € 2. Let K((s,t) denote the

C-measure of the set
{(u,v) € PPlu < 5,C(u,v) <t}

Then for any (s,t) € I?

, s, s<t
Eo(s:) =9, etre

@' (tF)

The next corollary gives a probabilistic interpretation of the results we proved in Theorem 3.1 and
Corollary 3.2.

Corollary 3.3 Let U and V be uniform (0,1) random variables with joint distribution function C
generated by ¢ € Q. Then the function K¢ is the distribution function of C'(U, V). Furthermore,
the function K{, is the joint distribution function of U and C(U, V).

Proof. Note that the C-Measure of a set A C I? is the probability that two uniform (0, 1) random
variables, with joint distribution function C' are inside this set. So by the choice of (U, V') and the
definition of Kq(t):

Keo(t) = P((U,V) € {(u,v) € |C(u,v) < t}) = P(C(U,V) < 1),

which shows that K¢ is the distribution function of C(U, V). For K[, the claim follows similarly. l



4 Order and limiting cases

In this chapter we will portrait some nice properties, members of the class of Archimedean copulas
possess. We will start with the order.

Definition 4.1 Let C} and C5 be copulas, we say C is smaller than Cy (or Cy is larger than C),
and write C; < Cy (or Cy = C1) if Cy(u,v) < Cy(u,v) for all w,v in L.

We say a family {Cy} of copulas is positively ordered if
a<f=C,=<Cs.

The family is negatively ordered if
a< ﬁ = C, = Cﬁ.

Example 4.2 Consider this one-parameter family of Archimedean copulas
Co(u,v) = 0/ log(e?™ + eV — &),

generated by

SOQ(t) _ e@/t i 60
for 0 € (0, 00).
Now let 0,6, € (0,00), 01 < 6. Is there a relation between
2 and b2

9
log(601/u + ef/v — 6?) 10g(602/u + e2/v _ eg) !

As this example illustrates, using the definition to check wether a family of copulas has an order,
can be quite difficult. For Archimedean copulas we are in a better situation and can use a different
criteria to determine if a family is ordered. For that we will need the definition of subadditivity.

Definition 4.3 A function f : [0,00) — R is subadditive if for all z,y € [0, 00)

flz+y) < flo)+ fy).

Theorem 4.4 Let C| and C5 be Archimedean copulas generated by ¢, and @5 in 2. Then C < Cy
if and only if ¢; o 90[2_” is subadditive.

Proof. Let f = ;0 gp[;”. f is continuous, nondecreasing, and f(0) = 0. Per definitionem, C; < Cs

if and only if for all u,v in I,

P 1 (u) + 91(0) < b (alu) + @a(v)).

Let = ¢o(u) and y = ¢2(v), then the above is equivalent to

P (@) + Fy) < b @+ y) (4.1)

for all z,y in [0, p2(0)]. In addition if x > ¢5(0) or y > ¢o(0), then (4.1) reduces to 0 < 0. This can
be seen as follows. Let for example x > ¢9(0), the same reasoning applies if y > ¢(0).
10



By definition of the pseudo-inverse

o5 Uz +y) =0
Additionally since go[z_l] (x) = 0, we get that f(x) = 1(0) and therefore

@)+ ) = o N e(0) + f(y) = 0.
N e’

>¢1(0)
7=" Now let C1 < Cy. So we know (4.1) holds for z,y € [0,00). Applying ¢; to both sides yields

p1(o7 N (f(@) + F®) = (s Nz + ).

Now since ¢ (™) (t) < t, for t € [0, 0],

flx+y) < f@) + f(y),

so f is subadditive.
7<= Conversely let f be subadditive we can apply go[l_” to

fla+y) < fl@)+ fy)
and we get
A +y) = o (@) + F).
By definition of f
P (f(@) + £(9) < vy Nt y)
and this is the claim. [ ]

In the next theorem we will see under which circumstances the limit of a family of Archimedean
copulas is an Archimedean copula. This theorem was used to calculate the limiting cases in Examples
2.1 and 2.2.

Theorem 4.5 Let {Cyl0 € ©} be a family of Archimedean copulas with differentiable generators
g in . Then C' = lim Cj (the limit is understood as a pointwise limit) is an Archimedean copula
if and only if there exists a function ¢ in € such that for all s,¢ in (0, 1):

i £215) _ 25)

wp(t) (1)
where lim denotes the appropriate one-sided limit as # approaches an end point of the parameter
interval. The generator of C'is .

Proof. Let (Up, Vy) be uniform (0,1) random variables with joint distribution function Cjy, let K,
denote the distribution function of Cy(Uy, V) and let Kj denote the joint distribution function of Uy
and Cy(Uy, V). By Corollaries 3.2. and 3.3. we get

, o, pe(t) | wals)
Rals 0 =t=oo " o
for0<t<s<1and



for all ¢t in I. Now let (U, V) be uniform (0,1) random variables with joint distribution function C,
let K be the distribution function of C(U, V') and let K’ denote the joint distribution function of U
and C'(U, V).

Assume C' = lim Cy is Archimedean with generator ¢. So

t t
limt — 90,9< ) im K(t) = K(t) = £ — 90,< ) (4.2)
p(t) ' (t)
for t € I. Note that the equality lim Ky(t) = K(t) is a consequence of the definition of the C-volume
and construction of the C-measure. This proves the claim for s = t.
For 0 <t < s < 1. It now holds similarly that
po(t) | wols)

Lo pelt) K (s ) = K (s ) — ¢ 2B ()
it =y g~ als ) = Ris ) == ey + 0

and with (4.2) we get

i £205) _ £05)
wa(t) (1)
Conversely assume that for all s,¢ in (0, 1):

i P008) _ ()
wp(t) (1)

If we denote ¢g := (f,/((ig)) > 0 for a fixed tg € (0,1), we get that for all s € (0, 1], limcypp(s) = ¢(s).
6

Claim: lim @} <_9> — 1),
For that let € > 0, and s € (0,¢(0)). Since ¢~ is continuous, there exists > 0, such that

max{|p" (s + ) — ol (s)|, [ (s = 6) — ()|} <&,
and s+ d,s — d € (0,¢(0)).
Now since cypy — ¢ pointwise, if 6 is chosen close enough to an endpoint of the parameter interval
it holds

max{|copg (01 (s + 8)) — 0(e (s 4 6))], lcowa (@l (s = 0)) — (e (s — )}
= max{|cop(" (s + 0)) — (s + 0)|, oo (! (s — 6)) — (s — §)|} < 6.

So it has to hold

cawe(go[_l](s —90)) <s< cewg(go[_”(s +4)).

If we apply cpé_l](-/@) to the above and note that 90[_1](-/09) is strictly decreasing (cy is positive), we

end up with

— - S _
s 40) < (2) < s 0)
But by the choice of §, we get now that ¢[=U(s + )71 (s — 6) € [pl7U(s) — &, pl7U(s) +€]. So

_ _ S
() — b (—) <e
Co
12



and this is our claim. For s = 0 the claim also holds as a direct consequence of the definition of a
generator. For s = ¢(0), we can use a similar argument using the continuity of ¢ and the definition
of the pseudo-inverse.

We will show C' = lim Cy is Archimedean with generator . For that using the claim, the continuity
of =1 and lim cypy = ¢, we have

i o [ (1) + o, 0] =t |2 EE ) o)+ o)

as well as

tim i i [72 (o, () + o, (0))] = Him = e, (0, () + 0, (0))] = ) + ()]

We can therefore set 8 = 6, hence

lim g} fpo(u) + 2a(0)] = lim lim 5 [=2 (o0, () + 0, (0))] = 9o () + ()]

Co,
Co
for fixed u,v € I and this completes the proof. [ |

We can now calculate the two limiting cases in Example 2.2.
Example 4.6 o Let gy(t) = —log(6t + (1 —6)), 0 € (0,1]. Using L’'Hospital:

wo(s) .. log(fs+(1-0))

= =s—1.
o0r gh(t)  os0r 00+ (1—0))

Now define p(s) =1 —s,s € I. So it is easy to see that

) _ (o)
0 0 )

By Theorem 4.5 it follows that Cj is Archimedean with generator ¢, so using Example 1.7 (b)
we see that Cy = W.

e Using the same family of generators, we have

. pe(s) .. log(0s+(1—0))
Mo TN e 1m0y o8

Now define p(s) = —log(s),s € I. So by the above

vo(s) _ #(s)

I OIREO)

Again we see that () is Archimedean with generator ¢, so using Example 1.7 (a) we see that
Cy =1L

13



5 Two-parameter families

In this chapter we will give one way of constructing two-parameter families. The main idea is to
compose generators with the power function ¢ — t?, > 0. One benefit of this approach is that we
can easily construct a two-parameter family of Archimedean copulas, by only knowing one generator.

Theorem 5.1 Let ¢ € (), let o, > 0 and define

Pa(t) = (%) p1s(t) = ()",

If 5> 1, then vy 5 € Q. If ais in (0,1], then ¢, ; € €.
If ¢ is twice differentiable and t¢'(t) is nondecreasing on (0,1), then ¢, is an element of € for all
a> 0.

Proof. We only show that for 5 > 1 it holds that ¢; g € 2. The rest of the claims follow similarly.
So let B > 1. ;5 is continuous, since the power function and ¢ are continuous. To show the
convexity of oy g, first note that the function h : [0,00] — R, h(z) = 27 is convex. We can see that
by calculating h'(x) = B2®~! > 0, so h is convex. Now let ¢;,t, € T and A € [0,1]. We get

(Mt + (1= Nt2))” < (p(tr) + (1= Np(t2))” < dp(ta)” + (1 = Neo(t2)”,

where we used that h is nondecreasing, and ¢ is convex in the first inequality and the convexity of
h in the second one. We show now that ¢, g is striclty decreasing. Let ¢;,t; € I, ¢ < %3, so

p(t)” > p(ta)”.
We used that ¢ is strictly decreasing and h is strictly increasing. Finally

pre(1) = (1) =07 =0,
which completes the proof. [ |

To construct a two-parameter family of copulas we can now define

Pas(t) = [p(t))’
and note that ¢, g € Q if we choose o and 3 as in Theorem 5.1.

Example 5.2 Let ¢(t) = 1 — ¢ and using our approach we define ¢, 5(t) = (1 — t*)? for a € (0, 1],
£ > 1. This generates

Ca,g(u,v) = max ([1 —((1 - ua)ﬁ +(1- 1/5 1/a >

Special cases in this family are for example Cy; = W, Cy; = Il and C o = M.
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