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Setting & Outlook

Our situation:

• n copies of a d–dimensional random vector X = (X1, . . . ,Xd)ᵀ:

X1 =

X 1
1
...
X 1
d

 , . . . ,Xn =

X n
1
...
X n
d


• X has an unknown (multivariate) distribution function H and

absolutely continuous, but unknown, margins F1, . . . ,Fd .

Aim

Estimate the Copula C , s.t. H(x) = C (F1(x1), . . . ,Fd(xd)), x ∈ Rd .

Today: The wanted Copula is an element of a parametric family.
Tomorrow: The Non-Parametric case by Viet.
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Why unknown margins?

Theorem (Stochastic Analog of Sklar’s Theorem)
Let X = (X1, . . . ,Xd)ᵀ be a d–dimensional random vector with
continuous univariate margins F1, . . . ,Fd .
Then X has copula C if and only if (F1(X1), . . . ,Fd(Xd)) ∼ C .
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Element of a parametric family

A parametric family of absolutely continuous copulas will be denoted as

C = {Cθ | θ ∈ Θ},

where Θ ⊆ Rp for some p ∈ N, i.e.

θ = (θ1, . . . , θp)ᵀ .

Let us first recall two examples of such parametric families.
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Three Examples of Parametric Families

(i) Bivariate Gumbel-Hougaard Copula
This is a special case of an Archimedean Copula
(with generator ψ(t) = exp

(
−t1/θ

)
):

C =

{
Cθ(u1, u2) = exp

(
−
(
(− log u1)θ + (− log u2)θ

)1/θ) | θ ≥ 1
}
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Three Examples of Parametric Families

(ii) Clayton Copula
This is a special case of an Archimedean Copula
(with generator ψ(t) = (1 + t)−1/θ):

C =

{
Cθ(u1, u2) =

(
max{u−θ1 + u−θ2 − 1; 0}

)−1/θ | θ > 0
}
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Element of a parametric family

So, assuming C ∈ C, it follows that

∃!θ∗ : C (F1(·), . . . ,Fd(·)) = Cθ∗(F1(·), . . . ,Fd(·)).

(New) Aim
Estimate the parameter vector θ∗, s.t. H(x) = Cθ∗(F1(x1), . . . ,Fd(xd))
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Parametrically Estimated Margins

Additional Assumption:

F1 ∈ F1 = {F1,λ1 | λ1 ∈ Λ1}, Λ1 ⊆ Rp1 and p1 ∈ N,
...

Fd ∈ Fd = {Fd,λd
| λd ∈ Λd}, Λd ⊆ Rpd and pd ∈ N.

Hence, it holds

∃!λ∗i ∈ Λi : Fi = Fi,λ∗
i
(·), i ∈ {1, . . . , d}

Therefore, the wanted Copula looks as follows

C (F1(·), . . . ,Fd(·)) = Cθ∗
(
F1,λ∗

1
(·), . . . ,Fd,λ∗

d
(·)
)
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Maximum Likelihood Estimator

Sklar’s theorem says that

H(x1, . . . , xd) = Cθ (F1,λ1(x1), . . . ,Fd,λd
(xd))

and since Cθ,F1,λ1 , . . . ,Fd,λd
are absolutely continuous, we compute the

density

h(x1, . . . , xd) =
∂d

∂x1 · · · ∂xd
H(x1, . . . , xd)

=
∂d

∂x1 · · · ∂xd
Cθ(F1,λ1(x1), . . .Fd,λd

(xd))

= cθ(F1,λ1(x1), . . . ,Fd,λd
(xd)) ·

d∏
i=1

fi,λi (xi ).
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Maximum Likelihood Estimator

Likelihood-function:

L(λ1, . . . , λd , θ) =
n∏

i=1

h(X i
1, . . . ,X

i
d)

Log-Likelihood-function:

log (L(λ1, . . . , λd , θ)) = log

(
n∏

i=1

h(X i
1, . . . ,X

i
d)

)

=
n∑

i=1

log

(
cθ(F1,λ1(x1), . . . ,Fd,λd

(xd)) ·
d∏

i=1

fi (xi )

)

=
n∑

i=1

log (cθ(F1,λ1(x1), . . . ,Fd,λd
(xd)))

+
n∑

i=1

d∑
j=1

log
(
fi (x

i
j )
)
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Maximum Likelihood Estimator

(λ̂1, . . . , λ̂d , θ̂) = arg max
λ1∈Λ1,
...,

λd∈Λd ,
θ∈Θ

log (L(λ1, . . . , λd , θ))

Main drawbacks

(i)

(ii)

11



Maximum Likelihood Estimator - Example

Lets assume that

• d = 10,

• C Normal Copula Family

• F1 = . . . = F10 family of Γ(p, b)–distributions.

What is the number of parameters ?
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Inference Functions for Margins Estimator

Main idea:
First, estimate the parameters λ∗1, . . . , λ

∗
d as

λ̃1 = arg max
λ1∈Λ1

n∑
i=1

log(f1λ1(X i
1)),

...

λ̃d = arg max
λd∈Λd

n∑
i=1

log(fdλd
(X i

d))

Create pseudo-observations

U1
λ̃

:=
(
F1,λ̃1

(X 1
1 ), . . . ,Fd,λ̃1

(X 1
d )
)

...

Un
λ̃

:=
(
F1,λ̃1

(X n
1 ), . . . ,Fd,λ̃1

(X n
d )
)
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Inference Functions for Margins Estimator

Estimate the wanted parameter θ∗ using a likelihood-like function

L(θ) =
n∏

i=1

cθ(U i
λ̃

),

log(L(θ)) =
n∑

i=1

log
(
cθ(U i

λ̃
)
)

→ θ̃ =
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Asymptotic Efficiency

Denote by

η∗ = (λ∗1, . . . , λ
∗
d , θ
∗)ᵀ the real parameters,

η̂ = (λ̂1, . . . , λ̂d , θ̂)ᵀ all estimators of MLE,

η̃ = (λ̃1, . . . , λ̃d , θ̃)ᵀ all estimators of IFME.

One can show that

√
n(η̂ − η∗) d−→

n→∞
N (0, I−1),

√
n(η̃ − η∗) d−→

n→∞
N (0,V ).

Numerically, one can show that in many cases

V − I−1 ≈ 0.
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One drawback is left

IFM Eis computationally very efficient.
But what about the second drawback?
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Non-Parametrically Estimated Margins

Drop the assumption:

Margins belong to parametric families

Instead: (Rescaled) Empirical distributions functions
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Pseudo-Observations

Plugging in yields the following pseudo-observations

Û1 =
(
F̂1(X 1

1 ), . . . , F̂d(X 1
d )
)

Û2 =
(
F̂1(X 2

1 ), . . . , F̂d(X 2
d )
)

...

Ûn =
(
F̂1(X n

1 ), . . . , F̂d(X n
d )
)

Note:

• Not true observations, just estimators.

• Not independent.

• Use them as observations to estimate C .
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Method of Moments

We discuss the bivariate case and one-parameter copulas only.
Let (X ,Y ) be a vector, and (x1, y1), . . . , (xn, yn) be a random sample of
observationbs of (X ,Y ).
How many distinct pairs exist?

Concordant pair: (xi , yi ), (xj , yj) s.t. sgn(xi − xj) = sgn(yi − yj)

Discordant pair: (xi , yi ), (xj , yj) s.t. sgn(xi − xj) = −sgn(yi − yj)

Sample version of Kendall’s tau:

τn :=
c − d(

n
2

) = P(Concordant pair)− P(Discordant pair)

Population version of Kendall’s tau:

τX ,Y := P((X2 − X1)(Y2 − Y1) > 0)− P((X2 − X1)(Y2 − Y1) < 0)
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Kendall’s Tau Representation

Theorem
Let (X1,Y1), (X2,Y2) be independent vectors. All random variables are
continuous with joint distribution function H1 and H2, and margins F
(of X1,X2) and G (of Y1,Y2). Let C1 and C2 the copulas associated
with H1 and H2.
Then,

Q = Q(C1,C2)

:= P((X2 − X1)(Y2 − Y1) > 0)− P((X2 − X1)(Y2 − Y1) < 0)

= 4
∫

[0,1]

∫
[0,1]

C2(u, v)dC1(u, v)− 1
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Proof
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Proof
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Proof
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Method-of-Moments Estimator

Next, we define

gτ (θ) := τ(Cθ)

→ θ̂ = g−1
τ (τn)

Example: Farlie-Gumberl-Morgenstern
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Thank you for your attention!
Any questions?
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