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Preliminaries



Review: Basics on Copulas

Let Xi,..., X, be a random sample of a d—dimensional random vector
X with distribution function H and continuous, univariate margins
Fi,...,Fq.

Theorem (Sklar’s Theorem)

There exists a unique copula C on [0,1]? such that
H(x) = C(Fi(x1),-- -, Fa(xa))
for x = (x1,...,xq) € RY.

Lemma (Stochastic analog of Sklar’s theorem)

Let X be a d—dimensional random vector with continuous, univariate
marginals Fy,...,Fy. Then, X has copula C if and only if

U= (Fi(X0),...,Fa(Xg)) ~ C.



Fully, semi-, and non-parametric estimation

Assumptions

Estimation

CZC@OE{CQZGEG}
Fi = Fjﬁc,j € {Fjﬂj S rj}

Fully parametric

C:Cgo€{C920€e}

semi-parametric

no assumptions
on C or F;

non-parametric




Non-parametric estimation



Non-parametric estimation: Margins

Definition

Define non-parametric estimators for the margins Fy, ..., Fy by
F,JX:n+1Z]1X<X (1)

forx eR, j=1,...,d (i.e. empirical distribution function over the

Jj—th elements of Xi,..., X,).



Definition
The pseudo observations of the copula C are defined by

U= (Foi(Xi)s-- -, Fna(Xid)), (2)

for i=1,...,n, where F,j is the empirical margin defined in (1).

e Dividing by (n+ 1) instead of n is asymptotically negligible but
ensures that U; , lies in the interior (0,1)9 which is important e.g.
for maximum pseudo-likelihood estimation.

e Let Rjj be the rank of Xj among Xy j,..., Xpj. Then,
FnJ(X,'j) = R,J/(n + 1) and

1

Uin:
’ n+1

(Rit, .-, Rid)

(sample of multivariate scaled ranks).



What do you think is a natural choice for a
non-parametric copula estimator?



The empirical copula

Definition
The is defined by

n n d
1 1
Cn(u):; E ]l(Ui,nSu):; E H]l(Uij,nSUJ) (3)
i1 =i =1

for u € [0, l]d, where U; ,, i =1,...,n, are the pseudo observations
defined in (2).



Properties of the empirical copula

e Invariant under monotone increasing transformations of data
Only based on multivariate scaled ranks.

e Asymptotic properties can be derived from the empirical copula
process

Vi (Co(u) — C(u)), wue]0,1].

e Consistent estimator of C (Deheuvels (1979))

e Asymptotically centered Gaussian process
Assumption: Independence!



Smooth non-parametric
estimators



Order statistics

e Recall: empirical copula

LS T U< u) = IZf[l]1< <u).

I]._j].

Q: What causes ,,unsmoothness* of the empirical copula C,?
e /dea: Replace indicator functions in empirical copula by the
cumulative distribution function of the Rj; , = r — th order statistic
of U,'.
e The r—th order statistic of a uniformly distributed sample is
beta-distributed with parameters nand n —r + 1.



Empirical 3—copula

Definition (Segers, Sibuya, Tsukahara (2017))
The is defined by

n d
1
Cy(u) = ;ZHFn,RU(UJ) (4)
i=1 j=1
for u € [0,1]%, where

e F, . denotes the cdf of the beta-distribution with parameters r and
n+1—r,r=1,...,n,

e Rj is the rank of the observation Xj among Xij, ..., Xy;.



Facts on beta-copulas

e The empirical beta-copula is a genuine copula with has standard
uniform univariate margins if the components Xi,..., X, are
independent.

Margins: For k € 1,...,d, ux €[0,1]

cha,.. . 11,1 ZHF"RU uj) Z/:nR,k u)

ll_]l

fZF,,,uk ZE[ ( <uj>]
%zn:]l (U(’) < uk)] = uy.

r=1

=FE




Empirical Bernstein copulas

e The empirical beta-copula is a special case of empirical Bernstein
copulas CBem.

e Under certain conditions Berstein polynomials form Copulas.

e What about weak convergence and asymptotics of
Vn(Co(u)5" — C(u)))?

Yes, but under many conditions!
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Non-parametric estimation for

extreme-value copulas




Motivation: Extrem-value theory

e Motivation from extreme-value theory (Resnick, Pickands) and
transferred to the concept of copula theory by Gudendorf and Segers.

e Consider a sample Xj, ..., X, of d—dim. random vectors
Xi = (Xi1,...,Xi.q), and the vector of maxima

Mn = (Mnla EERE Mnd)a

.....
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Copula of max vector

Proposition

Let X = (X1, ..., Xy) have copula C and marginal distributions
Fi,...,Fq. Then, the copula of the max vector M, = (Mp1, ..., Mnq)
is given by

Cu,(u1,...,uq)=C (ui/",...,u}/")

12



Extreme-value copulas

Definition
A d-dimensional copula C is an if there exists a
copula C* such that, for any u € [0,1]¢

n— o0

lim C* (ui/",...,ui/") =C(u1,...,Uy).

The copula C* is then said to be in the maximum domain of attraction
of C.

Remark

There are useful characterizations of extreme-value copulas, e.g.

e Characterization based on

e Characterization based on

13



Max-stability

Definition

A copula is called if it satisfies the relationship
C(upy...,uq) = C(ui/m,...,u;/m>m

for all integeres m > 1 and u = (uy, ..., uq) € [0,1]9.

Theorem

A copula is an extreme-value copula if and only if it is max-stable.
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The Pickands dependence function

Proposition
A copula C is an extreme value copula if and only if there exists a
function A: Ag—1 — |%,1] such that for any u € (0,1]¢\ {(1,...,1)}

d
log uy log uy
C(u) = exp Zloguj A( 5 Joao)=— . (5)
j=1 Zj:l log uj Zj:l log u;

The function A is called the
associated with C.

15



Convexity and bounds

The Pickands dependence function is

(1) convex,

(2) bounded by

d—1
max Wl,...7wd,1,1—ZWj <Aw)<1
j=1

for w=(wy,...,wyg_1) € Ag_1.

Remark

(1) and (2) are not sufficient conditions to characterize the class of
Pickands dependence functions unless d — 2.

16



Special case: d =2

Example
In the case an extrem-value copula is specified by the convex,
one-dimensional Pickands dependence function A : [0,1] — [1/2,1]

which satisfies

Cu, v) = (uv)AoE()/ log(uv))

and

max{t,1 —t} < A(t) <1, te][0,1].
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Special case: d =2 (Cont’d)

Example
Consider the bivariate Gumbel-Hougaard copula. It is given by

Co(u,v) = exp (— [(—log u)” + (— log v)’] 1/0)

You can easily verify that the Pickands dependence function is given by

ASH() = (P + (1 - t)")l/e, t €[0,1].

AT()
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Non-parametric estimation: Idea

Assumption: C is an extreme-value copula.

Idea

Given a non-parametric estimator A, of A computed from Xi,..., X,
define the plug-in estimator by plugging A, into the Pickands
characterization of C (5), i.e.

d
log u log uy
Co(u) = exp Zloguj A,,( dg ! ey dg )
= > j—1log uj > =1 log u;

19



Pickands estimator

e Let Xi,...,X, be a sample of the d—dim. random vector X with

corresponding pseudo observations U; , = (Ui, - -, Uid.n),
i=1,...,n
e Define
—log(U;; ,
Gi,n(w) = min {og( = )}
je{l,...,d} w;

forwelAy 1,i=1,...,n.

Definition

The Pickands estimator is defined by

AR (w) = (1 Zcf,n(w)>
i=1

forwe Ay 1.
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Why?!



Pickands estimator for d =2

e Let (X, Y) be a bivariate random vector with continuous, marginal
distributions F and G, and unique copula C.

o Let (U, V), where U= F(X) and V = G(Y).
e The random variables —log(U) and — log(V') are exponentially
distributed with mean 1.
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e Forall t € (0,1) set

¢(t) = min { _lof(;j), - lof(v)} :

and ¢(0) = —log(U) as well as (1) = —log(V).
e Then,

P(C(t) > x) =P <_ log(U) _ ., Z1og(V) x)

1—t T
=P (log(U) < —x(1 —t),log(V) < —xt)

=P (U <e (=0 v < e_Xt>

C (e—x(l—t)’ e—xt)

(Last eq.: (U, V) ~ C.)
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P(¢(t) > x) = C (efx(lft)v efxt>

e Recall C(u,v) = (uv)Alee(v)/1og(t¥)) " hence

A(=xt/(=x))
P(¢(t) > x) = (e*"(l*t)e*xﬁ =

e Consequently ((t) is exponentially distributed with

B0 = 75

efo( t)
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With E{(t) = ﬁ in mind
e (X1, Y1),...,(X,,Y,) sample of bivariate r.v. (X, Y)
e U= F,(X;) and V; = G,(Y;) are the pseudo observations (F,, G,
emp. distr. fn.)
e Set

Cin(t) = min { - |1°§(i/i)7 - Ioi(\/,.) }

e Define

AR () = (iZCm(t))
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Exponential and Gumbel distribution

We make the following observations (d=2):

e Z ~ Exp(1) then Z/\ ~ Exp()\)

e Gumbel distribution: W ~ Gumbel(u, 8) with EW = u + B+, where
~v ~ 0.577 is the Euler-Mascheroni constant.

o —log Z ~ Gumbel(0,1), thus

E[log ((t)] = —E { log <A(Zt)>} = —E[-log Z] — log A(t)

= —7 — log A(t)

& A(t) = exp (—y — E[log ¢(t)])
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Capéraa-Fougeéres-Genest estimator

Definition

The Capéraa-Fougéres-Genest estimator is defined by

ASFC (w) = exp (—7 — % Z log C;,,,(W)>
=il

for w € Ay_1, where v =~ 0.577 is the Euler-Mascheroni constant.
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Thank you!
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