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Preliminaries



Review: Basics on Copulas

Let X1, . . . ,Xn be a random sample of a d−dimensional random vector
X with distribution function H and continuous, univariate margins
F1, . . . ,Fd .

Theorem (Sklar’s Theorem)

There exists a unique copula C on [0, 1]d such that

H(x) = C (F1(x1), . . . ,Fd(xd))

for x = (x1, . . . , xd) ∈ Rd .

Lemma (Stochastic analog of Sklar’s theorem)
Let X be a d−dimensional random vector with continuous, univariate
marginals F1, . . . ,Fd . Then, X has copula C if and only if

U = (F1(X1), . . . ,Fd(Xd)) ∼ C .
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Fully, semi-, and non-parametric estimation

Assumptions Estimation

C = Cθ0 ∈ {Cθ : θ ∈ Θ}
Fj = Fj,γ0,j ∈

{
Fj,γj : γj ∈ Γj

} Fully parametric

C = Cθ0 ∈ {Cθ : θ ∈ Θ} semi-parametric

no assumptions
on C or Fj

non-parametric
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Non-parametric estimation



Non-parametric estimation: Margins

Definition
Define non-parametric estimators for the margins F1, . . . ,Fd by

Fn,j(x) =
1

n + 1

n∑
i=1

1 (Xij ≤ x) (1)

for x ∈ R, j = 1, . . . , d (i.e. empirical distribution function over the
j−th elements of X1, . . . ,Xn).
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Definition
The pseudo observations of the copula C are defined by

Ui,n = (Fn,1(Xi1), . . . ,Fn,d(Xid)) , (2)

for i = 1, . . . , n, where Fn,j is the empirical margin defined in (1).

• Dividing by (n + 1) instead of n is asymptotically negligible but
ensures that Ui,n lies in the interior (0, 1)d which is important e.g.
for maximum pseudo-likelihood estimation.

• Let Rij be the rank of Xij among X1,j , . . . ,Xnj . Then,
Fn,j(Xij) = Rij/(n + 1) and

Ui,n =
1

n + 1
(Ri1, . . . ,Rid)

(sample of multivariate scaled ranks).
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What do you think is a natural choice for a
non-parametric copula estimator?
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The empirical copula

Definition
The empirical copula is defined by

Cn(u) =
1
n

n∑
i=1

1 (Ui,n ≤ u) =
1
n

n∑
i=1

d∏
j=1

1 (Uij,n ≤ uj) (3)

for u ∈ [0, 1]d , where Ui,n, i = 1, . . . , n, are the pseudo observations
defined in (2).
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Properties of the empirical copula

• Invariant under monotone increasing transformations of data
Only based on multivariate scaled ranks.

• Asymptotic properties can be derived from the empirical copula
process √

n (Cn(u)− C (u)) , u ∈ [0, 1]d .

• Consistent estimator of C (Deheuvels (1979))

• Asymptotically centered Gaussian process
Assumption: Independence!
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Smooth non-parametric
estimators



Order statistics

• Recall: empirical copula

Cn(u) =
1
n

n∑
i=1

d∏
j=1

1 (Uij,n ≤ uj) =
1
n

n∑
i=1

d∏
j=1

1

(
Rij

n + 1
≤ uj

)
.

Q: What causes „unsmoothness“ of the empirical copula Cn?

• Idea: Replace indicator functions in empirical copula by the
cumulative distribution function of the Rij,n = r − th order statistic
of Ui .

• The r−th order statistic of a uniformly distributed sample is
beta-distributed with parameters n and n − r + 1.
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Empirical β−copula

Definition (Segers, Sibuya, Tsukahara (2017))
The empirical beta-copula is defined by

Cβn (u) =
1
n

n∑
i=1

d∏
j=1

Fn,Rij (uj) (4)

for u ∈ [0, 1]d , where

• Fn,r denotes the cdf of the beta-distribution with parameters r and
n + 1− r , r = 1, . . . , n,

• Rij is the rank of the observation Xij among X1j , . . . ,Xnj .
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Facts on beta-copulas

• The empirical beta-copula is a genuine copula with has standard
uniform univariate margins if the components X1, . . . ,Xn are
independent.
Margins: For k ∈ 1, . . . , d , uk ∈ [0, 1]

Cβn (1, . . . , 1, uk , 1, . . . , 1) =
1
n

n∑
i=1

d∏
j=1

Fn,Rij (uj) =
1
n

n∑
i=1

Fn,Rik
(uk)

=
1
n

n∑
r=1

Fn,r (uk) =
1
n

n∑
r=1

E
[
1

(
U(r) ≤ uj

)]
= E

[
1
n

n∑
r=1

1

(
U(r) ≤ uk

)]
= uk .
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Empirical Bernstein copulas

• The empirical beta-copula is a special case of empirical Bernstein
copulas CBern

n .

• Under certain conditions Berstein polynomials form Copulas.

• What about weak convergence and asymptotics of

√
n(Cn(u)Bern − C (u)))?

Yes, but under many conditions!
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Non-parametric estimation for
extreme-value copulas



Motivation: Extrem-value theory

• Motivation from extreme-value theory (Resnick, Pickands) and
transferred to the concept of copula theory by Gudendorf and Segers.

• Consider a sample X1, . . . ,Xn of d−dim. random vectors
Xi = (Xi1, . . . ,Xi,d), and the vector of maxima

Mn = (Mn1, . . . ,Mnd),

where Mnj = max
i=1,...,n

Xij .
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Copula of max vector

Proposition
Let X = (X1, . . . ,Xd) have copula C and marginal distributions
F1, . . . ,Fd . Then, the copula of the max vector Mn = (Mn1, . . . ,Mnd)

is given by

CMn(u1, . . . , ud) = C
(
u

1/n
1 , . . . , u

1/n
d

)n
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Extreme-value copulas

Definition
A d-dimensional copula C is an extreme-value copula if there exists a
copula C∗ such that, for any u ∈ [0, 1]d ,

lim
n→∞

C∗
(
u

1/n
1 , . . . , u

1/n
d

)n
= C (u1, . . . , ud) .

The copula C∗ is then said to be in the maximum domain of attraction
of C .

Remark
There are useful characterizations of extreme-value copulas, e.g.

• Characterization based on max-stability

• Characterization based on Pickands dependence formula
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Max-stability

Definition
A copula is called max-stable if it satisfies the relationship

C (u1, . . . , ud) = C
(
u

1/m
1 , . . . , u

1/m
d

)m
for all integeres m ≥ 1 and u = (u1, . . . , ud) ∈ [0, 1]d .

Theorem
A copula is an extreme-value copula if and only if it is max-stable.
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The Pickands dependence function

Proposition
A copula C is an extreme value copula if and only if there exists a
function A : ∆d−1 →

[ 1
d , 1
]
such that for any u ∈ (0, 1]d \ {(1, . . . , 1)}

C (u) = exp

 d∑
j=1

log uj

A

(
log u1∑d
j=1 log uj

, . . . ,
log ud∑d
j=1 log uj

) . (5)

The function A is called the Pickands dependence function
associated with C .
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Convexity and bounds

The Pickands dependence function is

(1) convex,

(2) bounded by

max

w1, . . . ,wd−1, 1−
d−1∑
j=1

wj

 ≤ A(w) ≤ 1

for w = (w1, . . . ,wd−1) ∈ ∆d−1.

Remark
(1) and (2) are not sufficient conditions to characterize the class of
Pickands dependence functions unless d = 2.
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Special case: d = 2

Example
In the case d = 2 an extrem-value copula is specified by the convex,
one-dimensional Pickands dependence function A : [0, 1]→ [1/2, 1]

which satisfies

C (u, v) = (uv)A(log(v)/ log(uv))

and

max {t, 1− t} ≤ A(t) ≤ 1, t ∈ [0, 1].
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Special case: d = 2 (Cont’d)

Example
Consider the bivariate Gumbel-Hougaard copula. It is given by

Cθ(u, v) = exp
(
−
[
(− log u)θ + (− log v)θ

]1/θ)
You can easily verify that the Pickands dependence function is given by

AGH
θ (t) =

(
tθ + (1− t)θ

)1/θ
, t ∈ [0, 1].
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Non-parametric estimation: Idea

Assumption: C is an extreme-value copula.

Idea
Given a non-parametric estimator An of A computed from X1, . . . ,Xn,
define the plug-in estimator by plugging An into the Pickands
characterization of C (5), i.e.

Cn(u) = exp

 d∑
j=1

log uj

An

(
log u1∑d
j=1 log uj

, . . . ,
log ud∑d
j=1 log uj

) .
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Pickands estimator

• Let X1, . . . ,Xn be a sample of the d−dim. random vector X with
corresponding pseudo observations Ui,n = (Ui1,n, . . . ,Uid,n),
i = 1, . . . , n.

• Define

ζi,n(w) = min
j∈{1,...,d}

{
− log(Uij,n)

wj

}
for w ∈ ∆d−1, i = 1, . . . , n.

Definition
The Pickands estimator is defined by

AP
n (w) =

(
1
n

n∑
i=1

ζi,n(w)

)−1

for w ∈ ∆d−1.
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Why?!
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Pickands estimator for d = 2

• Let (X ,Y ) be a bivariate random vector with continuous, marginal
distributions F and G , and unique copula C .

• Let (U,V ), where U = F (X ) and V = G (Y ).

• The random variables − log(U) and − log(V ) are exponentially
distributed with mean 1.
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• For all t ∈ (0, 1) set

ζ(t) = min

{
− log(U)

1− t
,
− log(V )

t

}
,

and ζ(0) = − log(U) as well as ζ(1) = − log(V ).

• Then ,

P(ζ(t) > x) = P
(
− log(U)

1− t
> x ,

− log(V )

t
> x

)
= P (log(U) < −x(1− t), log(V ) < −xt)

= P
(
U < e−x(1−t),V < e−xt

)
= C

(
e−x(1−t), e−xt

)
(Last eq.: (U,V ) ∼ C .)
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P(ζ(t) > x) = C
(
e−x(1−t), e−xt

)

• Recall C (u, v) = (uv)A(log(v)/ log(uv)), hence

P(ζ(t) > x) =
(
e−x(1−t)e−xt

)A(−xt/(−x))
= e−xA(t)

• Consequently ζ(t) is exponentially distributed with

Eζ(t) =
1

A(t)
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With Eζ(t) = 1
A(t) in mind

• (X1,Y1), . . . , (Xn,Yn) sample of bivariate r.v. (X ,Y )

• Ui = Fn(Xi ) and Vi = Gn(Yi ) are the pseudo observations (Fn, Gn

emp. distr. fn.)

• Set

ζi,n(t) = min

{
− log(Ui )

1− t
,
− log(Vi )

t

}

• Define

AP
n (t) =

(
1
n

n∑
i=1

ζi,n(t)

)−1
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Exponential and Gumbel distribution

We make the following observations (d=2):

• Z ∼ Exp(1) then Z/λ ∼ Exp(λ)

• Gumbel distribution: W ∼ Gumbel(µ, β) with EW = µ+ βγ, where
γ ≈ 0.577 is the Euler-Mascheroni constant.

• − logZ ∼ Gumbel(0, 1), thus

E [log ζ(t)] = −E
[
− log

(
Z

A(t)

)]
= −E [− logZ ]− logA(t)

= −γ − logA(t)

⇔ A(t) = exp (−γ − E [log ζ(t)])
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Capéraà-Fougères-Genest estimator

Definition
The Capéraà-Fougères-Genest estimator is defined by

ACFG
n (w) = exp

(
−γ − 1

n

n∑
i=1

log ζi,n(w)

)

for w ∈ ∆d−1, where γ ≈ 0.577 is the Euler-Mascheroni constant.
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Thank you!
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