ulm university unlverS|tat ‘

M

Ulm University
Faculty of Mathematics and Economics

Geometric Methods of Constructing
Copulas

Seminar Paper

Copulas and Their Applications

by
Tim Donhauser
February 3, 2021

Advisors
Prof. Dr. Evgeny Spodarev
M. Sc. Duc Tran Nguyen






Contents

T Preliminaries

2 Copulas with Prescribed Support|

13 Ordinal Sums|
4 Shuffles of Mi

5 Convex Sums

[6 Copulas with Prescribed Horizontal and Vertical Sections|
6.1 Copulas with Linear Sections| . . . . . . . ... ... ... ... .....
[6.2  Copulas with Quadratic Sections| . . . . . .. ... .. ... ... ....
[6.3 Copulas with Cubic Sections| . . . . . . . . . . ... ... ... ... ...

[/ Copulas with Prescribed Diagonal Sections|

12

14
14
14
16

19



1 Preliminaries

Since this paper heavily relies on the following terms, let us recall the following definitons.

Definition 1.1 (Copulas (see [4]))
A two-dimensional copula is a function C : 1* — 1, where I = [0, 1], with the following

properties:
1. For every (u,v) € I?, it holds that
C(u,0) =C(0,v) =0

and

C(u,1) =u and C(1,v) = v.

2. Cis 2-increasing, i.e. for every uy,us,vi,vs € I with u; < ug and vy < vy, it holds
that

Ve ([ur, uz) x [o1,va]) = C(ua, v2) = C(u, va) = Cluz, v1) + Clug,v).  (1.1)

We refer to Vi in ((1.1) as the C-volume of the rectangle [uq, us] X [v1, vs].

Definition 1.2 (Support of a Copula (see [4]))
Let C be a copula. Then its support S(C) is defined by

S(C):={ACT?: A open and Ve(A) = 0},
A copula C is said to be singular if it has support S(C') with Lebesgue measure 0, i.e.

A(S(@)) =o.



2 Copulas with Prescribed Support

In this chapter we will construct singular copulas with a given support by only using
the definition of a copula.

Example 2.1 (see [4])
Let 0 € [0,1] and suppose that the support of the desired copula Cy is given by the lines
connecting the points (0,0), (6,1) and (0,1),(1,0), i.e. the graph of S(Cy) looks like this:

u

Note, that if 0 =1 or 8 =0, we have C; = M and Cy = W, with M and W denoting
the upper and lower Fréchet-Hoeffding Bounds, respectively. We now use the fact that
in order for Cy to be a copula, it has to hold that Ve, (B) > 0 for all rectangles B C T?
and that a rectangle not intersecting the graph of the support has a Cy-volume of 0. For
(u,v) € I?, there are three cases to consider:



1. u < 0Ov,

i.e. (u,v) lies above the left segment of the graph. Then,

Co(u,v) = Vi, ([0, u] x [0,v])
= VCQ([O7U] X [O7U]) + VCQ([()’U’] X [Uv 1])

=0

= VCG([O’ u] X [07 1])
= Cg(u, 1)

=Uu

2. u>0vandu<1—(1—-v)b,
i.e (u,v) lies below both segments of the graph. Then, by using the same tricks as

before, we get
Co(u,v) = Vi, ([0, u] x [0,0])
= Vi, ([0, 0v] x [0, 0]) + Ve, ([0v, u] x [0, v])

=0

= Cy(Ov,v)
= Ve, ([0, 0v] x [0, v])
= Ve, ([0, 0v] x [0,v]) + V¢, ([0, Ov] x [v,1])

=0

= Ve, ([0, 0v] x [0, 1])
= Cg(&i}, 1)
= 0v

3 u>1—(1—-v),
i.e. (u,v) lies above the second segment of the graph. Here, it holds that

Ve, ([u, 1] x [v,1]) =0

and
Ve, ([u, 1] x [v,1]) = Cp(u,v) —u — v+ 1,
which results in
Co(u,v) =u+v—1.
The resulting copula Cy is given by:

U Lif0<u<fv <o
Co(u,v) =13 Ov Jif0<Ov<u<1l—(1-0)w
utv—1,if 6<1—-(1-0)v<u<l

Next, we want to construct a symmtric copula.



Example 2.2 (see [4])
Let the prescribed support be given by the set

S(C) = {(u,v) € P :u? +v* = 2u} U{(u,v) € I*: u* +v* = 20},

whose graph looks like this:

u

Again, we have to consider different cases. First, let u?>+v* > 2min(u,v), i.e. (u,v) lies
above or below the upper and lower quarter circle, respectively. Since for u? +v? > 2u it
must hold that

Ve([0,u] x [v,1]) = u — C(u,v) = 0,

we have

C(u,v) =u (2.1)

and analogue for u? +v? > 2v:

C(u,v) =v.
With the Fréchet-Hoeffding upper boundary we get

C(u,v) < M(u,v) := min(u,v) = C(u,v)= M(u,v).

Next let (u,v) lie below the upper quarter circle but above the diagonal. That is, u < v
and u? + v? < 2u. Here, it must hold that

Ve([u,v] X [u,v]) =0 < C(u,v)+ C(v,u) = C(u,u) + C(v,v)
and since we have symmetry

2C(u,v) = C(u,u) + C(v,v). (2.2)



The same holds for v < u and u* + v? < 2v.
Now, assume u* + v? = 2u, i.e. (u,v) lies on the upper quarter circle (again, it works

similar for the lower quarter circle). By continuity, (2.1) and (2.2)), we get
1
u=Clu,v) = §(C(u,u) + C(v,v)),
which is equivalent to
C(u,u) + C(v,v) = 2u = u* +v2

This can be solved by
C(u,u) = u?
for any u € I, resulting in

u? +v?

2

C(u,v) = min(u,v, ), V(u,v) € I



3 Ordinal Sums

Definition 3.1 (see [4])

Let K be a (possibly) finite index set, {J}rerx a partition of 1 with Jy = [ag,bg], for
k € K, and {Cy}rex a collection of copulas. Then the ordinal sum of {Ck}rerx w.r.t.
{Jk trex is defined by

ap + (bk; - a'k:)Ck: (;;__(227 m) ’ Zf (U, U) € ‘]l?
M), if () ¢ J2

C(u,v) =

One can easily verify that an ordinal sum is a copula: Let C' be defined as above and
u = 0, then either

C(O,v)=0+(bk—0)0k<(), ”_0>
br — 0

or

C(0,v) = M(0,v) = 0.
The same holds, if v = 0. If u = 1, then either

71—6Lk
VUV — A

0(1,2}) = Qf + (1 — ak)C’k (1 W)

:ak+(1—ak)1 a
- Uk

=0

or

C(l,v)=M(1,v)=1
and, again, it works analogue for v = 1.

Theorem 3.2 (see [4])

Let C be a copula. Then C' is an ordinal sum if and only if there exists a t € (0,1) sucht
that C(t,t) =t.

Proof. 7=" For any k € K, take t = a; or t = by to obtain
C(ak, ak) = ag + (bk — ak)C’k(O, O) = Qp,

or C'(bg, b,) = by, respectively.
7<=" Assume Jt € (0,1) such that C(¢,t) = t. Define for (u,v) € I?

C(tu, tv)

Ci(u,v) = ;



and

Ct+(1—tyut+(1-tp)
1—t '
Then C; and Cj are copulas and C is the ordinal sum of {C}, Cy} w.r.t {[0,¢],[t,1]}. O

Co(u,v) :=



4 Shuffles of M

The term ’shuffles of M’ describes copulas that have a support consisting of line seg-
ments with slope —1 or 1. An informal way to construct this kind of copulas can be
described as follows:

The mass distribution for a shuffle of M can be obtained by (1) placing the mass for
M on 12, (2) cutting 1% vertically into a finite number of strips, (3) shuffling the strips
with perhaps some of them flipped around their vertical axes of symmetry, and then (4)
reassembling them to form the square again. The resulting mass distribution will corre-
spond to a copula called a shuffle of M (see [2]).

Formally, let n € N, {J;};=1,_» a partition of I, 7 a permutation on S, = {1,...,n}
and w a function with w : S,, — {—1,1}. The resulting shuffle of M is then denoted by

(see [4]). If w = 1, we call the resulting copula a straight shuffle, if w = —1, we call it a
flipped shuffie.
Note, that
W= M(l, [0,1],id, —1).
Shuffles of M offer some interesting properties that are worth mentioning. For this
we first introduce the term mutually completely dependent which can be seen as the
opposite of stochastic independence.

Definition 4.1 (see [4])
Let X, Y be two random wvariables. Then X and Y are called mutually completely
dependent, if there exists a bijective function ¢ such that P(X = ¢(Y)) =1

Now, let the copula of some random variables X, Y be given by a shuffle of M.
Then X and Y are mutually completely dependent, since the support of any shuffle of
M is the graph of a bijective function (see [4]). The next theorem shows that we can
use joint distribution functions of mutually completely dependent random variables to
approximate a joint distribution of independent random variables with the same margin
distributions arbitrarily closely. In other words, we can approximate any copula by a
shuffle of M with an approximation error not greater than any € > 0.

Theorem 4.2 (see [4])
For any € > 0 and any copula C, there exists a shuffle of M, denoted by C., such that

sup |Ce(u,v) — C(u,v)| < e.

u,v€El



Proof. We proof this theorem for C' = II, where II is the product copula. The proof for
an arbitrary C' works similar, see [2].
Let € > 0 and m € N such that m > 4/e. Following from Theorem 2.2.4 in [4] we have

1 1 €
lur, —v1| < — and |ug, —vo| < — = |C(uy,uz) — C(vy,v9)| < =.
m m 2

__________ » is the partition
of I into n subintervals with equal length, 7 is the permutation defined by 7(m(j —
1)+ k) =m(k—1)+jfor k,j = 1,...,m and w is arbitrary. Then VC€<[O,p/m] X
[O,q/mD = VH([O,p/m] X [O,q/m]) = pgq/n for p,q = 0,1,...,m which is equivalent to
Cc(p/m,q/m) = (p/m,q/m) for p,q = 0,1,...,m. Now, let (u,v) € I?, then Ip,q €
{0,1,...,m} such that |u — p/m| < 1/m and |v — g/m| < 1/m. Therefore, we have

|Ce(u,v) = Tl(u, v)| < |Ce(u,v) — Ce(p/m, q/m)|
+ |Ce(p/m, q/m) — Il(p/m, q/m)| + [(p/m, g/m) — I(u,v)|
<€/24+0+4+¢€/2=¢

Theorem 4.3 (see [4])
Let C be a copula and suppose C(a,b) = 0, where (a,b) € 1> and 0 satisfies

maz(a+b—1,0) <6 < min(a,b).

Then
CL(U, U) < C(U, U) < CU(U, U)
where
Cy = M (4,{[0,0],[0,al, [a,a+b— 6], [a+b—0,1]},(1,3,2,4),1)
and

C, =M (4,{[0,a — 0], [a— 0,a],[a,1 = b+06],[1 - b+6,1]},(4,2,3,1),-1)

Proof. Cy and Cp, are explicitly given by
Cy(u,v) = min (u, 0,0+ (u—a)" + (v— b)+>

and
Cr(u,v) = max(O,u—l—v — 1,0 — (a —u)t + (b—v)+>.

If w> a, then for v € I. 0 < C(u,v) — C(a,v) < u—a and if u < a, then 0 <
C(a,v) — C(u,v) <a—u, ie.

—(a—u)" <C(u,v) —Cla,v) < (u—a)".

10



Doing the same with the second component gives
—(a—uw)" = (b—-v)" <C(u,v) — C(a,b) < (u—a)" + (v —0b)"
for u,v € I. Since C(a,b) = 60, we get
—(a—uw)—(b-—v)" <Clu,v) <O+ (u—a)"+(v—-0)"
which leads to

W(u,v) < Cr(u,v) < C(u,v) < Cy(u,v) < M(u,v).

11



5 Convex Sums

Definition 5.1 (see [4])
Let X be a continous random variable with distribution function F. Let C, define a
copula for any observation x of X. Then, the function defined by

C(u,v) = /RC’I(u,v)dF(x)

is a called the convex sum of {Cy}x=p w.r.t. F, where F is called mixing distribution.
If F has a parameter o, we write

Co(u,v) = /R O, (u, v)dFy ().

The verification that convex sums are copulas is trivial: For w, v, uq, us, v1,v9 € I with
u; < uy and vy < vy we have:

(1) C(0,v) = /R 0, (0, v)dF(z) = /]R 0dF(z) = 0 = C(u, 0),
2) C@,v) :/RCx(l,v)dF(:c) :/RvdF(:c) —v-1=u,
(3) Ve([ug,ug] X [v1,19]) = /RVCI([ul,uQ] X [v1,va])dF (x) > 0.

Example 5.2 (see [4])
Let {C,} x=. be a family of copulas defined by

M(U,’U), Zf|U—U’ >

Colu,v) =4 W) iflutv—1>1-z
u+v—2x ]
-, €lse
2 7

forxz €l. Let F,(z) = z% a > 0. Then C, is given by
Culu, v) = / ., (u, v)dFy ()
I

= /C’x(u, v)ax® td
i
[v—u| 1 1—|utv—1|

= / M (u,v)az® 'dx + / W (u,v)az® 'dx + /

0 1—|utv—1| v—u

u+v—zx

-1
“7d
5 ax x

= min(u, v)|v — u|* + max(u +v — 1,0) <1 — (1 —Ju+v— 1])a>

U+ v o o o’ o+l bl
+ 5 <(1—]u—i—v—1|) —\v—u|>—2(a+l)<(1—\u+v—1]> — v —u| )

12



We now have 4 cases to consider:
ILu<vandu+v—1>0,1e M
22 u<vandu+v—1<0, i.e. M
gu>vandu+v—12>0, i.e. M
4. u>vandu+v—1<0, ie. M

For the first case we can calculate

Ca(u,v):u|v—u|°‘—u+v|v—u|a+(u+v—1)—(u+v—1)(1—|u+v—1|)a
U+ v el o a+1 o
u—0 2—u-—

= v —ul*+(u+v—1)+ 2}<1—|u—i-v—1|)a

2

> (- Nt g, ettt
2(a+1)<(1 ju+v—1]) v — ul )

v — ufott (1—|u+v—1))>*
e E— — ]_
5 +(u+v—1)+ 5

Q atl a+1
_2(a+1)<<1—\u+v—1]> — v — ul )

:(u+v—1)+(;_2((10;1))((1_|u+v_1|)a+1_|v_u|a+1>

= W (u,v) + 1)<(1 —Ju+v— 1|)“+1 — v — maﬂ).

2(a+1

The other cases are left out since they give the same result.

13



6 Copulas with Prescribed Horizontal
and Vertical Sections

First, let us recall the definition of horizontal and vertical sections:

Definition 6.1 (Horizontal and vertical sections (see [4]))

Let C be a copula and let a € 1. Then the function C(-,a) : I — 1, t — C(t,a) is called
the horizontal section of C in a and C(a,-) : I — I, t — C(a,t) is called the vertical
section of C' in a.

6.1 Copulas with Linear Sections

We start with a rather trivial case which is that we want to construct a copula C' that
has a linear horizontal section. That is, for any (u,v) € I? we have

C(u,v) = a(v)u + b(v).
From the boundary conditions we get
0=C(0,v) =bv) = v=C(1,v) =a(v),

which results in C'(u,v) = wv. Since this holds also for the vertical section, the only
copula with linear sections is the product copula IT (see [4]).

6.2 Copulas with Quadratic Sections

Let C' be a copular an suppose it has a quadratic horizontal section, then for any (u,v) €
I we have

C(u,v) = a(v)u® + b(v)u + c(v).

Again, from boundary conditions we get
0=0C(0,v) =c(v) = v=C(1,v)=a(v)+bv).
Now, choose a function v such that
() = —a(v) = bv) =v—alv) =v+Y(v).

This results in

C(u,v) = —p(v)u* + (v + w(v))u =uv + Y(v)(1 — u)u, (6.1)

14



where 1) must be chosen such that C' is 2-increasing and (1) = 1(0) = 0 to satisfy a
copula’s boundary conditions (see [4]).

Example 6.2 (see [4])
We want to construct a symmetric copula C' with quadratic sections in both u and v. As
a consequence we have

P(v) == 0v(l —v)
for some constant 6. Now

Co(u,v) = uv + 0v(l — v)u(l — u),

where. Then the boundary conditions for a copula are satisfied and for a rectangle
(w1, us] X [v1,v9] € 2 we have

Vey =[] = (2 —u1)(v2 — v1)(1+0(1 — up — uz)(1 — vy — v3)),

which is greater or equal than 0 for every (u,v) € 12 if and only if 0 € [—1,1]. This
family of copulas is called Farlie-Gumbel-Morgenstern family and contains all copulas
with quadratic sections in both u and v.

The next reasonable question would be how to generally choose 1, aside from satisfying
the 2-increasing-criterium and the boundary conditions, in order for (6.1)) to be a copula.
An answer to that is given by the following theorem and corollary from [5].

Theorem 6.3 (see [4])
Let 1) be a function with domain 1 and let C be given by

C(u,v) = uv + Y (v)u(l — u).
Then C' is a copula if and only if
1. 4(0) = (1) =0

2. 1 satisfies the Lipschitz condition, i.e. for all vy,vy €1
[h(v2) — Y(v1)] < fvg — wi].

Furthermore, C is absolutely continous.

Proof. The first condition is equivalent to

C(0,v) =C(u,0) =0 and C(1,v)=v, C(u,1)=u

15



Additionally, C' is 2-increasing if and only if for all uq, us, v1,v2 € I, uy < ug, v1 < v, it
holds

>0

If uy = ug or vy = vy, then Vo([ug, us] X [v1,vs]) = 0 and if ug +uy = 1, then Vi ([ug, us] X
[v1,v9]) = Vir(Jus, ug] X [v1,v2]) > 0, since the product copula II is 2-increasing. So,
assume u; < us and v; < ve. Then it has to hold

Y(vg) — @/)(Ul) < 1

Vo — U1 _U2+U1—1,

if uy +ug > 1 and
P(vg) — 1/)(?11) > 1

Vo — U1 _U2+U1—17

if u; +ue < 1. Since inf{l/(u1+u2—1) 0 < u <uy <1, up +uy > 1} =1 and
sup{l/(ul tus—1):0<u; <up <1,u+up < 1} = —1, C is 2-increasing if and only

if
P(v2) — (1)

V2 — U1

—1<

<1

which is equivalent to the second condition and implies absolute continuity of v, which
in return implies the absolute continuity of C'.

[]

Corollary 6.4
The function C" as in (6.1) is a copula if and only if the following are satisfied:

1. v is absolutely continous on 1.
2. | (v)| > 1 only for a finite number of v € L.
3. |(v)] < M(v,1—w) for allv el

6.3 Copulas with Cubic Sections

Since the construction of copulas with cubic sections is just an extended version of the
construction of quadratic sections, the results will not be proven, but, for those who are
interested, can be looked up in [3].

16



If C is a copula with cubic horizontal section, then
C(u,v) = a(v)u® + b(v)u® + c(v)u + d(v)
and, once again, with boundary conditions we get
dv) =0 = c¢(v) =v—a(v)—bv).

L}ft a(v) = —a(v) —b(v) and f(v) = —2a(v) —b(v) with a(0) = a(1) = 5(0) = (1) = 0,
then
C(u,v) = uv +u(l — u) (a(v)(l —u) + ﬁ(’u)u)

(see [4]).
Again, the question arises how to choose a and § and it will be answered by the next
theorem.

Theorem 6.5 (see [4])
Let o, B be two functions with domain I satisfying a(0) = a(1) = 5(0) = B(1) = 0 and
let C' be given by

Cl(u,v) =uv +u(l — u)(a(v)(l —u) + B(v)u).
Then C' is a copula, if and only if
1. « and B are absolutely continous.
2. For almost all v € 1, either
—1<d(w)<2and —2< 3 (v)<1

or

2 2
(o/(v)) —a/(v)p'(v) + (5’(1})) —3d/(v) +36'(v) < 0.
Furthermore, C is absolutely continous.

We now want to find all copulas that have both cubic horizontal sections and vertical
sections. That is, copulas satisfying:

C(u,v) = uv +u(l — u) (a(v)(l —u)+ B(v)u) (6.2)

and
C(u,v) = uv +v(l —v) (7(u)(1 — )+ e(u)v). (6.3)

with ~,e satisfying the same conditions as «, f3.

Theorem 6.6 (see [4])
Suppose that a copula C has cubic sections in both u and v, i.e. C'is given by both (6.2))

and . Then
C(u,v) = uv +uwv(l —u)(l — v)(Alv(l —u) + Ax(1 —v)(1 — u)
+ Byuv + Bou(l — v)),

17



where A17A2aBl7B2 € R such th(lthT all (.flf,y) € {(A27A1)7 (BlaB2)7 (Bl7A1)7 (A27BQ)}
—1<x<2and —2<y<1

or
v* —zy+y* — 3+ 3y <0.

With this result we can find an explicit expression of «, 3,y and e:

Using we get
(a(v)(l —u)+ B(v)u) =ov(l —v) (Alv(l —u)+ Ay(1 —v)(1 —u) + Byuv + Bou(l — U))
-

()1 = u) + B(v)u) = v(1 - v) ((Alv + Ag(1 = 0)) (1= u) + (Bo+ By(1 — U))u)

which gives
and similarily for v and €

(see [4]).

Example 6.7 (see [4])

Let a, b be constants such that b € [—1,2], |a| < b+ 1 for each b € [-1,1/2] and
la|] < (6b— 3b*)Y2 for each b € [1/2,2]. Now, set Ay = By =a—0band Ay = B, =a+b
which satisfy the previos theorem’s conditions. Then, we have

a(v) =v(l —v)(a+b—2bv),
B(v) =v(l —v)(a— b+ 2bv)

and v = «a, € = 3. The resulting copula is given by

Cap(u,v) = uwv + u(l — u) (a(v)(1 = u) + B(v)u)
=uv + uv(l —u)(l — v)(a +b6(1 —20)(1 —u) + b(2v — 1)u>
=uv+uv(l —u)(1— v)(a +b(1 —2u)(1 — 2@)).

Note that C, gives the Farlie-Gumbel-Morgenstern family from the previous section.

18



7 Copulas with Prescribed Diagonal
Sections

Before we start, we recall the definition of diagonal sections and the dual of a copula:

Definition 7.1 (see [4])
Let C be a copula. Then 6c : 1 — 1, d¢(t) := C(t,t) is called the diagonal section of C
and the dual of C is given by the function

Sc I—1 gc(t) =2t — (Sc(t).

Diagonal sections have an interesting property. We can explicitly give the distribution
function of the order statistics max(X,Y’) and min(X,Y’) where X and Y are random
variables having a common distribution F' and copula C' (see [4]): following from Sklar’s
theorem, we have

P(max(X,Y) <t) =P(X <t,Y <t) = C(F(t), F(t)) = dc(F(1))
and
P(min(X,Y) <t) =P(X <t) +P(Y <t) = P(X <t,Y <1)
= 2F(t) — dc(F(1)) = dc(F(t)).

Before we move on, let us characterize what we mean when we simply speak of diag-
onals:

Definition 7.2 (see [4])
A function 6 : 1 — 1 is called a diagonal if it satisfies the following three properties:

(1) 6(1) =1,

(2) 0 <0(ta) —0(t1) < 2(te — t1), for any ty,ts € 1, t1 < o,

(3) o(t) <t foranyt e L.

With every diagonal we can construct a so called diagonal copula:

Theorem 7.3 (see [4])
Let § be any diagonal and set

C(u, v) == min (u . ;(5@) + 5@))).

Then C' is a copula whose diagonal section is 0.

19



The proof of this theorem is rather technical and left out here, but it can be found in
[1]. We conclude this thesis by a theorem that can give us the joint distribution function
of the order statistics.

Theorem 7.4 (see [4])

Suppose X and Y are continous random variables with copula C and a common marginal
distribution. Then the joint distribution function of min(X,Y") and max(X,Y") is the
Fréchet-Hoeffding upper bound M if and only if C is a diagonal copula.

Proof. Using Sklar’s theorem, we can assume that X and Y have the copula C' as joint
distribution function and then show the equivalence of C' being a diagonal copula and
the joint distribution function of min(X,Y") and max(X,Y") being M. Let H(z, Z) be the
joint distribution of Z = max(X,Y) and Z = min(X,Y). As we have shown above, the
distributions of Z and Z are the diagonal section d¢ and the dual of C' d¢, respectively.
Setting 0 = d¢ gives

He ) = Plaxh) S amndi) £2) = {6652 et e e

7«<=” Assume C is a diagonal copula. Then, if z > 2

H(z,2) = 2C(2, %) — 6(2) = min(2Z — 6(2), 8(2)) = min(3(2),0(2)).

If z < Z, then §(2) = min(&%),é(z)) since §(z) < §(2) < Z < §(Z). This gives

H(z,%2) = M(5(z),5
"=7 Assume H(z,Z2) M(6(z),5(§)) Here, we assume C' to be symmetric (for a
general proof see [1]). If z > Z, then

2C(z,2) — 6(2) = M(5(2),8(2)) = min(2z — §(2),0(2))

and thus
(2, %) = min <z ;(5(2) + 5(5))).

Since we assumed C' to be symmetric, we have

C(z,3) = min (z (5 + 5(2)))

for z < Z, which completes the proof. O]
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