
Write Gn =
∑n
k=1

Zk

k − log(n). By part 3c, and [1, Lemma 3.11] it suffices to prove that the family
{Gn}≥1 is uniformly integrable. First observe that

γn := E(Gn) =

n∑
k=1

1

k
− log(n)→ γ,

where γ is the Euler-Mascheroni constant. Now we can compute

E(|Gn| 1|Gn|>r) ≤ E(|Gn − γn| 1|Gn|>r) + γnP(|Gn| > r)

≤ E(|Gn − γn| 1|Gn−γn|>r/2) + E(|Gn − γn| 1|γn|>r/2)+

+ γnP(|Gn − γn| > r/2) + γnP(γn > r/2)

≤ V ar(Gn)

r/2
+ E(|Gn − γn| 1|γn|>r/2) +

γnV ar(Gn)

(r/2)2
+ γnP(γn > r/2)

Thus for all r > 2γ we have

lim sup
n

E(|Gn| 1|Gn|>r) ≤ (

∞∑
k=1

1

k2
)(

1

r/2
+

γ

(r/2)2
)
r→∞−−−→ 0
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