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Let » > 0 and let {s,},>1 C R? be a locally finite, countable set. Furthermore denote
by G({sn}n>1,7) the geometric graph on the vertex set {s,},>1 whose edge set is given by

{{snySm} S0 — Sm| <71}
Exercise 1

Let X C R? be a homogeneous Poisson point process with intensity 1.

(a) Let r > 0. Show lim, o P (3X,, € X N[—a/2,a/2)? : X N B,(X,) = {X,}) = 1, where
B(X,)={y e R*: [X,, —y| <r}.

(b) Prove
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where 7, = 8log(a).

Exercise 2

Let X C R? be a homogeneous Poisson point process with intensity 1.
(a) Let r > 0. Prove lim, o, P(G(X N [—a/2,a/2]? r) is connected) = 0.
(b) Prove lim, .., P(G(X N [—a/2,a/2]* r,) is connected) = 1, where 7, = 8log(a).

Exercise 3

Let r > 0 and let X C R? be a homogeneous Poisson point process with intensity 1.

(a) Show that the conditional distribution of X given the event X ([—d/2,d/2]?) = 1 is given
by the distribution of {S} UY, where S ~ U([—§/2,6/2]?) and Y is the restriction
to R? \ [—§/2,0/2]* of an homogeneous Poisson point process of intensity 1 which is
independent of S.

(b) Prove lims o P(3X,, € X : B.(X,,) N[=6/2,6/2]* # 0 and [-0/2,6/2]> ¢ B.(X,)) =0

(c) For 6 > 0 write A; for the event that there is an infinite component of G(X,r) which has
non-empty intersection with [—3/2,6/2]2. Prove P(As | X([~6/2,6/2]2) = 1) =% ¢(r),
where 0(r) denotes the probability that the origin is contained in an infinite connected
component of G(X U {o},r).



