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Recall - Class of integrands for 1-dimensional I1té Integral
Let V = V(S, T) be the class of functions

f(t,w):[0,00) x 2 >R
such that
(i) (t,w) — f(t,w)is B x F - measurable
(i) f(t,w) is Ft - adapted

(iiif) E[fo(t, w)2dt] < oo
S
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Extension of V

(i) There exists a filtration H = (#¢)>0 such that

a) Byis amartingale w.rt. (Ht)i>o0
b) f(t,w) is H; - adapted
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Example
Let Bi(w) = (Bi(t,w), ..., Bn(t,w)), 0 <t < T be n-dimensional Brownian
motion and define

F =0 (B(s,):1<i<n0<s<t).

Then Bk (t,w) is a martingale w.r.t. J-‘t("). Hence we can choose H; = ]-‘,(”) and

t
thus [ f(s,w) dBx(s,w) exists for F" - adapted integrands f.
0
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Definition - multidimensional 1t6 Integral

Let B(t,w) = (Bi(t,w), ..., Ba(t,w)) be n-dimensional Brownian motion and
v = [v;(t,w)] be a m x n - matrix where each entry v;(¢,w) satisfies (i), (iii)
and (ii)’ w.r.t. some filtration H = (#:):>0. Then we define

T T (V11 ...
/vdB :/ :
S S Vi ...
to be the m x 1 - matrix whose i'th component is

3 / Vi(s,w) dBy(, w).

=1's

Vin dB;

Vmn daB,
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Definition - multidimensional 1t processes

Let B(t,w) = (Bi(t,w), ..., Bm(t,w)) denote m-dimensional Brownian
motion. If the processes u;(t,w) and v;(t,w) satisfy the conditions given in
the definition of the 1-dimensional It6 process foreach1 <i<n 1 <j<m
then we can form n 1-dimensional It6 processes

dXi= wd +viidBi +... +vindBny

an - Un dt + Vn1 dB1 + e + Vnm dBm
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Or, in matrix notation
dX(t) = u dt+ v dB(t)
where

X1(t) U4 V11 N Vim dB1(t)

Xn(t) Un Vat oo Vom dBm(t)

Then X(t) is called an n-dimensional It6 process.
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Theorem - The general It6 formula
Let

X(t) = X(0) + / u(s) ds + / v(s) dB(s)
0 0

be an n-dimensional It6 process. Let g(t, x) = (91(t, x), ..., go(t, X)), p € N,
be a C2 map from [0, c0) x R” into RP. Then the process

Y(t,w) = g(t, X(1))

is again an Ité process, whose k'th component, k = 1,..., p, is given by
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t n

Yi(t) = Yi(0) + / (agk(s X&)+ Y % (s X()u(s)

0 i=1

+%Zailaxl(s X(s))4()(s) ) s

+Z/ gk(sx Yvi(s) dB(s)
=17

with v;(s) the i'th row of v.
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Examples

a) Let B(t,w) = (Bi(t,w), ..., Ba(t,w)) be an n-dimensional Brownian

motion, n > 2, and consider
1/2
Atw) = (BA(tw) + -+ + Bi(t,w))

Then it follows with 1t6’s formula

Z/B %) 4B (s) */2/?(;) ds
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b) Let B be an 1-dimensional Brownian motion and Y; = 2 + t + . Then
t
y,:3+/(1 + &) ds+/eBS dB;
0 0

b) Let B(t,w) = (B1(t,w), B2(t,w)) be a 2-dimensional Brownian motion and
Y; = B(t) + B3(t). Then

Y = /2 dS+/2B1 dB1 /282 dBQ(S)
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d) With 1té’s formula it holds that

t t
/Bﬁst:%B?—/Bsds

0 0
d) Let B; be an 1-dimensional Brownian motion. Define

Bk =E[Bf]; k=0,1,2...; t>0.

Use It6’s formula to prove that

t
By = %k(k—n/m,g(s) ds: k> 2.
0
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Integration by parts
Let X:, Y: be two 1-dimensional It6 processes, i.e.,

t
Xi :Xo+/Ux(S) ds +

0
t

Yi = Yo+/Uy(S) as +
0

vx(s) dBs

vy(s) dBs

o\.‘ O\N

Then it holds
t
XY =Xo Yo+/(Xqu(s) + Ysux(s) + vx(s)vy(s)) ds
0

t
+ /XsVy(S) + Ysvx(s) dBs
0
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Exponential martingales

Suppose 0(t,w) = (01(t,w), ..., 0a(t,w)) with
Ok(t,w) € V(0, T)Vk =1,...,n, where T < co. Define

z,_exp{/esw)ds /H(SwTH(Sw)ds} 0<t<T

where B(s) is an n-dimensional Brownian motion. Then it holds
a)

Zi=1+ / Z:0(s,w) dB(s)

b) Z: is a martingale for t < T, provided that

Zi0k(t,w) € VO, T)Vk=1,....n
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