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Definition 1
Let (Ft),, be afiltration on the probability space (2, 7, P)and S, T € Rxo.
Define V = V(S, T) as the class of functions

f(t,w) [STIxQ =R

such that
(i) (t,w) — f(t,w) is B x F-measurable, where B denotes the Borel
o-algebraon [S, T],
(i) f(t,w) is Fi-adapted,

(iii) E [fST f(t,w)zdt] < .
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For random functions f € V we will show how to define the It integral

-
1) = [ f(tw)oBiw).
s
where B is a 1-dimensional Brownian motion and S, T € Rx>o.

Idea of construction

1. Define Z[¢] for a simple class of functions ¢.

2. Show that each f € V can be approximated (in an appropriate sense) by
such ¢’s.

3. Use this to define [ fdB as the limit of [ ¢dB as ¢ — f.
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Definition 2 - Elementary functions
A function ¢ € V is called elementary if it has the form

P(t,w) = g(w) Ly 4,0 (),
j>0
where gj(w) : Q@ — Rforallje Ngand fp < t < < ... is a partition of the
interval considered.

Remark 1
Note that since ¢ € V each function e; must be 7 -measureable.
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Definition 3 - Integral
For elementary functions ¢(t,w) the integral is defined in the following way

n—1

)
/S ot w)dBi(w) = > e(w) [Byr — By (@):

j=0

whereneNand S=fh <t <--- < th_1 < t, = T is a partition of the
interval [S, T] C Rxo.

Remark 2

Each function e;(w) is independent of [By,, — By] (w), since as a result of the
independent increments of the Brownian motion [B,/.+1 — B,j] (w) L F; and by
Remark 1 g;(w) is Fy-measurable.
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Lemma - The It6 isometry
If #(t,w) is bounded and elementary then

E K/Squ(t,w)dBt(w))z] —E [/ST ¢(t,w)2dt] : (1)

Remark 3
E [ I, w)dB,(w)] =E [27;0‘ &(w) [By., — By (w)] = 0, since
e(w) L [By., — By] (w)and E[[By,, — By] ()] =0, ¥j € {0,1,...,n—1}.
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Approximation - Step 1
Let g € V be bounded and g(-,w) continuous for each w. Then there exist
elementary functions ¢, € V such that

;
E{/ (g—¢,,)2dt] —0 asn-— oo
S
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Approximation - Step 2
Let h € V be bounded. Then there exist bounded functions g, € V such that
9n(+,w) is continuous for all w and n, and

;
E{/ (h—g,,)zdz‘] —0 asn— oo
S
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Approximation - Step 3
Let f € V. Then there exists a sequence {h,} C V such that h, is bounded
for each nand

-,
E[/ (f—hn)zdt} —0 asn— oo.
S
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If f € V we choose, by Steps 1-3, elementary functions ¢, € V such that

.
E {/ (ff¢n)2dt} -0 asn— .

S

Then we define
T T

T[f(w) == / £(t,w)dBy(w) = lim / Gn(t, ) By (w).
S n—oo S
Remark 4

The limit exists as an element of L2(P), since {fST én(t,w)dBi(w)} forms a
Cauchy sequence in L2(P) by (1).
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Definition 4 - The 1t6 integral
Let f € V(S, T). Then the It6 integral of f (from Sto T) is defined by

T T
/ f(t,w)dBi(w) = Iim/ én(t,w)dBi(w) (limitin L2(P))
s n—oo Jg

where {¢n} is a sequence of elementary functions such that

£ UST (F(t, @) — én(t, w))? dt} 50 asn— oo,
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Remark 5
(i) Note that such a sequence {¢,} satisfying (3) exists by Steps 1-3 from
above.

(i) Moveover, by (1) the limit in (2) exists and does not depend on the actual
choice of {¢n}, as long as (3) holds.
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Corollary 1 - The It6 isometry

( /S "1t w)dB,(w)>

2

;
E :EU f(t,w)zdr} forall f € V(S, T).
S
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Corollary 2
If f(t,w) € V(S, T) and fr(t,w) € V(S, T)forn=1,2,... and
E [fST (Fa(t, ) — F(t,w))> dt] ~»0as n — oo, then

T T
/ f(t, ) B (w) — / £(t,w)dBi(w) in L2(P) as n — oo,
S S
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Example
Assume By = 0. Then

t
/ BsdBs = 15? - —t.
o 2
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Proof of the Example - 1

Let0=fh <t <...th—1 < t, = t be a partition of the interval [0, t] for some
t>0andneN.

Define ¢n(s,w) = 377 By(w) - I[y.1..,)(S), where B; = By.

First we have to show that the condition in Corollary 2 is satisfied:

= -5
P 2 S —
e[ -6y -E Z @ 8ol <> [T E[B_8)]as
0 i %f—/ i N——
~N(0,5—t)
1 s=tiyr N1 1
—Z/ sfmds—z[ $-s. t,] =S (BBt )
=1 /=0 —
=5
27

~(t11—14) =0 asAt—0.
=0 S—
,Atj

I
Ei
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Proof of the Example - 2
By Corollary 2 we get that

t t n—1
/OBsst:AItl/TO/O ¢ndBS:A|énlO§B,ABj.

Moreover
A(B) = Bl — Bf = (Bju1 — B)* + 2B, (Bt — B) = (AB)* + 25,45,
Then, since By = 0,
B =B, =8B, -8B, ,+B ,+--—B +B -8B}

n

n—1 n—1
= Z A(B) =) (AB)?+2) BAB,
j=0 j=0
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Proof of the Example - 3

n—1 n—1

;s/ BsdBs = I|m ZBAB = B, —%Altlm Z(AB,-)Z:%B,Z_L‘.
)

=tin [2(P)

Remark 6
The extra term ——t shows that the It6 stochastic integral does not behave
like ordinary |ntegrals
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Thank you for your attention!



