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Introduction

Using the definition is not very useful to evaluate a given
integral (similar to Riemann integrals).

Remember, in order to show that∫ t

0
BsdBs =

1
2

B2
t −

1
2

t

we had to find elementary functions fn such that∫ t

0
fn(t , ω)dBt (ω)→

∫ t

0
BsdBs.
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Definition

Let V := V(S,T ) be the class of functions

f (t , ω) : [0,∞)× Ω→ R

1. (t , ω)→ f (t , ω) is B × F-measurable, where B
denotes the Borel σ-algebra on [0,∞).

2. f (t , ω) is Ft -adapted.

3. E
[∫ T

S f (t , ω)2dt
]
<∞.
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Definition

Let Bt be the 1-dimensional Brownian motion on
(Ω,F ,P). An Itô process is a stochastic process Xt on
(Ω,F ,P) of the form

Xt = X0 +

∫ t

0
u(s, ω)ds +

∫ t

0
v(s, ω)dBs,

where u, v ∈ V.
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Theorem

Let Xt be an Itô process given by

Xt = X0 +

∫ t

0
u(s, ω)ds +

∫ t

0
v(s, ω)dBs.

Let g(t , x) ∈ C2([0,∞)× R). Then

Yt = g(t ,Xt)

is again an Itô process, and

Yt =Y0 +

∫ t

0
g1(s,Xs) + g2(s,Xs) · u(s, ω) +

1
2

g22(s,Xs) · v2(s, ω)ds

+

∫ t

0
g2(s,Xs) · v(s, ω)dBs,

where g1 := ∂g
∂t , g2 := ∂g

∂x , g22 := ∂2g
∂x2 ,

(
g12 = g21 := ∂2g

∂t∂x and g11 := ∂2g
∂t2

)
.
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Example

Let Bt be the 1-dimensional Brownian motion on
(Ω,F ,P) and consider the Itô integral

I =

∫ t

0
BsdBs

from the introduction.
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Example

Let Bt be the 1-dimensional Brownian motion on
(Ω,F ,P) and consider ∫ t

0
sdBs.
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Theorem

Suppose f (s, ω) = f (s) (e.g. f is deterministic) and f
∈ C2[0, t ]. Then∫ t

0
f (s)dBs =f (t)Bt −

∫ t

0
f ′(s)Bsds.
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