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Definition 1 (Infinitely divisible distributions). A distribution function F is called infinitely di-
visible if for all n > 1, there is a distribution function F, such that
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where Z ~ F and X,, 1,1 < k <n are i.i.d. r.v.’s with the distribution function F,.

Exercise 3-1 (3 points)

For the following distribution functions check whether they are infinitely divisible.
1. (1 point) Gaussian distribution.
2. (1 point) Poisson distribution.

3. (1 point) Gamma distribution.

Exercise 3-2 (3 points)

Find parameters (a, b, H) in the canonic Lévy-Khintchin representation of a characteristic function
for

1. (1 point) Gaussian distribution.
(1 point) Poisson distribution.

2.
3. (1 point) Lévy distribution.

Exercise 3-3 (2 points)

What is wrong with the following argument? If X;,..., X,, ~ Gamma(a, #) are independent, then
X1+ 4+ X ~ Gamma(na, ), so gamma distributions must be stable distributions.

Exercise 3-4 (4 points)

Let X ~ Su(A, B,7). The modified parameters (Ayr, Sar, 7ar) and (Ap, BB, vp) are defined in Re-
mark 2.2 in the lecture notes.

1. (2 points) Show that n,/(s) = log Ee**¥ is continuous as a function of its parameters (Aur, Bar, Yas)-

2. (2 points) Find the limit of np(s) as « — 1 £0.

Exercise 3-5 (5 points)

Let X;,7 € N be i.i.d. r.v.’s with a density symmetric about 0 and continuous and positive at 0.

Prove L1 .
d
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where X is a Cauchy distributed random variable.
Hint: At first, apply Khintchin’s theorem (T.2.2 in the lecture notes). Then find parameters

a,b and a spectral function H from Gnedenko’s theorem (T.2.3 in the lecture notes).



