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Exercise 5-1 (1 point)

Let X1, X2 be two independent α-stable random variables with parameters (λ, β, γ). Prove
that X1 −X2 is a stable random variable and find its parameters (α1, λ1, β1, γ1).

Exercise 5-2 (3 points)

Let X1, . . . , Xn be i.i.d Sα(λ, β, γ) distributed random variables and Sn = X1 + · · ·+Xn.
Prove that the limiting distribution of

1. (1 point) n−1/αSn, n→∞, if α ∈ (0, 1);

2. (1 point) n−1(Sn − 2π−1λβn log n)− λγ, n→∞, if α = 1;

3. (1 point) n−1/α(Sn − nλγ), n→∞, if α ∈ (1, 2];

is Sα(λ, β, 0).

Exercise 5-3 (4 points)

Let X1, X2 . . . , be a sequence of i.i.d. random variables and let p > 0. Applying the
Borel-Cantelli lemmas, show that

1. (2 points) E|X1|p <∞ if and only if limn→∞ n
−1/pXn = 0 a.s.,

2. (2 points) E|X1|p =∞ if and only if lim supn→∞ n
−1/pXn =∞ a.s.

Exercise 5-4 (3 points)

Let ξ be a non-negative random variable with the Laplace transform E exp(−λξ) =
exp(−λα), λ ≥ 0. Prove that

Eξαs =
Γ(1− s)

Γ(1− αs)
, s ∈ (0, 1).

Exercise 5-5 (3 points)

Denote by

f̃(s) :=

∫ ∞
0

e−sxf(x)dx,

the Laplace transform of a real function f defined for all s > 0, whenever f̃ is finite. For
the following functions find the Laplace transforms (in terms of f̃):
1. For a ∈ R f1(x) := f(x− a), x ∈ R+, and f(x) = 0, x < 0.
2. For b > 0 f2(x) := f(bx), x ∈ R+.
3. f3(x) := f ′(x), x ∈ R+.
4. f4(x) :=

∫ x
0 f(u)du, x ∈ R+.
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