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Stochastics 11
Exercise Sheet 10
Due to: Wednesday, 9th of January 2013

Exercise 1 (4 Points)

Let {X(t), t > 0} be a gamma process with parameters b,p > 0, i.e. X(¢) ~ I'(b, pt). Show
that {X(¢), t > 0} is a subordinator with Laplace exponent
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where v(dy) = py~' exp(—by)dy, y > 0. Note that the Laplace exponent of {X(¢), ¢ > 0} is
defined as the function ¢ : [0,00) — [0, 00) with E exp(—uX(t)) = exp(—t&(u)) for arbitrary
t,u > 0.

Exercise 2 (4 Points)

Let {X(t), t > 0} be a compound Poisson process with Lévy measure

M2 2
v(dr) = ﬁexp(fﬁ)dL reR

where A\, > 0. Show that the process {cW(N(t)), ¢ > 0} has the same finite dimensional
distributions as X. Here {N (), ¢ > 0} is a Poisson process with intensity 2\ and W a Wiener
process independent of N.

Hint: T cos(sy) cxp(fg)dy V2raexp(—2 ) fora>0and s € R.

Exercise 3 (8 Points)

Let X be a random variable on some probability space (Q, F, P) and let B C F be a o-algebra.
If E|X| < oo the conditional expectation of X w.r.t. B is defined as the B-measurable random
variable Y with the following property

/Y(w)P(dw) = /X(w)P(de VB € B.

Instead of Y we use the notation F(X|B). Such a random variable exists and is a.s.
uniquely determined. Show the following properties of E(X|B):

(a) E(X|{0,Q}) = EX and E(X|F) =X as.

(b) If X < Z a.s. then E(X|B) < E(Z|B) as.

d

)
(c) If X is B-measurable it holds E(XZ|B) = X - E(Z|B) a.s
(d) E(c|B) = ¢ as. for every constant ¢ € R.

)

(e) If By C By C F it holds

E(E(X|B2)|Bi) = E(E(X|By)|B;) = E(X|B1) a.s.

(f) If the o-algebras X ~1(Bg) and B are independent then it holds E(X|B) =

EX as.




