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Stochastics II

Exercise Sheet 14
Due to: Wednesday, 6th of February 2013

Exercise 1 (4 Points)

Let {X,,}nen be a discrete martingale and T' be a discrete stopping time w.r.t. {F, }nen. Show
that { X7, tnen is a martingale w.r.t. {F, }nen.

Exercise 2 (7 Points)
Let X1, Xo,... beiid. with P(X; =1) = P(X; =—1) =1/2 and

n
Sn = ZXk, n e N.
k=1

Define T = inf{n : [S,| > /n} and F,, = o(X1,..., Xy) ,neN.
(a) Show that T is a stopping time w.r.t. {F, }nen.

b) Show that {G,}nen with G, = S2.  —TAnisa martingale w.r.t. {F, nen-
TAn
Hint: See Exercise 1.

(c¢) Show that |G,| < 4T for all n € N.
Hint: It holds |G,| < |SZ,.,| +|T An| < 52, +T.

Exercise 3 (5 Points)
Let X1, X, ... be asequence of i.i.d. random variables with E|X;| < co and F,, = o(X1, ..., Xy),
n € N. Furthermore let T be a stopping time w.r.t. {F, }neny with E(T) < occ.

(a) Let T be independent of Xi, Xo,.... Give a formula for the characteristic function of

T
St = Y Xj. Use this formula to prove the identity of Wald, i.e. E(S7) = E(T)E(X1).
k=1

(b) Now set E(X1) =0and T = inf{n: S, < 0}. Show that E(T) = oco.
Hint: Assume that E(T) < oo and find a contradiction.

Exercise 4 (8 Points, additional exercise)

One can show that for an arbitrary r.v. Y and an integrable r.v. X on a common probability
space (92, F, P) there exists a measurable function ¢ : R — R such that E(X|Y) 2 o(Y). We
set E(X|Y =y) = p(y).

(a) Now let Y be discrete with values in {y,, n € N}. Show that

X(w) pfsﬁii,)k) , if y = yi for some k

il
o(y) = { {w: Yw)=y}
0 , otherwise.

(b) Let X and Y be absolutely continuous with common density fxy. Show that

j’tfxygyi((,t’)y)dt , ¥V y with fy(y) >0
oly) = {R e

0 , otherwise.

Hint (a) and (b): It suffices to show that [ X (w)P(dw) = [ ¢(y)Py(dy), V B € B(R)
Y-1(B) B

(c) Let X and Y be independent and X ~ Poi(\), Y ~ Poi(u), A\, > 0. Calculate
E(X|Z=2z),withZ=X+Y.




