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1 General theory of random functions

1.1 Random functions

Let (€2, .4, P) be a probability space and (S, B) a measurable space, 2, S # 0.

Definition 1.1.1
A random element X : Q — S is a A|B-measurable mapping (Notation: X € A|B), i.e.,

X' B)={weQ:X(w)eBc A BeB.

If X is a random element, then X (w) is a realization of X for arbitrary w € Q.

The o-algebra B of subsets of S is induced by the set system M (Elements of M are also
subsets of S), if
B= N F

FOM
F-o-algebra on S

(Notation: B = o(M)).
If S is a toplological or metric space, then most of the times M is chosen as class of all open
sets of § and (M) is called Borel o-algebra (Notation: B = B(S)).

Example 1.1.1 1. If S = R, B = B(R), then a random element X is called a random
variable.

2. If S =R™, B=B(R™), m > 1, then X is called random vector. Random variables and
random vectors are considered in the lectures ,,Elementare Wahrscheinlichkeitsrechnung
und Statistik“ and ,,Stochastik I*

3. Let S be the class of all closed sets of R™. Let
M={{AeS: AN B #0}, B - arbitrary compactum of R™}.

Then X : Q — S is a random closed set.

As an example we consider n independent equally distributed points Y7, ...,Y, € [0,1]" and
Ri,..., R, > 0 almost surely independent random variables, which are defined on the same
probability space (2, 4,P) as Yi,...,Y,. Consider X = U}, Bpg,(Y;). Obviously, this is a
random set. An example of a realization is provided in Figure 1.1.

Exercise 1.1.1
Let (©2,.A) and (S, B) be measurable spaces, B = o(M), where M is a class of subsets of S.
Proof that X : Q — & is A|B-measurable, if and only if X ~1(C) € A, C € M.

Definition 1.1.2

Let T be an arbitrary index set and (S, Bi)ier a family of measurable spaces. A family
X ={X(t),t € T} of random elements X (¢) : Q2 — S; defined on (2, A, P) and A|B;-measurable
for all t € T is called random function (associated with (S;, By)ier)-
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Abb. 1.1: Example of a random set X = UY_, Bg, (Y;)

Therefore it holds X : Q x T — (8, t € T), i.e. X(w,t) € St for all w € Q, ¢t € T and
X(-,t) € A|B:, t € T. A lot of times w is discarded in the notation and we write X (¢) instead
of X(w,t). In most of the cases (S, By) does not depend on ¢ € T as well: (S, By) = (S, B) for
allt eT.

Special cases of random functions:

1. T CZ: X is called random sequence or stochastic process in discrete time.
Example: T'=Z, N.

2. T CR: X is called stochastic process in continuous time.
Example: T'= R, [a,b], —o00 < a < b < o0, R.

3. T C Rd, d>2: X is called random field.
Example: T = Z¢, R%, R?, [a,b]".

4. T C B(RY) : X is called set-induced process.
If X(t) is almost surely non-negative and o-additive on the o-algebra T', then X is called
random measure.

The tradion of denoting the index set with T, arises from the interpretation of ¢ € T for the
cases 1 and 2 as time parameter.

For every w € , {X(w,t), t € T'} is called a trajectory or path of the random function X.

We want to proof that the random function X = {X(t), ¢t € T'} is a random element within
the corresponding function space, which is equipped with a o-algebra that now is specified.

Let St = [l;er St be the cartesian product of Sy, t € T, ie., X € Spif X(t) € S, t € T.
The elementary cylindric set in St is defined as

Cr(By) ={X €&, : X(t) € B},

where ¢t € T is a selected point from T and B; € B; a subset in B;. Cp(B;) therefore contains
all trajectories X, which go through the ,, gate“ By, see Figure 1.2.

Definition 1.1.3
The cylindric o-algebra By is introduced as a o-algebra induced in Sy by the family of all
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v

T

Abb. 1.2: Trajectories, which pass a ,,gate” B;.

elementary cylinders. They are labeled by By = ®icrB;. If By = B for all t € T, then BT is
written istead of Br.

Lemma 1.1.1
The family {X = X (¢), t € T} is a random function on (2, .4, P) with phase spaces (S, B)ier
if and only if for every w €  the mapping w — X (w, -) is A|Bp-measurable.

Exercise 1.1.2
Proof lemma 1.1.1.

Definition 1.1.4
Let X be a random element: X : Q) — S, i.e. X be A|B-measurable. The distribution of X is
the probability measure Py on (S, ), such that Px(B) = P(X~(B)), B € B.

Lemma 1.1.2
An arbitrary probability measure p on (S, B) can be considered as the distribution of a random
element X.

Proof Take 0 =S, A=8B,P=pand X(w) =w, w € Q. |

When does a random function with given properties exist? A random function, which consists
of independent random elements always exists. This assertion is known.

Theorem 1.1.1 (Lomnicki, Ulam):
Let (S, Bty pt)ier be a sequence of probability spaces. It exists a random sequence X =
{X(t), t € T} on a probability space (2, A, P) (associated with (St, Bt)er), such that

1. X(t), t € T are independent random elements.
2. Px@ = on (S,B;), teT.

A lot of important random processes are built on the basis of independent random elements;
cf. examples in section 1.2.

Definition 1.1.5

Let X = {X(t),t € T} be a random function on (2,4, P) with phase space (St, Bt)ier. The
finite-dimensional distributions of X are defined as the distribution law Py, 4 of (X (t1),..., X (t,))T
tns Bti,..t,), for arbitrary n € N, ¢1,...,t, € T, where S, ;. = S, x ... X &, and

-----
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tn = Bt ®...®B;, is the o-algebra in &, . 4,, which is induced by all sets By, x ... x By,
i 1 = 1, ey Ny i.e., Pt1,...,tn(c) = P((X(tl), e ,X(tn))T € C), C S Btl,...,tn- In
particular for C' = By x ... X By, By, € By, :

-----

Pitn(B1 X ... x By) =P(X(t1) € By,...,X(tn) € By).

Exercise 1.1.3
Proof that X, 4+, = (X(t1),... X)) is a A|By, .. +,-measurable random element.

Definition 1.1.6

Let S; = R for all ¢t € T. The random function X = {X(¢),t € T} is called symmetric, if all
of its finite-dimensional distributions are symmetric probability measures, i.e., Py, ; (A) =
Pitn(—A)for A€ By, + andalln € N, ty,...,t, € T, whereby Py,
A).

tn

Exercise 1.1.4

Proof that the finite-dimensional distributions of a random function X have the following
properties: for arbitrary n € N, n > 2, {ty,...,t,} C T, By € &,, k =1,...,n and an
arbitrary permutation (i1,...,4,) of (1,...,n) it holds:

1. Symmetry: Ptl,‘..,tn(Bl X ... X Bn) = Pt’il7~“1tin (le X ... X an)
2. Consistency: Py, 4, (B1 X ... X Bp_1 x8,) =Py, 4, (B1 X ... X Bp_1)

The following theorem evidences that these properties are sufficient to proof the existence of
a random function X with given finite-dimensional distributions.

Theorem 1.1.2 (Kolmogorov):
Let {P¢,, . +,, n€N, {t1,...,t,} C T} be a family of probability measures on (R™ x ... x
R™ B(R™) ®...® B(R™)), which fulfill conditions 1 and 2 of exercise 1.1.4. Then there exists
a random function X = {X(t),t € T} defined on a probability space (2,.4,P) with finite-
dimensional distributions Py, . ¢,.

Proof See [13], section II.9. 0

This theorem also holds on more general (however not arbitrary!) spaces than R™, on so-
called Borel spaces, which in a sense are isomorphic to ([0,1], 8]0, 1]) or a subspace of that.

Definition 1.1.7

Let X = {X(¢), t € T} be a random function with values in (S, B), i.e., X(¢) € S almost
surely for arbitrary t € T. X is called measurable if the mapping X : (w,t) — X(w,t) € S,
(w,t) e 2 x T, is A® C|B-measurable.

Thus, definition 1.1.7 not only provides the measurability of X with respect to w €
X(-,t)e A|Bforall t € T, but X(-,-) € A® C|B as a function of (w,t). The measurability of
X is of significance if X (w,t) is considered at random moments 7 : @ — T: X (w,7(w)). This
in particular is the case in the theory of martingals if 7 is a so-called stop time for X. Since
the distribution of X (w, 7(w)) might differ considerably from the distribution of X (w,t),t € T.

(—A) =P((=X(t1),...

’ _X(tn))T
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1.2 Elementary examples

The theorem of Kolmogorov can be used directly for the explicit construction only in few cases,
since for a lot of random function their finite-dimensional distributions are not given explicitly.
In this cases a new random function X = {X(¢),t € T'} is built as X (¢) = g¢(¢t,Y1,Y>,...),
t € T, where g is a measurable function and {Y,,} a sequence of random elements (also random
functions), whose existence has already been ensured. For that we give several examples.

Let X = {X(t),t € T} be a real-valued random function with a probability space (£2, .4, P).

1. White noise:

Definition 1.2.1
The random function X = {X(¢),t € T'} is called white noise, if all X(t), t € T, are
independent and identically distributed (i.i.d.) random variables.

White noise exists according to the theorem 1.1.1. It is used to depict the noise in
(electromagnetic or acoustical) signals. If X (¢) ~ Ber(p), p € (0,1), t € T', one means
Salt-and-pepper noise, the binary noise, which occurs at the transfer of binary data in
computer-networks. If X(t) ~ N(0,02%), 02 > 0, t € T, then X is called Gaussian white
noise. It occures e.g. in acoustical signals.

2. Gaussian random function:

Definition 1.2.2
The random function X = {X(¢), t € T'} is called Gaussian, if all of its finite-dimensional
distributions are Gaussian, i.e. for all n € N, ¢1,...,t, C T it holds

Xt17-~~7tn = ((X(tl)’ .- 'aX(tn))T NN(/'Ltl,...,tna Z )7

t1,.tn

where the mean is given by p, 4, = (EX(t1),...,EX(t,))" and the covariance matrix
is given by 37, ;. = ((cov(X (t:), X (£;))ij=1-

Exercise 1.2.1

Proof that the distribution of an Gaussian random function X is uniquely determined by
its mean value function u(t)=EX(t),t € T, and covariance function C'(s, t) =E[X (s) X ()],
s, t € T, respectively.

An example for a Gaussian process is the so-called Wiener process (or Brownian motion)
X = {X(t),t > 0}, which has the expected value zero (u(t) = 0,¢ > 0) and the covariance
function C(s,t) = min{s,t}, s,t > 0. Usually it is required addionally that the paths of
X are continuous functions.

We will investigate the regularity properties of the paths of random functions in more
detail in section 1.3. Now we can say that such a process exists with probability one
(with almost surely continuous trajectories.

Exercise 1.2.2
Proof that the Gaussian white noise is a Gaussian random function.

3. Lognormal- and x>-functions:
The random function X = {X(t), t € T} is called lognormal, if X (t) = ¢¥'®, where Y =
{Y(t),t € T} is a Gaussian random function. X is called x2-function, if X (t) = ||Y (¢)]|?,
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where Y = {Y(t),t € T} is a Gaussian random function with values in R”, for which
Y (t) ~ N (0,1), t € T; here I is the (n x n)-unit matrix. Then it holds that X (¢) ~ x2,
tel.

4. Cosine wave:
X ={X(t),t € R} is defined by X(t) = v/2cos(2nY +tZ), where Y ~ U([0,1]) and Z is
a random variable, which is independent of Y.

Exercise 1.2.3
Let X1, Xo,... be i.i.d. cosine waves. Determine the weak limit of the finite-dimensional

distributions of the random function {ﬁ Yor1 Xk(t), t e R} for n — oo.

5. Poisson process:

Let {Y,,},,cn be a sequence of i.i.d. random variables Y,, ~ Exp(A), A > 0. The stochastic
process X = {X(t),t > 0} defined as X (¢) = max{n € N: >"}'_; Y; <t} is called Poisson
process with intensity A > 0. X(t) counts the number of certain events until the time
t > 0, where the typical interval between two of these events is Exp(\)-distributed. These
events can be a notification of claim, the record of an elementary particle in the Geiger
counter, etc. Then X (t) represents the number of damages or particles within the time
interval [0, ].

1.3 Regularity properties of trajectories

The theorem of Kolmogorov provides the existence of the distribution of a random function
with given finite-dimensional distributions. However, it does not provide a statement about
the properties of the paths of X. This is understandable since all random objects are defined
in the almost surely sense(a.s.) in probability theory, with the exception of a set A C Q with
P(A) =0.

Example 1.3.1
Let (©,A,P) = ([0,1],B([0,1]),v1), where vy is the Lebesgue measure on [0,1]. We define
{X=X(t), t€[0,1]} by X(t)=0,t€[0,1] and Y = {Y(t), t € [0,1]} by

1, t=1,
-

sonst,

where U(w) = w, w € [0,1], is a U([0, 1])-distributed random variable defined on (2,4, P).
Since P(Y(t) =0) =1,t € T, since P(U =1t) =0, t € T, it is clear that X £y Nevertheless,
X and Y have different path properties since X has continuous and Y has volatile trajectories,
and P(X(t) =0, Vt € T) =1, where P(Y(t) =0, Vt € T) = 0.

It may be that the ,set of exceptions“ A (see above) is very different for X (¢) for every
t € T. Therefore, we require that all X(¢), ¢t € T, are defined simultaneously on a subset
Qo € N with P(Qp) = 1. The defined random function X : Qy x T — R is called modification
of X : QxT — R. X and X differ on a set Q/Qo with probability zero. Therefore we
indicate later when stating that ,random function X possesses a property C' “ that it exists a
modification of X with this property C.

Definition 1.3.1
The random functions X = {X(¢t), t € T} and Y = {Y(¢), t € T} defined on the same proba-
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bility space (€2, .A, P) are called (stochastically) equivalent, if
Bi={weQ: X(w,t)#Y(w,t)} €A, teT,

and P(By) =0, teT.

We also can say, that X and Y are versions of one and the same random function. It is clear,
that all modifications (or versions) of X are equivalent to Y.

Exercise 1.3.1
Proof that the random functions X and Y in example 1.3.1 are stochastically equivalent.

Definition 1.3.2
The random functions X = {X(¢), t€ T} and Y = {Y(t), t € T} (not necessarily defined
on the same probability space) are called equivalent in distribution, if Px = Py on (S, By).

Notation: X <.
According to the theorem 1.1.2 it is sufficient for the equivalence in distribution of X and Y,

if they possess the same finite-dimensional distributions. It is clear that stochastic equivalence
implies equivalence in distribution, but not the other way around.

Definition 1.3.3

The random functions X = {X(t), t € T} and Y = {Y(¢), t € T'} defined on the same prob-
ability space (2, A,P) associated with (S, Bi)ier have equivalent trajectories (or are called
stochastically indistinguishable), if

A={weQ: X(w,t) #Y(w,t) forateT}te A

and P(A) = 0.

This term implies that X and Y have paths, which coincide with probability one. If the
space (2, A, P) is complete (i.e. the implication of A € A:P(A)=0isforall BC A: Be A
(and then P(B) = 0)), then the indistinguishable processes are stochastically equivalent.

Now, let 7" and § be Banach spaces with norms | - |7 and | - |s, respectively. The random
function X = {X(t), t € T} is now defined on (9, A, P) with values in (S, B).

Definition 1.3.4
The random function X = {X(t), t € T'} is called

a) stochastically continuous on T, if X (s) Lt> X(t), for arbitrary t € T, i.e.
s—

P(IX(s) — X(t)|s > ¢) — 0, forall e > 0.
S

b) LP-continuous on T, p > 1, if X(s) L—pt> X(t), t €T, ie. E|X(s)—X(t)|P — 0 For
s s—

p = 2 the specific notation ,continuity in the squared mean “is used.

c) a.s. continuous on T, if X (s) EEN X(t),teT, ie, P(X(s) — X(t))=1,teT.

s—1 s—t

d) continuous, if all trajectories of X are continuous functions.
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In applications one is interested in the cases ¢) and d), although the weakest form of continuity
is the stochastic continuity.

Lp—continuity‘ = ’stochastic Continuity‘ = ’a.s. continuity‘ = ’continuity of all paths

Why are cases ¢) and d) important? Let’s consider an example.

Example 1.3.2

Let T = [0,1] and (©,A,P) be an canonical probability space with Q@ = R je. Q =
[Tico R Let X = {X(¢), t €[0,1]} be a stochastic process on (£2,.4,P). Not all events are
elements of A, like e.g. A = {we€Q: X(w,t)=0forallte[0,1]} = Mo {X(w,t) =0},
since this is an intersection of measurable events from A in uncountable number. If how-
ever X is continuous, then all of its paths are continuous functions and one can depict A =
Ntep { X (w,t) = 0}, where D is a dense countable subset of [0,1], e.g., D = QN [0,1]. Then it
holds that A € A.

However, in many applications (like e.g. in financial mathematics) it is not realistic to
consider stochastic processes with continuous paths as models for real phenomena. Therefore,
a bigger class of possible trajectories of X is allowed: the so-called cddlag-class (cadlag =
continue a droite, limitée a gonche (fr.)).

Definition 1.3.5
A stochastic process X = {X(t), t € R} is called cdadlag, if all of its trajectories are right-sided
continuous functions, which have left-sided limits.

Now, we want to consider the properties of the notations of continuity introduced above
in more detail. One can note e.g., that the stochastic continuity is a property of the two-
dimensional distribution P,; of X. This is shown by the following lemma.

Lemma 1.3.1
Let X = {X(t), t € T} be arandom function associated with (S, B), where S and T are Banach
spaces. The following statements are equivalent:

P

a) X(S) m) Y,

d
b) Pt P Pivy)s

where tg € T and Y is a B-random element. For the stochastic continuity of X, one should
choose typ € T arbitrarily and Y = X (¢¢).

Proof a) = b)
P

X(s) —P 5 Y means (X(s),X ()" —— (Y,Y)T. This results in Py, 4 P(v,y), since 5
s—to s,t—to )

convergence is stricter than g—convergence.

b) = a)
For arbitrary € > 0 we consider a continuous function g. : R — [0, 1] with ¢-(0) =0, g-(z) =1,
x ¢ B:(0). It holds for all s,t € T that

Ege(|X(s) — X(#)ls) = P(1X(s) = X(t)ls > ) + E(ge(|X(s) — X (#)|s)E(|X(s) = X(t)]s <€),
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hence P(|X(s) — X(t)ls > ¢) < EBge(IX(s) = X(t)ls) = Js [s gl = yls)Pseld(z,y)) —~

s Js 9:(lz = yls)Pvyy(d(z, y)) = 0, since P(yy) is concentrated on {(z,y) € §* : & = y} and
9:(0) = 0. Thus {X(s)},_,,, is a fundamental sequence (in probability), therefore X (s) SN

s—to
O

It may be that X is continuous, although all of the paths of X have jumps, i.e. X cannot
possess any a.s. continuous modification. The descriptive explanation for that is that such X
may have a jump for concrete ¢t € T' with probability zero. Therefore jumps of the paths of X
always occur at different locations.

Exercise 1.3.2
Proof that the Poisson process is stochastically continuous, although it does not possess any
a.s. continuous modifications.

Exercise 1.3.3

Let T be compact. Proof that if X is stochastically continuous on 7', then it also is uniformly
stochastically continuous, i.e., for all e, > 0 30 > 0, such that for all s,¢ € T with |s —t|p < ¢
it holds that P(| X (s) — X (t)|s > ¢) <n.

Now let S = R, EX?%(t) < oo, t € T, EX(t) =0, t € T. Let C(s,t) = E[X(s)X(t)] be the

covariance function of X.

Lemma 1.3.2
For all g € T and a random variable Y with EY? < oo the following assertions are equivalent:

Proof a) = b)
The assertion results from the Cauchy-Schwarz inequality:
Cls,t) — EY?| = [E(X(s)X (1) — EY?)| = [E[(X(s) = Y + Y)(X(1) ¥ + V)] — EY?
EI(X(s) = Y)(X(t) = V)| + E[(X(s) - Y)Y[+ E[(X(¢) - Y)Y
J E(X(s)—Y)?2 E(X(t)-Y)2
—_—
X (s)=Y[2 - [IX(0)-Y2

IN

IN

s,t—to

w EVZE(X(s) — V)% + J EY2E(X(t) — V)2 —— 0
—_— —_—

X ()Y 12, IX(0)-Y2,

with assumption a).
b) = a)

E(X(s) = X(1)" = E(X(s))* —2E[X(s)X ()] + E(X(1))*
= C(s,s)+C(t,t) —2C(s,t) — 2EY? —2EY? = 0.

s,t—to

2
Thus, {X(s), s — to} is a fundamental sequence in the L2-sense, and we get X (s) % Y. O
s—to
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A random function X, which is continuous in the mean-squared sense, may still have uncon-
tinuous trajectories. In most of the cases which are practically relevant, X however has an a.s.
continuous modification. Later on this will become more precise by stating a theorem.

Conclusion 1.3.1

The random function X, which satisfies the conditions of the lamma 1.3.2, is continuous on T’
in the mean-squared sense if and only if its covariance function C' : T2 — R is continuous on
the diagonal diag 7% = {(s,t) € T? : s = t}, i.e., limg 4y, C(s,t) = C(t) for all ty € T.

Proof Choose Y = X (t¢) in lemma 1.3.2. 0

Remark 1.3.1
If X is not centered, then the continuity of u(-) together with the continuity of C' on diag 72 is
required to ensure the L2-continuity of X on 7.

Exercise 1.3.4
Give an example of a stochastic process with a.s. uncontinuous trajectories, which is L?-
continuous.

Now we consider the property of (a.s.) continuity in more detail. Like mentioned before,
we merely can talk about continuous modification or version of a process. The possibility to
possess such a version also depends on the properties of the two-dimensional distributions of
the process. This is proven by the following theorem (originally proven by A. Kolmogorov).

Theorem 1.3.1
Let X = {X(¢), t € [a,b]}, —00 < a < b < +00. A real-valued stochastic process X has a
continuous version, if there exist constants o, ¢, > 0 such that

E|X(t+h) — X()|* < c|h|*F°, t € (a,b), (1.3.1)

for sufficiently small |h|.
Proof See, e.g. [7], theorem 2.23. O
Now we turn to processes with cadlag-trajectories. Let (£2,.4,P) be a complete probability

space.

Theorem 1.3.2
Let X = {X(t), t > 0} be a real-valued stochastic process and D a countable dense subset of
[0,00). If

a) X is stochastically right-sided continuous, i.e., X (¢ + h) LN X(t), t € [0,400),
h—+0

b) the trajectories of X for every ¢ € D have finite right- and left-sided limits, i.e., 3limy,_, 1o X (t+
h),t€ D as.,

then X has a version with a.s. cadlag-paths.

Without proof.

Lemma 1.3.3

Let X = {X(t), t >0} and {Y =Y (¢), t > 0} be two versions of a random function, both
defined on the probability space (€2, A, P), with property that X and Y have a.s. right-sided
continuous trajectories. Then X and Y are indistinguishable.



1 General theory of random functions 11

Proof Let Qx,Qy be ,sets of exception®, for which the trajectories of X and Y, respec-
tively are not right-sided continuous. It holds that P(2x) = P(2y) = 0. Consider 4; =
{fweQ: X(w,t) #Y(w,t)}, t €[0,400) and A = Useq, As, where Q1 = QN [0, +00). Since X
and Y are stochastically equivalent, it holds that P(A) = 0 and therefore P(A) = P(AUQx U
Qy) < P(A)+P(Qx)+P(Qy) =0, where A = AUQx UQy. Therefore X (w,t) = Y (w, ) holds
for t € Q4 and w € Q\ A. Now, we proof this for all ¢ > 0. For arbitrary t > 0 a sequence
{t,} C Qy exists, such that t, | t. Since X (w,t,) = Y(w,t,) forall n € Nand w € Q\ 4,
it holds that X (w,t) = limp oo X(w,t,) = limyoo Y( omega,t,) = Y(w,t) for ¢ > 0 and
w € Q\ A. Therefore X and Y are indistinguishable. 0

Conclusion 1.3.2
If cadlag-processes X = {X(t), t >0} and Y = {Y(¢), t > 0} are versions of a random func-
tion, then they are indistinguishable.

1.4 Differentiability of trajectories

Let T be a linear normed space.

Definition 1.4.1
A real-valued random function X = {X(¢), t € T} is differentiable on T in direction h € T
stochastically, in the LP-sense, p > 1, or a.s., if

lim X(t+ hl) — X(t)

=X, (), teT
) l n(t), t€

exists in the corresponding sense, namely stochastically, in the LP-space or a.s..

The lemmata 1.3.2 - 1.3.3 show, that the stochastic differentiability is a property that is deter-
mined by three-dimensional distributions of X (because the common distribution of w

and w should converge weakly), whereas the differentiability in the mean-squared

sense is determined by the smoothness of the covariance function C(s,t).

Exercise 1.4.1
Show that

1. the Wiener process is not stochastically differentiable on [0, c0).

2. the Poisson process is stochastically differentiable on [0, c0), however not in the LP-mean,
p=> L

Lemma 1.4.1
A centered random function X = {X(¢), t € T} (i.e., EX(t) =0, t € T) is L*-differentiable in
t € T in direction h € T if its covariance function C is differentiable twice in (¢,¢) in direction

17 2 / 7 2
h, ie., if Cy,(t,t) = %sch(ast’s) - X, (t) is L*-continuous in t € T if Cy,(s,t) = 885(/;598{,? is

continuous in s = t. Therefore C,, (s,t) is the covariance function of X, = {X, (t), t € T'}.

Proof According to 1.3.3 it is enough to show that

I= lim E
1L,I'=0

(X(t +1h)— X(t) X(s+1'h)— X(s))
l !
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exists for s = t. Indeed we recieve

]. ! I
I = (Clt+1h,s+1h) = C(t+1h,5) = Clt,s +1'h) + C(t,5))
1[(Ct+1h,s+1h)—C(t+1h,s) C(t,s+1h)—C(t,s) "
= 7 7 - 7 — Oy, (8, 1)
1,I'—0
All other statements of the lemma result from this relation. O

Remark 1.4.1
The properties of the L?-differentiability and a.s. differentiability of random functions are
defined in the following sense: there are stochastic processes that have L?-differentiable paths,
although they are a.s. uncontinuous, and vice versa, processes with a.s. differentiable paths
are not always L2-differentiable, since e.g. the first derivation of their covariance function is
not continuous.

Exercise 1.4.2
Give appropriate examples!

1.5 Moments und covariance

Let X = {X(¢), t € T} be a random function that is real-valued, and let T' be an arbitrary
index space.

Definition 1.5.1

The mized moment plv--3n)(ty, ... t,) of X of order (ji,...,4n) € N", t1,... t, € T is given
by pltedn)(ty, ... t,) = E [X91(t1) - ... - X7n(t,)], where it is required that the expected value
exists and that it is finite. Then it is sufficient to assume that E|X (¢)]’ < oo for all t € T and

Important special cases:
Lop(t)=pM(t) =EX(t), t € T — mean value function of X.

2. Y (s,8) = E[X(s)X(t)] = C(s,t) — (non-centered) covariance function of X. Whereas
the centered covariance function is: K (s,t) = cov((X(s), X (t)) = pbV(s,t) — pu(s)u(t),
s,tefT.

Exercise 1.5.1
Show that the centered covariance function of a real-valued random function X

1. is symmetric, i.e., K(s,t) = K(t,s), s,t € T.

2. is positive semidefinite, i.e., forn € N, t1,...,t, € T, z1,..., 2z, € R it holds that
n
Z K(ti,tj)zizj Z 0.
i,j=1

3. satisfies K(t,t) =var X(t), t € T.

Property 2) also holds for the non-centered covariance function C(s,t).
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The mean value function u(t) shows a (non random) tendency. If pu(t) is known, the random
function X can be centered by considering a random function Y = {Y'(¢), t € T} with Y (¢) =
X(t) — p(t), teT.

The covariance function K(s,t) and C(s,t), respectively contains informations about the

K(s,t

K(s,(s)f)((t,t)
s,t€T: K(s,s) =varX(s) >0, K(t,t) = var X(t) > 0 is used instead of K and C respectively.
Because of the Cauchy-Schwarz inequality it holds that |R(s,t)| < 1, s,t € T. The set of all
mixed moments in general does not (uniquely) determine the distribution of a random function.

Exercise 1.5.2
Give an example of different random functions X = {X(¢), t € T} und Y = {Y(¢), t € T}, for
which holds that EX () = EY(¢), t € T and E(X (s) X (t)) = E(Y(s)Y (¢)), s, t € T

Exercise 1.5.3

Let p : T — R be a random function and K : T'x T' — R be a positive semidefinite sym-
metric function. Proof that a random function X = {X(t), t € T'} exists with EX(¢) = u(t),
cov(X(s),X(t)) =C(s,t), s,t €T.

Lent now X = {X(t), t € T} be a real-valued random function with E|X (£)|* < oo, t € T,
for a k € N.

Definition 1.5.2
The mean increment of order k of X is given by yx(s,t) = E(X(s) — X(¢))*, s,t € T

Special attention is paid to the function v(s,t) = 372(s,t) = $E(X(s) — X(1))?, s,t € T,
which is called variogram of X. In geostatistics the variogram is often used instead of the

covariance function. A lot of times we discard the condition EX?(t) < oo, t € T, instead we
assume that y(s,t) < oo for all s,t € T.

Exercise 1.5.4
Proof that there exist random functions without finite second moments with ~(s,t) < oo,
s,t € T gibt.

dependence structer X. Sometimes the correlation function R(s,t) = for all

Exercise 1.5.5
Show that for a random function X = {X(¢), ¢t € T'} with mean value function y and covariance
function K it holds that:

K(s,s)+ K(t,t)

1
’Y(Sat) = 9 _K(Sat)+ i(u(s) _N(t))27 s,t € T.
If the random function X is complex-valued, i.e., X : Q x T — C, with E|X(t) ]2 < 00, t erT,
then the covariance function of X is introduced as K(s,t) = E(X(s) — EX(s))(X(¢) — EX(¢)),
s,t € T, where Z is the complex conjugate of z € C. Then it holds that K(s,t) = (t s),

s,t € T, and K is positive semidefinite, i.e, for alln € N, t1,...,t, €T, 21,...,2, € C it holds
that 377", K(ti,t)ziz; > 0.

1.6 Stationarity and Independence

T be a subset of the linear vector space with operations 4+, — over space R.

Definition 1.6.1
The random function X = {X(t), t € T} is called stationary (strict sense stationary) if for all
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n €N, h,ty,...,t, € T with ¢ty +h,...,t, + h € T it holds that:

P(X(t1)ys X (t0) = P(X(t14R),000, X (tn+1))s

i.e., all finite-dimensional distributions of X are invariant against translations in 7.

Definition 1.6.2

A (complex-valued) random function X = {X(¢), t € T'} is called second-order stationary (or
wide sense stationary) if E|X(t)|? < oo, t € T, and u(t) = EX(t) = p, t € T, K(s,t) =
cov(X(s),X(t)) = K(s+ h,t+h) forall hys,t €T :s+h,t+heT.

If X is second-order stationary, it is beneficial to introduce a function K (t) := K(0,t),t € T
whereby 0 € T

Strict sense stationarity and wide sense stationarity do not result from each other. However
it is clear that if a complex-valued function is strict sense stationary and possesses finite second-
order moments, then the function also is second-order stationary.

Definition 1.6.3

A real-valued random function X = {X(¢), t € T} is intrinsic second-order stationary if
Yi(s,t), s,t € T exist for k < 2, and for all s,¢t,h € T, s+ h,t+h € T it holds that v;(s,t) = 0,
Y2(s,t) = v2(s + h,t + h).

For real-valued random functions, intrinsic second-order stationarity is more general than
second-order stationarity since the existence of E|X (¢)|?, t € T is not required.
The analogue of the stationarity of increments of X also exists in strict sense.

Definition 1.6.4
Let X = {X(¢t), t € T} be a real-valued stochastic process, T' C R. It is said that X

1. possesses stationary increments if for all n € N, h,tg,t1,t2,...,t, € T, with tg < t; <
to < ...<tp, t;i+h €T,i=0,...,nthe distribution of (X (t;1+h)—X(to+h),..., X(t,+
h) — X (tn—1 +h))" does not depend on h.

2. possesses independent increments if for alln € N, tg,t1,...,t, € T withtg <t1 < ... <ty
the random variables X (to), X (t1)— X (to), ..., X (tn) — X (tn—1) are pairwise independent.

Let (S1, B1) and (Sa, B2) be measurable spaces. In general it is said that two random elements
X :Q — S and X : Q — S are independent on the same probability space (Q,.A4,P) if
P(X S Al,Y S AQ) = P(X S Al)P(Y S Ag) for all A1 S Bl, AQ € BQ.

This definition can be applied to the independence of random functions X and Y with phase
space (St, Br), since they can be considered as random elements with §; = Sy = Sy, B = By =
Br (cf. lemma 1.1.1). The same holds for the independence of a random element (or a random
function) X and of a sub-o-algebra G € A: this is the case if P({X € A}NG) = P(X € A)P(G),
forall Ae By, GegG (or A€ Bp, GeQg).

1.7 Processes with independent increments

In this section we want to talk about the properties and existence of processes with independent
increments.

Let {¢s¢, s,t > 0} be a family of characteristic functions of probability measures Qs , s,t >
0 on B(R), i.e., for z € R, s,¢ > 0 it holds that ¢ :(2) = [ €**Qs+(dx).
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Theorem 1.7.1
It exists a stochastic process X = {X (t), t > 0} with independent increments with the property
that for all s,¢ > 0 the characteristic function of X (t) — X (s) is equal to ¢, if and only if

Pst = Ps,uPut (1.7.1)
for all 0 < s < u <t < co. Thereby the distribution of X (0) can be chosen arbitrarily.

Proof The necessity of the condition 1.7.1 is clear since for all s € (0,00) : s < u < t it
holds that: X (t) — X (s) = X(¢) — X(u) + X (u) — X(s) and X(t) — X (u) and X (u) — X(s) are

Y1 Y2
pairwise independent. Then it holds ¢, = Yy,+vs = Py PYe = Ps.uPut-

Now we proof the sufficiency.

If the existence of a process X with independent increments and property ¢x(y)—x(s) = Psit
on a probability space (€2, A, P) had already been proven, one could declare the characteristic
functions of all of its finite-dimensional distributions by {¢s}.

LetneN, 0=ty <t; <...<t,<oocand Y = (X(tg), X(t1) — X(t0), ..., X (tn) — X (tn_1))".
The independence of increments results in

0y (20, 215+, 2n) = Eei®Y) — X (t) (20)Pto,t1 (21) - - - Pty 1 1, (20), 2 € R
———

z

where the distribution of X (¢y) is an arbitrary probability measure oy on B(R). For Xy, ;. =
(X(to), X (t1),-..,X(tn))" however it holds that Xy, ; = AY, where

(2) = pay(z) = Eei»AY) = Eeil4T=Y) — ¢y (AT2) holds. Therefore the
(2) =
,,,,, tn

Then ¢x,,
finite-dimensional distriution of Xy, ;. possesses the characteristic function ¢ X,

©Q0(10) et (11) - - - Pt 1 40 (In), where I = (11,14, .., ln)T = A"z, thus

lo = 2Zo+...+2n
ll = zZ1+...+2n
l, = zn

Thereby @x (1) = ¢Q, and ¢x,, ;. (21,---,2n) = @x,, 1, (0,21,. .., 2,) holds for all z; € R.
Now we proof the existence of such a process X.
For that we construct the family of characteristic functions

{(,0150, Ptot1,eestns Pti,eetns 0= o<1 <...<tp, <oo, n€E N}
from g, and {¢s+, 0 < s <t} as above, thus

Pto :SOQoa Pt ..., tn(()?Zl?"'aZn) :(pto,tl ..... tn(()?Zl’"'?ZTl)a Zj GR,
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Ptor.ontn (2) = Pro (21 + oo+ 20)Proty (21 + oo+ 20) - 1,y 1 (20)-

Now we have to check whether the corresponding probability measures of these characteristic
functions fulfill the conditions of theorem 1.1.2. We will do that in equivalent form since
according to exercise ... of exercise sheet ... the conditions of symmetry and consistency in
theorem 1.1.2 are equivalent to:

a) Ptigseontin (Zigs -+ -+ Zin) = Pto,...tn (20, - - ., 2n) for an arbitrary permutation (0,1,...,n) —
(10,01, -« -y in),
b) @to,...,tmfl,thrl,...,tn (207 sy Zm—1y2m+1y - - - 7271) = Pto,....tn (207 e 707 e 7271)7 for all

20y---,2n ER,me{l,... ,n}.

The first condition a) is obvious. Conditon b) holds since

Ptrm—1,tm (O +Zmy1+ ..o+ Zn)(PtM7tm+1 (Zm+1 +...+ Zn) = Ptm—1,tm+1 (Zm+17 L) Zn)
for all m € {1,...,n}. Thus, the existence of X is proven. 0

Example 1.7.1 1. If T =Ny = NU {0}, then X = {X(¢), t € Np} has independent incre-

4

ments if and only if X (n) © o Y:, where {Y;} are independent random variables and

Y, 4 X(n) — X(n—1), n € N. Such a process X is called random walk. It also may be

defined for Y; with values in R™.

2. The Poisson process with intensity A has independent increments (we will show that
later).

3. The Wiener process possesses independent increments.

Exercise 1.7.1
Proof that!

Exercise 1.7.2

Let X = {X(t), t > 0} be a process with independent increments and g : [0,00) — R an
arbitrary (deterministic) function. Show that the process Y = {Y(¢), ¢t > 0} with Y (¢) =
X(t) +g(t), t > 0, also possesses independent increments.

1.8 Additional exercises

Exercise 1.8.1

Proof the following assertion: The family of probability measures Py, ;, on (R™, B(R™)),n > 1,
t=(t1,...,t,)" € T™ fulfills the conditions of the theorem of Kolmogorov if and only if n > 2
and for all s = (s1,...,5,)" € R™ the following conditions are fulfilled:

a) e, ., ((s1,. .. L Sn) ) = PP 1yt ((8x(1)s- -+ s,r(n))T) for all m € S,,.

b) PPiy,ty_1 ((s1---, Snfl)—r) = PPty tn ((815+ -+ 8n—1, O)T)'

.....

Remark: ¢(-) denotes the characteristic function of the corresponding measure. S,, denotes the
group of all permutations 7 : {1,...,n} — {1,...,n}.
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Exercise 1.8.2
Show the existence of a random function whose finite-dimensional distributions are multivariate-
normally distributed and explicitly give the measurable spaces (Ey, . +.,E . t,)-

Exercise 1.8.3
Give an example of a family of probability measures Py, . ;,, which do not fulfill the conditions
of the theorem of Kolmogorov.

Exercise 1.8.4
Let X = {X(t),t € T} and Y = {Y (¢), t € T'} be two stochastic processes which are defined on
the same complete probability space (€2, F,P) and which take values in the measurable space

(S, B).
a) Proof that: X and Y are stochastically equivalent = Px = Py-.

b) Give an example of two processes X and Y for which holds: Px = Py, but X and Y are
not stochastically equivalent.

c) Proof that: X and Y are stochastically indistinguishable = X and Y are stochastically
equivalent.

d) Proof in the case of countability of T: X and Y are stochastically equivalent = X and
Y are stochastically indistinguishable.

e) Give in the case of uncountability of 7" an example of two processes X and Y for which
holds: X and Y are stochastically equivalent but not stochastically indistinguishable.

Exercise 1.8.5
Let W = {W(t), t € R} be a Wiener Process. Which of the following processes are Wiener
processes as well?

a) Wi ={Wi(t) :=-W(), t € R},
b) Wy = {Wa(t) := VW (1), t € R},
¢) Wi = {Ws(t) = W(2t) = W(L), t € R}.

Exercise 1.8.6

Given a stochastic process X = {X (), t € [0,1]} which consists of idependent and identically
distributed random variables with density f(x), z € R. Show that such a process can not be
continuous in ¢ € [0, 1].

Exercise 1.8.7
Give an example of a stochastic process X = {X(t), t € T'} which is stochastically continuous
on T, and proof why this is the case.

Exercise 1.8.8

In connection with the continuity of stochastic processes the so-called criterion of Kolmogorov
plays a central role. (see also theorem 1.3.1 in the lecture notes): Let X = {X(¢), t € [a,b]} be
a real-valued stochastic process. If constants o,e > 0 and C := C(«,¢) > 0 exist such that

E[X(t+h) — X(£)|* < C|h|*e (1.8.1)

for sufficient small h, then the process X possesses a continuous modification. Show that:
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a) If you fix the variable ¢ = 0 in condition (1.8.1), then in general the condition is not
sufficient for the existence of a continuous modification. Hint: Consider the Poisson
process.

b) The Wiener process W = {W(t), t € [0,00)} possesses a continuous modification. Hint:
Consider the case o = 4.

Exercise 1.8.9
Show that the Wiener process W is not stochastically differentiable at any point ¢ € [0, 00).

Exercise 1.8.10
Show that the covariance function C(s, t) of a complex-valued stochastic process X = {X(t), t €
T}

a) is symmetric, i.e. C(s,t) =C(t,s), s,t € T,
b) fulfills the identity C(t,t) = var X (t), t € T,

c) is positive semidefinite, i.e. for alln € N, t1,...,t, € T, z1,...,2, € C it holds that:

n n

Z Z C(ti, tj)ZZ'ZTj Z 0.

i=1j=1

Exercise 1.8.11
Show that it exists a random function X = {X(¢), ¢t € T} which simultaneously fulfills the
conditions:

e The second moment EX? does not exist.
e The variogram (s, t) is finite for all s,t € T'.

Exercise 1.8.12
Give an example of a stochastic process X = {X(¢), t € T'} whose paths are simultaneously
L?-differentiable but not almost surely differentiable, and proof why this is the case.

Exercise 1.8.13
Give an example of a stochastic process X = {X(¢), t € T} whose paths are simultaneously
almost surely differentiable but not L!-differentiable, and proof why this is the case.

Exercise 1.8.14
Proof that the Wiener process possesses independent increments.

Exercise 1.8.15
Proof: A (real-valued) stochastic process X = {X(t), t € [0,00)} with independent increments
already has stationary increments if the distibution of the random variable X (¢ + h) — X (h) is
independent of h.



2 Counting processes

In this chapter we consider several examples of stochastic processes which model the counting
of events and thus possess piecewise constant paths.

Let (©2,.A,P) be a probability space and {Sy},cy a non-decreasing sequence of a.s. non-
negative random variables, i.e. 0 < 57 < S5 <... <S5, < ...

Definition 2.0.1
The stochastic process N = {N(t), t > 0} is called counting process if

N(B) = 3 1S, <o)
n=1

where 1(A) is the indicator function of the event A € A.

N(t) counts the events which occur at S, until time ¢. S,, e.g. may be the time of occurence
of

1. the n-th elementary particle in the Geiger counter, or

2. a damage in the insurance of material damage, or

3. a data paket at a server within a computer network, etc.

A special case of the counting processes are the so-called renewal processes.

2.1 Renewal processes

Definition 2.1.1

Let {T,}nen be a sequence of i.i.d. non-negative random variables with P(73 > 0) > 0. A
counting process N = {N(t), t > 0} with N(0) = 0 a.s., S, = > -1 Tk, n € N, is called
renewal process. Thereby S, is called the time of the n-th renewal, n € N.

The name ,,renewal process® is given by the following interpretation. The ,interarrival times*
T,, are interpreted as the lifetime of a technical spare part or mechanism within a system, thus
Sy, is the time of the n-th break down of the system. The defective part is immediately replaced
by a new part (comparable with the exchange of a lightbulb). Thus, N(t) is the number of
repairs (the so-called ,renewals“) of the system until time ¢.

Remark 2.1.1 1. It is N(t) = o0 if S;, <t for all n € N.

2. Often it is assumed that only 15,73, ... are identically distributed with ET,, < co. The
distribution of T is freely selectable. Such a process N = {N(t), ¢t > 0} is called delayed
renewal process (with delay T1).

3. Sometimes the requirement T}, > 0 is omitted.

19
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Abb. 2.1: Konstruktion und Trajektorien eines Erneuerungsprozesses

4. Tt is clear that {S) }nen, With So =0 a.s., Sp, = >.jp— Tk, n € N is a random walk.

5. If one requires that the n-th exchange of a defective part in the system takes a time 7},
then by T,, = T,, + T, n € N a different renewal process is given. Its stochastic property
does not differ from the process which is given in definition 2.1.1.

In the following we assume that u = ET;, € (0,00), n € N.

Theorem 2.1.1 (Individual ergodic theorem):
Let N = {N(t), t > 0} be a renewal process. Then it holds that:

lim M = i a.s..
t—oo ¢ 1%

Proof For all ¢t > 0 and n € N it holds that {N(¢) = n} = {S, < t < Sp41}, therefore
SN <t < Sn(y4+1 and

SN(t) < t < SN(t)+1 . N(t)+1
N(@) = N() — N#t)+1 N(t)
If we can show that fVN(%) % w and N(t) ti—soo> 00, then ﬁ % p holds and therefore

the assertion of the theorem.

According to the strong law of large numbers of Kolmogorov (cf. lecture notes ,Wahrschein-
a.s.

lichkeitsrechnung“ (WR), theorem 7.4) it holds that % ——— , thus S, ﬁ oo and therefore

n—o0

P(N(t) < c0) = 1 since P(N(t) = 00) = P( S, <t,Vn) =1—-P(3n:Ym e Ny Spym > t) =

=1, if Sp—=—00

n—o00

1—1=0. Then N(t), ¢t > 0, is a real random variable.
We show that N(t) ta—3> oo. All trajectories of N(¢) are monotonously non-decreasing in
—00
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t >0, thus Flim;_,o0 N (w,t) for all w € 2. Moreover it holds that

P(lim N() <o0) = lim P(lim N(¢) < n) 2 lim lim P(N(f) < n)

t—00 n—o00  t—00 n—00 t—00

n—oo t—oo n—o0 t—o00

= lim lim P(S, >t) = lim lim P( ZTk>t)

< lim lim .
- n—)ootaooZPTk> =0
71%,_/
—0
t— o0

The equality (*) holds since {limyo N(t) < n} = {Ftg € Q4 : Vt > to N(t) < n} =

U@, Nieqs {N(t) < n} = liminficq, {N(t) < n}, then the continuity of the probability
t>to t—00

measure is used, where Q1 = QN Ry = {g € Q: ¢ > 0}. Since for every w € € it holds that

lim,, — o0 *S;L—" = im0 Sy (t)) (the codomain of a realization of N(-) is a subsequence of N), it
S

holds that 11mt4)oo W ) Lt M. O

Remark 2.1.2

One can generalize the ergodic theorem to the case of non-identically distributed 7,,. Thereby

we require that i, = ETy, {15 — fin},cy are uniformly integrable and %22:1 Pk o > 0.
n—oo

Then we can proof that w SN (cf. [2], page 276).
t—o0 H

Theorem 2.1.2 (Central limit theorem):

If 1 € (0,00), 02 = varT} € (0,00), it holds that

N(t) — 4 4

pe e 0’\/% t—o0

3
2

where Y ~ N(0,1).

Proof According to the central limit theorem for sums of i.i.d. random variables (cf. theorem

7.5, WR) it holds that

Swonmu_d_y (2.1.1)

TLO’2 n—00

Let [z] be the whole part of 2 € R. It holds for a = "—3 that

P(Wg ) P(N(t)ﬁx\/ﬁ+;> :P(Sm(t)>t>>

where m(t) = [:U\/cﬁ + ﬂ +1,¢t >0, and limy_,o m(t) = co. Therefore we get that

N -t
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for arbitrary ¢t > 0 and x € R, where ¢ is the distribution function of the N(0, 1)-distribution.

For fixed z € R we introduce Z; = —tf“mgg — x, t > 0. Then it holds that
o m

Sty — mm(t)

o/m(t)

+ 7y > —af) — p(x)].

If we can proof that Z; = 0, then applying (2.1.1) and the theorem of Slutsky (theorem
— 00
6.4.1, WR) would result in S @) Zy 4y ~ N(0,1) since Z, — 0 a.s. results in
o/ m(t) t—00 t—00
Z, — 5 0. Therefore we could write Ii(z) —— |o(—x) — p(z)] = |p(z) — ¢(x)| = 0, where
t—o00 t—00

o(x) =1 — p(x) is the tail function of the A/(0, 1)-distribution, and the property of symmetry

of N(0,1) : (=) = p(z), * € R was used.

t—pm(t) _ _ t
Now we show that Z; = 0, thus gy o It holds that m(t) = zv/at + L te(t),

where £(t) € [0,1). Then it holds that
t—pm(t)  t—pzvat—t—pe(t) Vat — p o pe(t)

oy/m(t) oy/m(t) o/avat+ L ety ovm(t)
an p—e(t)

_ ry _pe(t) B
2 t ov/ml(t) t—oo
52 + ﬂ;t + 6(Et) ( )
—0
t —z t— o0

Remark 2.1.3
In Lineberg form, the central limit theorem can also be proven for non-identically distributed
Ty, cf. [2], pages 276 - 277.

Definition 2.1.2
The function H(t) = EN(t), t > 0 is called renewal function of the process N (or of the sequence
{Sn}nen)-

Let Fr(z) = P(Th < x), x € R be the distribution function of 7;. For arbitrary distribution
functions F,G : R — [0,1] the convolution F % G is defined as F « G(z) = [*_ F(z — y)dG(y).
The k-fold convolution F** of the distribution F' with itself, k& € Ny, is defined inductive:

FO2) = 1(z€[0,)), z €R,
Fl(z) = F(z), z€R,
FrE () = F*«F(z), 2 e R.

Lemma 2.1.1
The renewal function H of a renewal process /N is monotonously non-decreasing and right-sided
continuous on R . Moreover it holds that

H(t) = i P(S, <t) = i FEM), ¢ 0. (2.1.2)
n=1 n=1
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Proof The monotony and right-sided continuity of H are consequences from the almost surely
monotony and right-sided continuity of the trajectories of N. Now we proof (2.1.2):

H(t)zEN(t)zEZl(Sn<t ZElS <t) :Z (S gt):iFji”(t),
n=1 n=1

since P(S, <t) =P(Th + ...+ T, <t) = F;"(t), t > 0. The equality (x) holds for all partial
sums on both sides, therefore in the limit as well. O

Except for exceptional cases it is impossible to calculate the renewal function H by the
formula (2.1.2) analytically. Therefore the Laplace transform of H is often used in calulations.
For a monotonously (e.g. monotonously non—decreasing) right-sided continuous function G :
[0,00) = R the Laplace transform is defined as lg(s = [o° e **dG(x), s > 0. Here the integral
is to be understood as the Lebesgue-Stieltjes 1ntegral thus as a Lebesgue integral with respect
to the measure g on Br, defined by pg((z,y]) = G(y) — G(z), 0 <z <y < oo, if G is
monotonously non-decreasing.

Just to remind you: the Laplace transform Ix of a random variable X > 0 is defined by
Ix(s) = [3° e **dFx(z), s > 0.

Lemma 2.1.2

For s > 0 it holds that:

lg(s) =

Proof It holds that:

. I . 212) [ _ o[> e o= [ sa e
lg(s) = /0 e **dH(z) = /0 e *d (2:1 Fr. (:B)) = nz:l/o e TdF (x)
= ZlTlJr 4T, (8 Z (lT1 ) M

- 1— g, (s)’

where for s > 0 it holds that Iz, (s) < 1 and thus the geometric series 3%, (l}l (s))n converges.
0

Remark 2.1.4
If N ={N(t), t >0} is a delayed renewal process (with delay 71), the statements of lemmas
2.1.1 - 2.1.2 hold in the following form:

1.
H(t) = Z(FTl *F%;L)(t% t> 07
n=0

where Fp, and Fr,, respectively are the distribution functions of 77 and T}, n > 2,
respectively.

2 . lATl(S) s
lg(s) = 71 - ZTZ (s)’ >0, (2.1.3)

where lAT1 and lAT2 are the Laplace transforms of the distribution of T} and T;,, n > 2.
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For further observations we need a theorem (from Wald) about the expected value of a sum
(with random number) of independent random variables.

Definition 2.1.3

Let v be a N-valued random variable and be {X,}, .y a sequence of random variables defined
on the same probability space. v is called independent of the future, if for all n € N the event
{v < n} does not depend on the o-algebra o({ Xy, k > n}).

Theorem 2.1.3 (Wald’s identity):

Let {Xn}, ey be a sequence of random variables with sup E[X,,| < oo, EX,, = a, n € N and be
v a N-valued random variable which is independent of the future, with Ev < co. Then it holds
that

E() Xn)=a-Ev.
n=1

Proof Calculate S, = > 1_; Xk, n € N. Since Ev = Y 2° | P(v > n), the theorem follows from
lemma 2.1.3. O

Lemma 2.1.3 (Kolmogorov-Prokhorov):
Let v be a N-valued random variable which is independent of the future and it holds that

Z P(v > n)E|X,,| < cc. (2.1.4)
n=1

Then ES, =372, P(v > n)EX,, holds. If X,, > 0 a.s., then condition (2.1.4) is not required.

Proof It holds that S, = Y7 1 X;, = >ney Xp1(v > n). We introduce the notation S, , =
> oh—1 Xrl(v > k), n € N. First, we proof the lemma for X,, > 0 f.s., n € N. It holds S, ,, T Sy,
n — oo for every w € ), and thus according to the monotone convergence theorem it holds
that: ES, = lim,_,o ES,, = 1lim > 7 E(X;1(v > k)). Since {v > k} = {v < k — 1} does not
depend on o(Xy) C o({X,, n > k}) it holds that E(X;1(v > k)) = EXixP(v > k), k € N, and
thus ES, =Y o2 P(v > n)EX,,.

Now, let X,, be arbitrary. Take Y,, = |X,|, Z, = >0 _1Yn, Zupn = > 51 Yel(v > k), n € N.
Since Y,, > 0, n € N, it holds that EZ, = > >°, E(X,, | P(v > k)) < oo from (2.1.4). Since
|Syn| < Zyn < Z,, n € N, according to the dominated convergence theorem of Lebesgue it
holds that ES, = lim, o ES,n = > p2; EX,P(v > n), where this series converges absolutely.
O

Conclusion 2.1.1 1. For an arbitrary Borel measurable function g : Ry — Ry and the
renewal process N = {N(t), t > 0} with interarrival times {7}, T, iid., p = ET,, €
(0, 00) it holds that

N(#)+1
E ( > g(Tn)> = (1+ H(t))Eg(T1), t > 0.
k=1
2. H(t) < oo, t > 0.

Proof 1. For every t > 0 it is obvious that v = 1 + H(¢) does not depend on the future of
{T}, }nen, the rest follows from theorem 2.1.3 with X,, = ¢(7},), n € N.
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2. For s > 0 consider T\\") = min{7,, s}, n € N. Choose s > 0 such that for freely selected
(but fixed) € > 0: pl®) = ETl(S) > pu—¢e>0. Let N® be the renewal process which is
based on the sequence {T,(Ls)}neN of interarrival times: N (t) = 325, 1(T7(LS) <t),t>0.
It holds N(t) < N®)(t), t > 0, a.s., according to conclusion 2.1.1:

s s s s (s (s
(p=e) ENP () +1) < WD ENPI() + 1) = ESz(v28>(t)+1 = E(SN25>(t) +TN<)S)(t)+1> Stts,
<t <s

t >0, where S5 = 7 + .+ T n e N. Thus H(t) = EN(t) < EN®(t) < it
# < i, and also our assertion

—

t > 0. Since € > 0 is arbitrary, it holds that lim sup,_,
H(t) < oo, t > 0.
0

Conclusion 2.1.2 (Elementary renewal theorem):
For a renewal process N as defined in conclusion 2.1.1, 1) it holds:

im 20 _ L
t—oo ¢ 1%

Proof In conclusion 2.1.1, part 2) we already proved that limsup,_, ., @ < % If we show

lim inf; @ > i, our assertion would be proven. According to theorem 2.1.1 it holds that
w — L as., therefore according to Fatou’s lemma
t—oo M
1 N(t EN(t Ht
L Etiminf Y < timing EYO iy g O
7] t—00 t t—00 t t—00

O

Remark 2.1.5 1. We can prove that in the case of the finite second moment of T), (u2 =
ET? < oo) we can derive a more exact asymptotics for H(t), t — oo:

b 2
H(t)=—+ 1= +0(1), t = .
(0= + g +oll)
2. The elementary renewal theorem also holds for delayed renewal processes, where u = ET5.
We define the renewal measure H on B(Ry) by H(B) = Y02, [gdFf™(x), B € B(R4).

It holds H((—o0,t]) = H(t), H((s,t]) = H(t)—H(s), s,t > 0, if H is the renewal function
as well as the renewal measure.

Theorem 2.1.4 (Fundamental theorem of the renewal theory):

Let N = {N(t), t > 0} be a (delayed) renewal process associated with the sequence {7}, },en,
where T, n € N are independent, {7}, n > 2} identically distributed, and the distribution
of Ty is not arithmetic, thus not concentrated on a regular lattice with probability 1. The
distribution of 7} is arbitrary. Let ET5 = p € (0,00). Then it holds that

/tg(t —x)dH(z) —— 1 g(z)dz,
0 t—=oo 1 Jo

where g : R4 — R is Riemann integrable [0, n], for alln € N, and Y02 s max,<z<n+1 [g9(z)] < 0.



26 2 Counting processes

Without proof.

In particular H((t — u,t]) t—> % holds for an arbitrary v € R,, thus H asymptotically
— 00

(for t — o00) behaves as the Lebesgue measure.

A4

Definition 2.1.4
The random variable x(t) = Sy()4+1 — t is called excess of N at time ¢ > 0.

Obviously x(0) = T; holds. We now give an example of a renewal process with stationary
increments.
Let N = {N(t), t > 0} be a delayed renewal process associated with the sequence of interarrival
times {7}, }nen. Let Fp, and Fp, be the distribution functions of the delays 77 and T),, n > 2.
We assume that p = ET € (0,00), Fr,(0) = 0, thus 75 > 0 a.s. and

1 [*
Fry(z) = u/o Fry(y)dy, © > 0. (2.1.5)

In this case Fp, is called the integrated tail distribution function of Ts.

Theorem 2.1.5
Under the conditions we mentioned above, N is a process with stationary increments.

X(tz+t)

Proof Let n e N, 0 <ty <t1 <...<t, < oo. Because N does not depend on T},, n € N the
common distribution of (N(t; +t) — N(to+1t),...,N(t, +t) — N(tp—1 +1))" does not depend

on t, if the distribution of x(¢) does not depend on ¢, thus x(t) 4 x(0) =Ty, t > 0, see Figure
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We show that Fry = Fix), t > 0.

Fyple) = P(x(t)<a) =) P(Sp <t t < Spy1 <t+a)
n=0

= P(Sozogt, t<51:T1§t+x)

+ ) E(EQ(S, <t t < Sp+ T S t+1) | Sn)
n=1
ot
= Prlt+a)=Pr)+ Y [ Plt—y <Tuns <t+a—ydFs, ()
n=1

= FTl(t—i-.I‘) _FTl(t) +/0t Pt—y<Ty < t—i—l’—y)d(i an(y))
n=1

—_———
H(y)

If we can proof that H(y) %, y > 0, then we would get

Fuol@) = Frt+2) = Fr 0+ - [P+ ) -1+ 1= Fr()i(-2)

= FT1 (t + IL’) — FT1 (t) + ;t/()t(FTQ (Z) — FTQ(Z + x))dz

t+x

= Pyt+a) =P+ Fr) - [ Frdy

xT

= FTl(t+x)_FT1(t+x)+FT1(x) :FTl(x)7 x 20,

according to the form (2.1.5) of the distribution of 77.
Now we like to show that H(t) = ﬁ, t > 0. For that we use the formula (2.1.4): it holds that

A 1 [o® 1 [o° 1 [
in(s) = — / e~ (1 — Py (1))dt = — / e Stdt —— / e Py, (t)dt
nJo mJo mJo
—_—

1
s

1 oo 1 o0
= — (1 Fr,(t)de™" ) = — (14 *F t°°—/ S dPr,(t
(14 [T Pnae ) = s e P05 - [T e tarn )
—Pr, (0)=0

i1, (s)
1 A
= (1 —1In,(s)), s >0.

s

Using the formula (2.1.4) we get

A I 11 > "
lH(s):TlA(S)::/ e Stdt =14:(s), s >0.
1—lT2(S) us mJo s

Since the Laplace transform of a function uniquely determines this function, it holds that
-1

H(t)=1,t>0. O

Remark 2.1.6

In the proof of theorem 2.1.5 we showed that for the renewal process with delay which possesses
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the distribution (2.1.5), H(t) ~ ﬁ not only asymptotical for ¢ — oo (as in the elementary
renewal theorem) but it holds H(t) = i, for all ¢ > 0. This means, per unit of the time interval
we get an average of i renewals. For that reason such a process N is called homogeneous
renewal process.

We can proof the following theorem:

Theorem 2.1.6
If N={N(t), t >0} is a delayed renewal process with arbitrary delay T} and non-arithmetic
distribution of T, n > 2, p = ETy € (0,00), then it holds that

. 17
lim Fyo(r) = | Frway, = >o0.

t—o00

This means, the limit distribution of excess x(t), t — oo is taken as the distribution of 77 when
defining a homogeneous renewal process.

2.2 Poisson-ish processes

2.2.1 Poisson processes

In this section we generalize the definition of a homogeneous Poisson process (see section 1.2,
example 5)

Definition 2.2.1

The counting process N = {N(t), t > 0} is called Poisson process with intensity measure A if

1. N(0) =0 a.s.

2. A is a locally finite measure Ry ,i.e., A : B(Ry) — R, possesses the property A(B) < oo
for every bounded set B € B(Ry).

3. N possesses independent increments.
4. N(t) — N(s) ~ Pois(A((s,t])) forall 0 < s < t < o0.

Sometimes the Poisson process N = {N(t), t > 0} is defined by the corresponding random
Poisson counting measure N = {N(B), B € B(Ry)}, i.e., N = ([0,¢]), ¢t > 0, where a counting
measure is a locally finite measure with values in Ny.

Definition 2.2.2

A random counting measure N = {N(B), B € B(Ry)} is called Poissonsh with locally finite
intensity measure A if

1. For arbitrary n € N and for arbitrary pairwise disjoint bounded sets Bi, Bs,..., B, €
B(R4) the random variables N (Bj), N(Bz), ..., N(B,) are independent.

2. N(B) ~ Pois(A(B)), B € B(Ry), B-bounded.

It is obvious that properties 3 and 4 of definition 2.2.1 follow from properties 1 and 2 of
definition 2.2.2. Property 1 of definition 2.2.1 however is an autonomous assumption. N(B),
B € B(R,) is interpreted as the number of points of N within the set B.
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Remark 2.2.1

As stated in definition 2.2.2, a Poisson counting measure can also be defined on an arbitrary
topological space E equipped with the Borel-o-algebra B(E). Very often F = R¢ d > 1is
chosen in applications.

Lemma 2.2.1

For every locally finite measure A on R, there exists a Poisson process with intensity measure
A.

Proof If such a Poisson process had existed, the characteristic function ¢y )—ns)(+) of the
increment N(t) — N(s), 0 < s <t < oo would have been equal to ¢s+(2) = @pois(a((s,))(2) =
eA((s’t])(eizfl), z € R according to property 4 of definition 2.2.1. We show that the family of
characteristic functions {¢s¢, 0 < s < t < oo} possesses property 1.7.1: for alln : 0 < s <
u < t, psu(2)pui(z) = A(su]) (€% =1) GA((ut]) (e =1) — o(A((sul) +A((ut])) (€ =1) — A((s,t])(e* 1) —
©st(2), z € R since the measure A is additive. Thus, the existence of the Poisson process N
follows from theorem 1.7.1. O

Remark 2.2.2
The existence of a Poisson counting measure can be proven with the help of the theorem of
Kolmogorov, yet in a more general form than in theorem 1.1.2.

From the properties of the Poisson distribution it follows that EN(B) = var N(B) = A(B),
B € B(Ry). Thus A(B) is interpreted as the mean number of points of N within the set B,
B e B(Ry).

We get an important special case if A(dz) = Adz for A € (0,00), i.e., A is proportional to the
Lebesgue measure v; on Ry. Then we call A = EN(1) the intensity of N.

Soon we will proof that in this case IV is a homogeneous Poisson process with intensity A. To
remind you: In section 1.2 the homogeneous Poisson process was defined as a renewal process
with interarrival times Ty ~ Exp(\): N(t) =sup{n e N S, <t}, S, =T1+...+T,, n € N,
t>0.

Exercise 2.2.1

Show that the homogeneous Poisson process is a homogeneous renewal process with T3 L H ~
Exp()). Hint: you have to show that for an arbitrary exponential distributed random variable
X the integrated tail distribution function of X is equal to Fx.

Theorem 2.2.1
Let N = {N(t), t > 0} be a counting process. The following statements are equivalent.

1. N is a homogeneous Poisson process with intensity A > 0.

2. a) N(t) ~Pois(\t),t >0
b) for an arbitrary n € N, ¢ > 0, it holds that the random vector (Si,...,S,) under
condition { N (t) = n} possesses the same distribution as the order statistics of i.i.d.
random variables U; € U([0,t]), i =1,...,n.
3. a) N has independent increments,
b) EN(1) = A, and
c¢) property 2b) holds.
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4. a

) N has stationary and independent increments, and

b) P(N(t) =0)=1— Xt +o(t), P(N(t) =1) = At + o(t), ¢ | 0 holds.
)
)

5. a) N hast stationary and independent increments,

b) property 2a) holds.

Remark 2.2.3 1. It is obvious that definition 2.2.1 with A(dz) = Adz, A € (0,00) is an
equivalent definition of the homogeneous Poisson process according to theorem 2.2.1.

2. The homogeneous Poisson process N was introduced in the beginning of the 20th century
from the physicists A. Einstein and M. Smoluchovsky to be able to model the counting
process of elementary particle in the Geiger counter.

3. From 4b) it follows P(N(t) > 1) = o(t), ¢t | 0.

4. The intensity of N has the following interpretation: A\ = EN(1) = ET , thus the mean
number of renewals of N within a time interval with length 1.

5. The renewal function of the homogeneous Poisson process is H(t) = At, t > 0. Thereby
H(t) = A(]0,¢]), ¢ > 0 holds.

Proof Structure of the proof: 1) = 2) = 3) =4) = 5) = 1)

1) =2):

From 1) follows S,, = >.F_; Ty ~ Erl(n,\) since T, ~ Pois(\), n € N, thus P(N(t) = 0) =
P(Ty >t) =e ™, t>0,and for n € N

P(N(t)=n) = PUN(@) Z2n}\{N(t) =n+1}) =P(N(t) = n) —P(N(t) = n+1)

t \npn—1 t)\n-i—lxn
= P(S, <t)—P(Spy1 <t) = Mg —/ Ay
(Sp <1) (Sn+1 <) /0 (nfl)!e LAl x

_ /td ((/\l“)"em> do — (/\t)ne*“, > 0.

o dzx n! n!

Thus 2a) is proven.
Now let’s proof 2b). According to the transformation theorem of random variables (cf. theorem
3.6.1, WR), it follows from

S = T
So = T+
Sn_l,_l = Tl + ...+ Tn+1

that the density f(g, . s,) of (S1,..., Sn+1) " can be expressed by the density of (11, ..., Thy1) ',
T; ~ Exp()), ii.d.:

n+1 n+1

1oyt tag1) H Fr (b, — ter) H Ne Me—te—1) — \nt1,=Atni1
k=1
for arbitrary 0 <t; < ... <tp41, tg =0.

For all other ty,...,t,41 it holds fg, . n+1)(t1, ceistny1) =0.
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Therefore

fs1,n850)E1, -t N(@E) =n) = fig, st talSk <t k<n, Spy1 >1)
S FiS1 Sy (15 - - st )t
Io fE o Fsusan) (Lt )t dtn . dty
B ﬁt \tlo— )‘t"“dtn_H y
I S A e Mty gt . dty
KI(0 <ty <to < ... <ty < t)

n!
= t—nI(OStlthS...Stngt).

This is exactly the density of n i.i.d. U([0,t])-random variables.

Exercise 2.2.2
Proof this.

2) = 3)
From 2a) obviously follows 3b). Now we just have to proof the independence of the increments
of N. For an arbitrary n € N, z1,...,2, e N, tp =0<ti1 < ... <tpforx =x1+ ... + x, it
holds that

P(Mi=AN (k) = N(tr—1) = 2x}) = PO {N () — N(th—1) = 2} [N () = ) X

z! n (tk_tk—l

zilapn! k=1 tn

)Ik according to 2c)
X P(N(tg) = x)
—_——
e=Mtn Q)T aecording to 2a)

H Aty — tk 1)) e A t—te1)

since the probability of () belongs to the polynomial distribution with parameters n, {M }:71.

tn _
Because the event (*)is that at the independent uniformly distributed toss of « points on [0, ¢],
exactly zp points occur within the basket of length t, —tx_1, k=1,...,n:
X4 X2 X3
I 1 I 1 1
)] tl t2 ......... t3 t
Abb. 2.4:

Thus 3a) is proven since P(N7_; {N (tx) =N (ts—1) = 21 }) = [[i=1 PUN (k) =N (th—1) = 21 }).
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3)=4)
We proof that N possesses stationary increments. For an arbitrary n € Ny, x1,...,x, € N,
to=0<t <...<tyand h >0 we consider I(h) = P(N}_{{N(tx + h) — N(tp—1 + h) = z1})
and show that I(h) does not depend on h € R. According to the formula of the total probability
it holds that

o0

I(h) = Y PR {N(tk+h) = N(ty—r + h) = 2} | N(tn +h) =m) - P(N(ty + h) = m)
m=0
_ i H (tk+h—tn 1_h)mk e,x(mh)()‘(tn*h))
o 0:[31' a:n' ta,+h—nh m!
= > PR {N(tk) = N(te1) = @ | N(ta +h) = m) x P(N(ta + h) = m) = 1(0).
m=0
We now show property 4b) for h € (0,1):
P(N(h)=0) = > P(N(h)= =Y P(N(h)=0,N(1) = N(h) = k)
k=0 k=0
= Y P(N(1)—N(h) =k N(1) =k)
k=0
= E}WV1:@wNuy4wm:kuwn:m
= E:P k)(1 — h)*.
We have to show that P(N(h) = 0) = 1 — A + o(h), ie., limpoor (1 — P(N(R) = 0)) = A
Indeed it holds that
1 1 = e 1—(1—h)k
pa-ram =0y = 4 (1-3 #) =X pv =y =G
k=0 k=1
e T e O )
T L=y G
k
= > P EN(1) =\,
k=0
since the series uniformly converges in h because it is dominated by Y 72 P(N(1) = k)k = X <

oo because of the inequality (1 — h)¥ > 1 —kh, h € (0,1), k € N.

Similarly one can show that limp_,g % = limp_0 > oy P(N(1)

4) = 5)

We have to show that for an arbitrary n € N and ¢t > 0

holds. We will proof that by induction with respect to n. First we show that po(t) =
h = 0. For that we consider py(t + h) = P(N

(t+h)=0)=P(N(t) =

K)k(1 — h)k=1 = A,

(2.2.1)

Y
N(t)

)

0,N(t+h) —
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0) = po(t)po(h) = po(t)(1 — Ah + o(h)), h — 0. Similarly one can show that po(t) = po(t —
h)(1 — A+ o(h)), h = 0. Thus pj(t) = limy_,o 22E=PE — _ypi(4) ¢ > 0 holds. Since
po(0) = P(N(0) =0) =1, it follows from

po(t) = —Apo(t)
po(0) = 0,

that it exists an unique solution pg(t) = e, ¢ > 0. Now for n the formular (2.2.1) be approved.
Let’s proof it for n + 1.

pnt1(t+h) = P(N{Et+h)=n+1)

= P(N(t)=n,N({t+h)-N(t)=1)+P(N(t)=n+1,N(t+h) - N(t) =0)

= pa(t) = p1(h) + pnt1(t) — po(h)

= pu(t)(Ah+0(h)) 4+ pnt1(t)(1 — Ah +o(h)), h — 0,h > 0.
Thus

p;LJrl(t) = _)\pn—i-l(t) + )\pn(t)y t>0
2.2.2
{ Prii(0) = 0 (2:2.2)
Since p,(t) = e M (’\Tf!)", we obtain ppy1(t) = e ((ifj:;,l as solution of (2.2.2). (Indeed
prs1(t) = C(t)e ™M = C'(t)e ™™ = AC(t)e M........... + Apn(t)
n+1ln n+lyin+1

C'(t) = X5 (1) = X2 0(0) = 0)
5)=1)

Let N be a counting process N(t) = max{n : S, < t}, t > 0, which fulfills conditions 5a)
and 5b). We show that S, = > j_; Tk, where T} iid. with T, ~ Exp()A), & € N. Since
T, =S5, — Si_1, k€N, Sy =0, we consider for bjg =0< a1 < b1 <...<a, < b,

P (Mi—i{ar < Sk < b))

= P(MiZi{N(ax) = N(bg-1) = 0, N(bx) — N(az) = 1}
N{N(an) = N(bn-1) = 0, N(bn) = N(an) > 1})
n—1
= JI(P(N(a — br—1) = 0) P(N (b, — ax) = 1)) X
k=1 e~ Mag—=b_1) b —ay)e=*br—ak)
P(N(ap —bp—1) =0)P(N (b, —an) > 1)
e~ Man—bp_1) (1—e—A(bn—an))
n—1

— €_>\(an—bn71)(1 _ e_)‘(bn—an)) H )\(bk _ (lk)e_)\(bk_bk_l)

n—1 bl bn
_ )\”_1(6_)‘&" o e—Abn) H (bk: _ ak) — / B / )\ne—kyndyn Y1
k=1 “ o

The common density of (S1,...,S,)" therefore is given by Ae ™ nl(y; <92 < ... <wy,). O

2.2.2 Compound Poisson process

Definition 2.2.3
Let N = {N(t), t > 0} be a homogeneous Poisson process with intensity A > 0, build by
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means of the sequence {7}, },en of interarrival times. Let {U,},en be a sequence of i.i.d.
random variables, independent of {7}, },cn. Let Fyy be the distribution function of U;. For
an arbitrary ¢t > 0 let X(¢) = Z,]:f:(tl) Uk. The stochastic process X = {X(t), t > 0} is called
compound Poisson process with parameters A\, Fyy. The distribution of X (¢) thereby is called
compound Poisson distribution with parameters At, Fy.

The compound Poisson process X (), t > 0 can be interpreted as the sum of ,marks“ U,, of
a homogeneous marked Poisson process (N, U) until time ¢.
In queueing theory X(¢) is interpreted as the overall workload of a server until time ¢ if the
requests to the service occur at times S, = >.;_; T, n € N and represent the amount of work
Up,neN.
In actuarial mathematics X (t), t > 0 is the total damage in a portfolio until time ¢ > 0 with
number of damages N (t) and amount of loss U,,, n € N.

Theorem 2.2.2
Let X = {X(t), t > 0} be a compound Poisson process with parameters A\, Fi;. The following
properties hold:

1. X has independent increments.

2. If iy (s) = Ee®V1, s € R, is the moment generating function of Uy, such that iy (s) < oo,
s € R, then it holds that

My (s) = MMEOD s e Rt >0, EX(t) = MEUy, var X(t) = MEUZ, t > 0.

Proof 1. We have to show that for arbitrary n e N, 0 <ty <t; <...<t, and h

N(t1+h) N(tn+h) n N(tx)
P Z Uilgwl,..., Z Uzngwn :HP Z Uzkga;k
ilzN(to—‘rh)—l-l in:N(tn,1+h)+1 k=1 ik:N(tk,1)+1
for arbitrary z1,...,z, € R. Indeed it holds that
N(t1+h) N(tn+h)
P Z Uilgl‘l,..., Z Ulngl‘n
i1=N(to+h)+1 in=N(tn—1+h)+1

- 3 (ﬁ o (373)) P (Mm=1 {N(m + h) = N(tm—1+h) = kn})

= I 3 E* (2m)P(N(tm) — N(tm-1) = k)
m=1 k;,,=0

n N(tm)
CHe( X e
)+1

m=1 km:N(tan 1

Exercise 2.2.3
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2.2.3 Cox process

A Cox process is a (in general inhomogeneous) Poisson process with intensity measure A which
as such is a random measure. The induitive idea is stated in the following definition.

Definition 2.2.4

Let A = {A(B), B € B(R;)} be a random a.s. locally finite measure. The random counting

measure N = {N(B), B € B(R4)} is called Coz counting measure (or doubly stochastic

Poisson measure) with random intensity measure A if for arbitrary n € N, ky,... &k, € Ny

and 0 < a1 < by < ag < by < ... < a, < by it holds that P(N_{N((a;, Z]) = ki}) =
(H” e M(aib: Dw). The process {N(t), t > 0} with N(¢t) = N((0,¢]) is called Coz

process (or doubly stochastic Poisson process) with random intensity measure A.

Example 2.2.1 1. If the random measure A is a.s. absolutly continuous with respect to the
Lebesgue measure, i.e., A(B) = [z A(t)dt, B - bounded, B € B(R;), where {\(t),t > 0}
is a stochastic process Wlth a.s. Borel measurable Borel-integrable trajectories, then
A(t) > 0 a.s. for all t > 0 is called the intensity process of N.

2. In particular, it can be that A\(¢) =Y where Y is a non negative random variable. Then
it holds that A(B) = Yv;(B), thus N has a random intensity Y. Such Cox processes are
called mized Poisson processes.

A Cox process N = {N(t), t > 0} with intensity process {A(t), ¢t > 0} can be build explicitly
as the following. Let N = {N(t), t > 0} be a homogeneous Poisson process with intensity 1,
which is 1ndependent of {\(t), t > 0}. Then N = Nl, where the process N1 = {Ni(t), t > 0}
is given by Ni(t) = N(Ji M(y)dy), t > 0. The assumption N 2 Ny of course has to be proven.

However, we will assume it without proof. It also is the basis for the simulation of the Cox
process N.

2.3 Additional exercises

Exercise 2.3.1
Let {NV;}+>0 be a renewal process with interarrival times 7;, which are exponentially distributed,
ie. T; ~ Exp(A).

a) Proof that: IV; is Poisson distributed for every ¢ > 0.
b) Determine the parameter of this Poisson distribution.
c¢) Determine the renewal function H(t) = E N;.

Exercise 2.3.2

Proof that: A (real-valued) stochastic process X = {X(¢), ¢t € [0, 00)} with independent incre-
ments already has stationary increments if the distribution of the random variable X (¢t + h) —
X (h) does not depend on h.

Exercise 2.3.3

Let N = {N(t), t € [0,00)} be a Poisson process with intensity A. Calculate the probabilities
that within the interval [0, s] exactly i events occur under the condition that within the interval
[0, t] exactly n events occur, i.e. P(N(s) =i | N(t) =n) for s <t,i=0,1,...,n
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Exercise 2.3.4

Let NO = {NW(¢t), t € [0,00)} and N? = {N@)(t),t € [0,00)} be independent Poisson
processes with intensities A\; and As. In this case the independence indicates that the sequences
Tl(l), TQ(I), ...and T1(2), T2(2), ... are independent. Show that N = {N(t) := NO(#)+ NP (¢t), t €
[0,00)} is a Poisson process with intensity Aj + Ag.

Exercise 2.3.5 (Queuing paradox):

Let N = {N(t), t € [0,00)} be a renewal process. Then T'(t) = Sy ()41 —t is called the time of
excess, C(t) =t — Sy the current lifetime and D(t) = T'(t)+C(t) = T()41 the lifetime at
time ¢ > 0. Now let N = {N(t), t € [0,00)} be a Poisson process with intensity .

a) Calculate the distribution of the time of excess T'(t).

b) Show that the distribution of the current lifetime is given by P(C(t) = t) = e~ and the
density is given by fo ) nw>o(s) = e 1{s < t}.

c¢) Show that P(D(t) < x) = (1 — (1 + Amin{¢t, z})e *)1{z > 0}.

d) To determine ET'(¢), one could argue like this: On average ¢ lies in the middle of the
surrounding interval of interarriving time (Sy@), Sy(t)41), i-e. ET(t) = %E(SN(t)H —
Snwy) = %ETN(t)H = % Considering the result from part (a) this reason is false.
Where is the mistake in the reasoning?

Exercise 2.3.6

Gegeben sei ein zusammengesetzter Poisson-Prozess X = {X(t) := Zﬁ(f) Ui, t > 0}. Sei
My (s) = EsV®, s € (0,1), die erzeugende Funktion des Poisson-Prozesses N(t), L{U}(s) =

E exp{—sU} die Laplace-Transformierte von U;, i € N, und £{X (¢)}(s) die Laplace-Transformierte
von X (t). Beweisen Sie, dass

LLX (@) }(s) = My (L{U}(s)), s=0

gilt.

Exercise 2.3.7

Given is a compound Poisson process X = {X(t), ¢ € [0,00)} with U; i.i.d., U3 ~ Exp(v),
where the intensity of N(t) is given by A. Show that for the Laplace transform £{X (¢)}(s) of
X (t) it holds:

L{X(WHe) = e { -1

v+ s

Exercise 2.3.8

Write a function in R (alternatively: Java) to which we pass the parameters time ¢, intensity
A and a value . The return of the function is a random value of a compound Poisson process
with characteristics (A, Exp(7)) at time ¢t. Note: the results have to be printed in commented,
structured and readable form.

Exercise 2.3.9

The stochastic process N = {N(t), t € [0,00)} be a Cox process with intensity function \(¢) =
Z, where Z is a discrete random variable which takes values A; and Ae with probability 1/2.
Determine the moment generating function as well as the expected value and the variance of
N(t).
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Exercise 2.3.10

Given are two independent homogeneous Poisson processes N = {NM(¢), ¢t € [0,00)} and
N®@) = {N(Q) (t), t > 0} with intensities A\; and Ag. Moreover, X > 0 be an arbitrary non
negative random variable which is independent of N and N3, Show that the process N =
(N(t), t > 0} with

N (@), t< X,
N(t) = <1)( @)
NO(X)+ Nt - X), ¢>X

is a Cox process whose intensity processe A = {A(t), t > 0} is given by

A t< X
)\(t):{la = )

Ao, t> X.



3 Wiener process

3.1 Elementary properties

In example 2) of section 1.2 we defined the Brownian motion (or Wiener process) W =
{W(t), t > 0} as an Gaussian process with EW(t) = 0 and cov(W (s), W (t)) = min{s,t},
s,t > 0. We now give a new (equivalent) definition.

Definition 3.1.1
A stochastic process W = {W(t), t > 0} is called Wiener process (or Brownian motion) if

1. W(0) =0 a.s.
2. W possesses independent increments
3. W(t)—W(s) ~N(0,t—s),0<s<t

The existence of W according to definition 3.1.1 follows from theorem 1.7.1 since ¢, (z) =
- (tfs)z2 (tfu)z2 - (ufs)z2 _ (tfs)z2

Eet*WW-W) = =% zeR,ande 2 e 2z =e 2 for0<s<u<t, thus
Ysu(2)put(2) = pst(2), z € R. From theorem 1.3.1 the existence of a version with continuous
trajectories follows.

Exercise 3.1.1
Show that the theorem holds for o = 3, 0 = %
The Wiener process is called after the mathematician Norbert Wiener (1894 - 1964). Why
does the Brownian motion exist? According to theorem of Kolmogorov (theorem 1.1.2) it exists
a real-valued Gaussian process X = {X(¢), t > 0} with mean value EX(¢) = u(t), t > 0, and
covariance function cov(X (s), X (t)) = C(s,t), s,t > 0 for every function x : Ry — R and every
positive semidefinite function C' : Ry x Ry — R. We just have to show that C(s,?) = min{s,t},
s,t > 0 is positive semidefinite.

Exercise 3.1.2
Proof this!

Therefore, often it is assumed that the Wiener process possesses continuous paths (just take
its corresponding version)

Theorem 3.1.1
Both definitions of the Wiener process are equivalent.

Proof 1. From definition in section 1.2 follows definition 3.1.1.
W(0) = 0 a.s. follows from var(W(0)) = min{0,0} = 0. Now we proof that the increments
of W are independent. If Y ~ N (u, K) is a n-dimensional Gaussian random vector and
A a (n x n)-matrix, then AY ~ N (Au, AKAT) holds, this follows from the explicit form
of the characteristic function of Y. Now let n € N, 0 = tg < t1 < ... < t,, ¥ =

38
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(W (to), W(t1),...,W(ty))". For Z = (W(to), W(t1) — W(to),...,W(tn) — W(t,_1))" it
holds that Z = AY, where

1 0 0 . 0

-1 0 0

A= 0 -1 1 0 0
0 00 -1 1

Thus Z is also Gaussian with a covariance matrix which is diagonal. Indeed it holds
cov(W(tiy1) =W (t:), W(tj+1) = W(t;)) = min{tis1, tja } —min{tiz, 45} —min{ts, £+
min{¢;,t;} = 0 for i # j. Thus the coordinates of Z are uncorrelated, which means
independence in case of a multivariate Gaussian distribution. Thus the increments of
W are independent. Moreover, for arbitrary 0 < s < ¢ it holds that W (t) — W(s) ~
N(0,t — s). The normal distribution follows since Z = AY is Gaussian, obviously it
holds that EW (t) —EW (s) = 0 and var(W (t) — W (s)) = var(W (¢)) — 2 cov(W (s), W(t)) +
var(W(s)) =t —2min{s,t} + s =1t —s.

2. From definition 3.1.1 the definition in section 1.2 follows.
Since W (t) =W (s) ~ N(0,t—s) for 0 < s < t, it holds cov(W (s), W (t)) = E[W (s)(W (t)—
W(s)+W(s))] = EW(s)E(W(t) — W (s))+var W(s) = s, thus it holds cov(W (s), W(t)) =
min{s,t}. From W (t) —W(s) ~ N(0,t—s) and W(0) = 0 it also follows that EW () = 0,
t > 0. Since W is a Gaussian process, point 1) of the proof follows from the relation
Y =A"1Z.
O

Definition 3.1.2
The process {W(t), t >0}, W(t) = (Wi(t),...,Wa(t))T, t > 0, is called d-dimensional Brow-
nian motion if W; = {W;(t), t > 0} are independent Wiener processes, i = 1,...,d.

The definitions above and exercise 3.1.1 ensure the existence of a Wiener process with con-

tinuous paths. How do we find an explicit way of building these paths? We will talk about
that in the proximate section.

3.2 Explicit construction of a Wiener process

First we construct the Wiener process on the interval [0, 1]. The main idea of the construction
is to introduce a stochastic process X = {X(¢), t € [0, 1]} which is defined on a subprobability

space of (2, A,P) with X L W, where X(t) =30 en(t)Y,, t €10,1], {Ya}nen is a sequence
of i.i.d. N(0,1)-random variables and ¢, (t) = [3 Hu(s)ds, t € [0,1], n € N. Here, {H,}nen is
the orthonormed hair basis in L2([0, 1]) which is introduced shortly now.

3.2.1 Hair- and Schauder-functions

Definition 3.2.1

The functions H, : [0,1] — R, n € N, are called hair functions if Hi(t) = 1, t € [0,1],
Hy(t) = 1,1y(8) = 11 (), H ( ) = 23(1, ( ) =14, (1), t € [0,1], 2" < k < 2™F1, where
Ink— [ankvank+2 " 1]7 nk—(ank+2 an,k+2in]7 an,k:27n(k_2n_1)a n € N.
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A
znfz-— —_— —T—q
:l : r 1 }
0 apk 5 a2 t
2V e
Abb. 3.1: Hair functions
Lemma 3.2.1

The function system {H,, }nen is an orthonormed basis in L?([0, 1]) with scalar product
< fog>=Jy f(®)g(t)dt, f,g € L*([0,1]).

Proof The orthonormality of the system < Hy, H, >= 0rn, k,n € N directly follows from
definition 3.2.1. Now we proof the completeness of {Hy},en. It is sufficient to show that for
arbitrary function g € L?([0,1]) with < g, H,, >= 0, n € N, it holds g = 0 almost everywhere
on [0,1]. In fact, we always can write the indicator function of an interval 1o, 4, 42-n-1] as
a linear combination of H,,, n € N.

N )
[0,%] - 92 )
1, = Uh—H)
(571] 2 ’
1
1,1 — (1[0’%} + WHQ)
[071 - 2 9
1
1,11 = (1[0’%} B %HQ)
(7:3] 2 ’
1 4272k
].[an o k+27n71] _ ( an,k7an,k+2 )7 2n < k S 2n+1.

2

k+1)

(
Therefore it holds [,** g(t)dt =0, n € Ng, k= 1,...,2" — 1, and thus G(t) = [; g(s)ds = 0

am

for t = 2%, n € Ng, £k =1,...,2" — 1. Since G is continuous on [0, 1], it follows G(t) = 0,

t € [0,1], and thus g(s) = 0 for almost every s € [0, 1]. 0

From lemma 3.2.1 it follows that two arbitrary functions f,g € L2(]0,1]) have notations
f=S2,<f,H,>H,and g=>:, < g,H, > H, (these series converge in L?([0,1])) and
< fig>=>24 < f,Hy, >< g, H, > (Parseval identity).

Definition 3.2.2
The functions S,(t) = 5 Hy(s)ds =< Loy, Hn >, t € [0,1], n € N are called Schauder
functions.



3 Wiener process 41

AS1(H) AS2(t) AS3()
1-_ - - "
:
0 1 <
Abb. 3.2: Schauder functions
Lemma 3.2.2
It holds:

1. Su(t) >0,te[0,1], n €N,

2. Z%ll SQ"Jrk(t) < %2_%7 te [07 1]7 n e Na

3. Let {an}nen be a sequence of real numbers with a, = O(n®), ¢ < %, n — oo. Then
the series > o2 1 ap Sy (t) converges absolutly and uniformly in ¢ € [0, 1] and therefore is a
continuous function on [0, 1].

Proof 1. follows directly from definition 3.2.2.

2. follows since functions Sonyp for £ = 1,...,2" have disjoint supports and Son k() <
Sonyp(BE=t)=2"2"1 te0,1].

3. It is sufficien to show that Ry, = supycp 1] 2Zpson lak|Sk(t) — 0. For every k € N and
¢ > 0 it holds |ag| < ck®. Therefore it holds for all ¢t € [0,1], n € N

ST JalSk(t) < e 2V 3T g (1) < e 2le L gmE ol < pgen(Ge),
2n< k<2t on < k<on+l

Since € < 3, it holds Ry, < ¢ - 2° Ssm o-n(3=€) .

m— 00

Lemma 3.2.3
Let {Y,}nen be a sequence of (not necessarily independent) random variables defined on

(Q, A, P), Y, ~N(0,1), n € N. Then it holds |Y,,| = O((logn)?), n — oo.

Proof We have to show that for ¢ > v/2 and almost all w € § it exists a ng = ng(w,c) € N
such that |Y,,| < c(logn)% for n > ng. 'Y ~N(0,1), z > 0, it holds

1 o0 2 1 o0 1 2
PY>a) = o / e~ Fdy= Nors / <_y> d (6_%>
= —1 (1ey22 —/OO e*%id ) < —1 le*%
N V2T \T x y? v)= 2 X ’
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_ x2
(We also can show that ®(z) ~ é%677’ 2 — 00.) Thus for ¢ > v/2 it holds
-1,/9 2
Z P([Yn| > C(logn)% Z logn)~ e~ 10%" _ V2 Z(logn)_%n_? < 0.
n>2 Var o5 VT

According to the lemma of Borel-Cantelli (cf. WR, lemma 2.2.1) it holds P(Ny, Ug>, Ag) = 0 if
>k P(Ax) < oo with Ay, = {|Yx| > e- (log k)%}, k € N. Thus Ay occurs in infinite number only
with probability 0, with |Y,| < ¢(log n)% for n > ny. O

3.2.2 Wiener process with a.s. continuous paths

Lemma 3.2.4

Let {Y,, }nen be a sequence of independent N/ (0 1)-distributed random variables. Let {an}nen
and {b,, }nen be sequences of numbers with Y7, agm | < 272, Yo, |b2m+k\ <272, meN.
Then the limits U = >0° ; a, Y, and V = 300, b, Y, U ~ N(0,3°0° 1 a2), V ~ N(O, Z;’le b2)

exist a.s., where cov(U, V) = >>>° ; apb,. U and V are independent if and only if cov(U, V) = 0.

Proof Lemma 3.2.2 and 3.2.3 reveal the a.s. existence of the limits U and V (replace a,, by
Y, and S, by e.g. b, in lemma 3.2.2). From the stability under convolution of the normal

distribution it follows for U™ = "™ | a,,Y;,, V™) = 5™ b, V;,, that U™ ~ A(0, 7, a2),
V)~ A0, 57, b2). Since UM L U, VI L v it follows U ~ (o,zn:1 a2), V ~
N(0,3°5°, b2). Moreover, it holds
cov(U,V) = lim_ cov(U™), (M)
= n%gnoo ‘Zlaibj COV(Y;,Y})
1,)=

m 00
= lim Zazbl = Zaibi,
m—0o0
i=1 =1

according to the dominated convergence theorem of Lebesgue, since according to lemma 3.2.3
1

it holds |Y;,| < ¢ (logn)2 , for n > Ny, and the dominated series converges according to lemma
————

<cnf, €<%
3.2.2:
2m+1 fs 2m+1
ST oanb VY <D anbpc?nthT <22t 975 97 —pm(m2m 1 90 >,
n,k=2m n,k=2m

For sufficient large m it holds >27%_,,
verges a.s.
Now we show

anbrYnYe < Zj’;m 2-(1-22)j < 5o, and this series con-

cov(U,V) =0 <= U and V are independent

Independence always results in the uncorrelation of random variables. We proof the other
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direction. From (U™ V(M) # (U, V) it follows Pum ym)y === PWUV); thus

m m
Pem yemy(s,t) = lim Eexpfi(t S apYe+sY bYa)}

k=1 n=1
m m
= W%gnoo Eexp{: kz_:l(tak + sbp)Yi} = W%gnoo kl:Il Eexp{i(tar + sbr)Yx}
m 2 0 2
= i [Lespl - 3o (ot b
k=1 k=1
t2 %) [ 82 [eS)
= expi—5 > aitexp{ts Y axby }exp{—+ > bt =eu(t)ev(s),
k=1 k=1 k=1
———
cov(U,V)=0
s,t € R. Thus, U and V are independent if cov(U, V') = 0. O

Theorem 3.2.1

Let {Y,,, n € N} be a sequence of i.i.d. random variables that are N (0, 1)-distributed, defined
on a probability space (2,4, P). Then it exists a subprobability space (€, Ao, P) of (2, A, P)
and a stochastic process X = {X(¢), t € [0, 1]} on it such that X (t) = > 02, Y,S,(t), t € [0,1],

and X £ W. Here, {Sn}nen is the family of Schauder functions.

Proof According to lemma 3.2.2, 2) the coefficients Sy, (¢) fulfill the conditions of lemma 3.2.4
for every t € [0,1]. In addition to that it exists according to lemma 3.2.3 a subset Qp C €,
Qo € A with P(Qp) = 1, such that for every w € Qg the relation |Y,,(w)| = O(y/logn), n — oo,
holds. Let Ay = AN Q. We restrict the probability space to (Qq,.Ag, P). Then condition
an = Yy (w) = O(n®), € < 3, is fulfilled since \/logn < n¢ for sufficient large n, and according
to lemma 3.2.2, 3) the series > o2 ; Y, (w)Sy(t) converges absolutly and uniformly in ¢ € [0, 1]
to the function X (w,t), w € o, which is a continuous function in ¢ for every w € Qy. X(-,1)
is a random variable since in lemma 3.2.4 the convergence of this series holds almost surely.
Moreover it holds X (t) ~ N(0,320°, S2(¢)), t € [0,1].

We show that this stochastic process, defined on (£, .49, P), is a Wiener process. For that we
check the conditions of definition 3.1.1. We consider arbitrary times 0 < t; < to,t3 < t4 <1
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and evaluate

COV(X(tQ) — X(tl), X(t4) — X(tg)) = COV i tl i (tg)))

o0

= " (Sult2) = Su(t1))(Sn(ts) — Salts))

n=1
[

= > (< Hp 1y > = < Hy,ljgy) >) X
n=1

(< Hpy Loy > — < Hpy Ljg ) >)

= Y < Hn g — Low] >< Hn, Lo — Ljos) >

n=1
< 1[0,t2} - 1[0,t1]a 1[0,t4} - 1[0,t3] >
= <1 Low > — <1pouplow >
— <L) Lots) > + < L] Los) >
= min{ty, t4} — min{ty,t4} — min{ty, t3} + min{ty,t3},

since < 1o, 1o >= Jo™ ™ du = mins, ¢}, s, € [0,1]. IO < t; <t < 3 < t4 < 1, it holds
cov(X (t2) — X(t1), X (ta) — X(t3)) = ta —t1 — ta + t1 = 0, thus the increments of X (according
to lemma 3.2.4) are uncorrelated. Moreover it holds X (0) ~ A(0,322, 52(0)) = N(0,0),
therefore X (0) T2 0. From that for t1 =0, ty =1t, t3 =0, t4 = t it follows that var(X(t)) = t,

€ [0,1], and for t; = t3 = s, to = t4 = t, that var(X(t) — X(s)) =t —s—s+s =1t —s,
0 < s <t <1 Thusitholds X(t) — X(s) ~ N(0,t — s), and according to definition 3.1.1 it
holds X £ W. D

Remark 3.2.1 1. Theorem 3.2.1 is the basis for an approximative simulation of the paths
of a Brownian motion through the partial sums X () = S>7_, Vi.Sk(t), t € [0,1], for
sufficient large n € N.

2. The construction in theorem 3.2.1 can be used to induce the Wiener process with con-
tinuous paths on the interval [0, #o] for arbitrary to > 0. If W = {W (¢), t € [0,1]} is a
Wiener process on [0, 1] then Y = {Y(¢), ¢ € [0,%0]} with Y (¢) = \/%W(%), t € 10,tp], is
a Wiener process on [0, to).

Exercise 3.2.1
Proof that.

3. The Wlener process W with continuous paths on R can be constructed as the following.
Let W = {W®(t), t € [0,1]} be independent copies of the Wiener process as in
theorem 3.2.1. Define W(t) = 3250, 1(t € [n — 1,n]) [ 02t WR (1) —= W (¢ — (n - 1))],
t > 0, thus,

W), t €0,1],

WO+ WOt —1), tell,2],

WO+ W)+ WOt —2), t€[2,3],

etc.

W(t) =

Exercise 3.2.2
Show that the introduced stochastic process W = {W(t), t > 0} is a Wiener process on R .
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W(n(l) -

wO+w®(1)

\ 4

Abb. 3.3:

3.3 Distribution- and path properties of Wiener processes

3.3.1 Distribution of the maximum

Theorem 3.3.1
Let W = {W(t), t € [0,1]} be a Wiener process defined on a probability space (2, F,P). Then

it holds:
P | max W(t) >z <\/2/Ooey22d (3.3.1)
X - 3.
t€[0,1] Vs Y

for all z > 0.

The mapping maxcj ) W(t) : © — [0,00) given in 3.3.1 is a well-defined random variable
since it holds: max;¢(g ) W (t,w) = limy, 00 max;—1,__ W(%,w) for all w € € since the trajec-
tories of {W(t), t € [0,1]} are continuous. From 3.3.1 it follows that maxc[o ) W (t) has an
exponential bounded tail: thus max;c(o,1) W (t) has finite k-th moments.

Useful ideas for the proof of theorem 3.3.1
Let {W(t), t € [0,1]} be a Wiener process and Z, Zs, ... a sequence of independent random

variables with P(Z; = 1) = P(Z; = —1) = 3 for all i > 1. For every n € N we define
{Wn(t), t € [0,1]} by W"(t) = St—ﬁ” + (nt — WJ)%, where S; = Z1 + ... + Zi, i > 1,
So = 0.

Lemma 3.3.1

For every k > 1 and arbitrary t¢1,...,t € [0, 1] it holds:
~ - T
(WO k), ... . W () S (W(h),..., W (k)"

Proof Special case k = 2 (for k > 2 the proof is analogous). Let t; < ta. For all s1,s9 € R it
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holds:
| [ 5;71 Lqn -8 n
SIW(N)(tI) +32W(n)(t2) = (s1+s2) \L/tﬁlJ +82( [t2] \/ﬁL ta)+1)
S1 S9
+Znty 41 ((nt1 — Lntlj)ﬁ + %)
S
+ 2ty ) +1(nt2 — Lntgj)j%
lim Eei(slw(")(t1)+52W<")(t2)) = lim Eei%smtﬂEei%(stntﬂ*SLntlJH)
nree n—oo

)"

2152 51 + 82
n [nty] —
Ee f - SDSL"tlJ ( \/ﬁ ) - ((PZl (

_ s1+ 59\ [t 59\ L2l —lnta) -1
o nlggb L2 \/;i (41 :7??

S 52
lim " (—= ) =e 2
n—oco ¥ \/ﬁ
(32t 2 i 2
1t1+2s152 mln{tl,t2}+32t2)
= 67 2

= OW(t),W(t)(81,52),
where ¢ (4,),w(t,)) 18 the characteristic function of (W (t1), W(t2)).
Lemma 3.3.2 3
Let W™ = maxe(o,1) W™ (t). Then it holds:

5 1
W = — max S, foralln=1,2,...
N/ﬁrkzlpuﬂz ’ B

and
N x 2
lim P(W™ < z) = 1/2/ e Tdy, forallz>0.
n—oo m™.Jo
Without proof

Proof of theorem 3.3.1
From lemma 3.3.1 it follows for z > 0, k > 1 and ¢1,...,t, € [0,1]

n—00 te{t1,....tx

lim P ( max }W(")(t) > J:) =P < max W(t) > ac)

:>P<maxW(”)(t)>w>2P< max W(t)>x>.

t€[0,1]

-
With (¢4, ... ,tk)T = (%, e %) and max;eo, W (t,w) = limp_oo maxj—1 1 W (1

holds

lim P (max W™ (t) > 1‘) >P (max W(t) > x> .
n—o0 te(0,1] te(0,1]

The assertion follows from lemma 3.3.2.
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Corollary 3.3.1
Let {W(t), t € [0,1]} be a Wiener process. Then it holds:

P<limvvt(t)20>:1

Proof N
’W(t)_W(n)‘ ) ‘W(t)_W ’ n)  Wn)
t n - t n
< [W(n ’_‘+711t€iuf+1]|w(t)_w<n)‘
< 2w - 22,

where Z(n) = supycpo) [W(n +1t) — W(n)|, t € [n,n+1). It holds

> (W) = W(i = 1) == 2[EW(1)] =

We show that EZ(1) < oo.

< —_— =
P(Z(1) >z) <P (tren[(ja’)lc] W(t) > l‘) +P (tren[éa?f]( W(t)) > ac> 2P <tré1[63?1(] W(t) > x) ,

since {—=W (t), t € [0,1]} is also a Wiener process. It holds

n

Z a.s.
P(Z(1) > x) <2\/7/ _2dy and thus ﬂ—'—)0 for n — oo.

w®)
t

Hence 2550 for t — oo. O

3.3.2 Invariance properties

Specific transformations of the Wiener process again reveal a Wiener process.

Theorem 3.3.2
Let {W(t), t > 0} be a Wiener process. Then the stochastic processes {Y?(t), t > 0},
i1=1,...,4, with

YD) = —W(t), (Symmetry)
YO (t) = W(t+ty) —W(ty) foraty>0, Translation of the origin)
YO @) = JeW(t) forac>0, (Scaling)
1
) = { tW(t())’ Itf i 8’ (Reflection at t=0)

are Wiener processes as well.

Proof 1. Y® i=1,..., 4, have independent increments with Y ) (t5) =Y ¥ (¢;) ~ N(0, to—
t1).
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2. YO0)=0,i=1,...,4.

3. Y@ i =1,...,3, have continuous trajectories. {Y)(¢), ¢t > 0} has continuous trajecto-
ries for ¢ > 0.

4. We have to proof that lim;_. tW(%) =0.

limy_q tW(%) = limy oo WT(t) “2 0 because of corollary 3.3.1.

Corollary 3.3.2
Let {W(t), t > 0} be a Wiener process. Then it holds:

P (sup W(t) = oo> =P (inf W(t) = —oo) =1.

t>0 t>0

Proof For z,c > 0 it holds:

(s> o) =p (s (2) > 72) = (g > 7)

=P ({Sup W(t) =0} U {supW(t) = oo}) = P(sup W(t) =0) + P(sup W (t) = 00) = 1.

>0 t>0 t>0 >0

Moreover it holds

P <sup W(t) = 0) = P

>0

t>0

= /0 P (sup Wi(t) = 0> P(W(1) € dx)

—00 t>0
1
= P (sup W(t) = O) =,
>0 2

thus P (SuPtzo W(t) = 0) = 0 and thus P (SUPtzo W(t) = oo) =1
Analogous one can show that P (inf;>o W (t) = —oc0) = 1. 0
Remark 3.3.1

P (SUPtzo X(t) = o0, infi>0 X (t) = —oo) = 1 implies that the trajectories of W oscillate be-
tween positive and negative values on [0, 00) an infinite number of times.

Corollary 3.3.3
Let {W(t), t > 0} be a Wiener process. Then it holds

P(w € Q: W(w) is nowhere differentiable in [0,00)) = 1.



3 Wiener process 49

Proof

{w € Q: W(w) is nowhere differentiable in [0, c0)}
=Ny_g{w € Q: W(w) is nowhere differentiable in [n,n + 1)}.

It is sufficient to show that P(w € Q : W(w) is differentiable for a ¢ty = to(w) € [0,1]) = 0.
Define the set

Apm = {w € 0 it exists a ty = to(w) € [0, 1] with | X (tow + h,w) — W (to(w,w))| < mh, Yh € [0, :] } .

Then it holds

{w € Q: W(w) differentiable for a tg = to(w)} = Um>1 Un>1 Apm.

We still have to show P(Uy,>1 Up>1 Apm) = 0.
Let ko(w) = mink:1727._.{% > to(w)}. Then it holds for w € A, and j =0,1,2

(S ) (S50, < o (ML) i

ol (B ) w (1))
&m

n

Let Ag(k) = W(

B
=[F
Ll

) — W(£). Then it holds
8
P(Aun) < P (Uio Utmo [An(k +9)] < ° )

5 (roltir 1 < 5) =P (18w < T7)

IN

16
< (n+1) mn —>O, n — 0o,
V2mn

and since Ay, C Apt1m holds, it follows P (Ayy,) = 0. O

Corollary 3.3.4
With probability 1 it holds:

n
sup sup 3 |W(t) = W(tiy)] = oo,
n>10<tg<...<tn <173
ie. {W(t), t €]0,1]} possesses a.s. trajectories with unbounded variation.

Proof Since every continuous function g : [0, 1] — R with bounded variation is differentiable
almost everywhere, the assertion follows from corollary 3.3.3.

Alternative proof

It is sufficient to show that lim, oo 324

() - (450 o
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Let Zy = X2 (W (%) - W ((’;}”))2 —t. Hence EZ, = 0 and EZ2 = {227+ and with

Tchebysheft’s inequality

EZ2 t
P(|Zy| <e) < 2= <

2 ]
27 e P(|Z,] >¢) = 0.
= =(%) o 2P > )

From lemma of Borel-Cantelli it follows that lim,, ., Z, = 0 almost surely and thus

o< = S (E) w()

<

=1

. kt (k— 1)t | it (i — 1)t
< =) - A —) - .
< itz [ (32) - (55 IS () - (55)

Hence the assertion follows since W has continuous trajectories and therefore

() (520 -

lim max
n—00 1<k<2n

3.4 Additional exercises

Exercise 3.4.1

Give an intuitive (exact!) method to realize trajectories of a Wiener process W = {W (t), t €
[0,1]}. Thereby use the independence and the distribution of the increments of W. Additionally,
write a program in R for the simulation of paths of W. Draw three paths ¢t — W (t,w) for
t € [0,1] in a common diagram.

Exercise 3.4.2
Given are the Wiener process W = {W(¢), t € [0,1]} and L := argmaxc[gyW (t). Show that
it holds:

2
P(L<z)= - arcsin/z, z € [0,1].

Hint: Use relation max,.cj g W(r) 4 |W (t)].

Exercise 3.4.3
For the simulation of a Wiener process W = {W(t), t € [0, 1]} we also can use the approxima-
tion

Wn(t) = i Sk(t)zk
k=1

where Si(t), t € [0,1], k > 1 are the Schauder functions, and z; ~ N(0,1) i.i.d. random
variables and the series converges almost surely for all ¢ € [0,1] (n — 00).

a) Show that for all ¢ € [0,1] the approximation W,,(t) also converges in the L2-sense to
W(t).

b) Write a program in R (alternative: C) for the simulation of a Wiener process W =

{W(t), t €[0,1]}.
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c) Simulate three paths ¢ — W(t,w) for ¢ € [0,1] and draw these paths into a common
diagram. Hereby consider the sampling points t; = %, k=0,...,n withn=2%—1.

Exercise 3.4.4
For the Wiener process W = {WW(t), t > 0} we define the process of the maximum that is given
by M = {M(t) := maxcoy W(s), t > 0}. Show that it holds:

a) The density fy( of the maximum M(t) is given by

.5[72
frw () = \/ZeXp {_Zt} 1{z >0}.

Hint: Use property P(M(t) > x) = 2P(W (t) > z).
b) Expected value and variance of M (t) are given by

EM(t) = % var M(t) = (1 — 2/1).

Now we define 7(x) := argmin ;er{W(s) = z} as the first point in time for which the Wiener
process takes value z.

c¢) Determine the density of 7(z) and show that: E7T(z) = cc.

Exercise 3.4.5
Let W = {W(t), t > 0} be a Wiener process. Show that the following processes are Wiener
processes as well:

0, t=0,

tw(l/t), t>0, Wa(t) = VeW(t/c), ¢>0.

Wi(t) = {

Exercise 3.4.6
The Wiener process W = {W(t), t > 0} is given. Size Q(a,b) denotes the probability that the
process exceeds the half line y =at + b, ¢t > 0, a,b > 0. Proof that:

a) Q(a7 b) = Q(b7 CL) and Q(CL, by + b?) = Q(a7 bl)Q(av b2)7
b) Q(a,b) is given by Q(a,b) = exp{—2ab}.



4 Levy Prozesse

4.1 Leévy processe

Definition 4.1.1
A stochastic process {X(t), ¢t > 0} is called Levy process, if

1. X(0)=0
2. {X(t)} has stationary and independent increments,
3. {X(t)} is stochastically continuous, i.e for an arbitrary ¢ > 0, top > 0:

lim P(| X (t) — X (t9)| > &) = 0.

t—1o
Note

e One can easily consider, that compound Poisson processes fulfil the 3 conditions, since
for arb. € > 0 it holds

P(IX(t) — X(to)| <€) > P(IX(t) — X(to)| >0) <1—eAt=tl 0.

t—to

e Further holds for the Wiener process for arb. € > 0

P (X (1) = X(ta)| > <) ) i ) W

t t—to

4.1.1 Infinitely Divisibility

Definition 4.1.2

Let X :  — R be an arbitrary random variable. Then X is called infinitely divisible, if for
arbitrary n € N there exist random variables Y7, Y5, ... Y, with X 4 Yl(n) +...+ Yn(n).
Theorem 4.1.1

Let {X(t), t > 0} be a Levy process. Then the random variable X (¢) is infinitely divisible for
every t > 0.

Proof For arbitrary ¢ > 0 and n € N it obviously holds that

r=x () (£ () () (1(2) (252

Since { X (¢)} has independent and stationary increments, summands are obviously independent
and identically distributed random variables. O

52
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Lemma 4.1.1
The random variable X : 2 — R is infinitely divisible if and only if the characteristic function
px of X can be expressed for every n > 1 in the form

ox(s) = (en(s))™ forall s € R,

where ¢, are characteristic functions of random variables.

Proof , = “
Yl(n), . ,Yn(n) iid., X 4 Y] AT T Hence, it follows that ¢x(s) = [[i21 ¢y (s) =
(on(s))"

€ w
ex(s) = (¢n(s))™ = there exist Yl(n),...,Yn(n) ii.d. with characteristic function ¢, and
Ovi,...va.(8) = (on(s))” = ¢x(s). With the uniqueness theorem for characteristic functions

it follows that X < Y™ + ... + ", 0
Lemma 4.1.2
Let X1, Xo,...: Q — R be a sequence of random variables. If there exists a function ¢ : R — C,

such that ¢(s) is continuous in s = 0 and lim,_, ¢x,, (s) = ¢(s) for all s € R, then ¢ is the
characteristic function of a random variable X and it holds that X, i) X.
Definition 4.1.3

Let v be a measure on the measure space (R,B(R)). Then v is called a Lévy measure, if
v({0}) =0 and

/Rmin {yQ, 1} v(dy) < oo.

] >
1

Abb. 4.1:
Note

e Apparently every Levy measure is o-finite and
v((—e,e)°) <e, foralle>D0, (4.1.1)
where (—¢,e) =R | (—¢,¢).

e In particular every finite measure v is a Lévy measure, if v({0}) = 0.
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e An equivalent condition to (4.1.1) is

2 2
Y . 2 Y
< <2——
1+y2_m1n{y,1}_21+y2. (4.1.2)

2
Y .
v(dy) < oo, since
/Rl+y2 ()

Theorem 4.1.2
Let a € R, b > 0 be arbitrary and let v be an arbitrary Levy measure. Then the characteristic
function of a infinitely divisible random variable is given through the function ¢ : R — C with

52 ,
©(s) = exp {ias — % + /R (ewy —1—isyl(y € (-1, 1))) u(dy)} for all s e R.  (4.1.3)

Remark 4.1.1 e The formula (4.1.3) is also called Lévy-Chintschin formula.

e The inversion of theorem 4.1.2 also holds, hence every infinitely divisible random variable
has such a representation. Therefore the characteristic triplet (a, b, v) is also called Lévy
characteristic of an infinitely divisible random variable.

Proof des Theorems 4.1.2 1st step
Show that ¢ is a characteristic function.

1Sy - - (’Lsy)k . .- (Zsy)k 2 .- Sk 2
e —l—zsy‘zz ] —1—zsyzz ol <y ZE < y“c
k=0 k=2 k=2

Hence follows with (4.1.1) and (4.1.2) that the integral in (4.1.3) exists and therefore it
is well-defined.

e Let now {c,} be an arbitrary sequence of numbers with ¢, > ¢,41 > ... > 0 and
limy, o0 ¢ = 0. Then the function ¢, : R = C with

(s):=e is|a / v(dy) bs® e / (eisy 1) v(dy)
n(s) :=ex - — — rex -
i P [—cnsen]eN(—1,1) e 2 P [~cn.enle Y

is the characteristic function of the sum from Z{n) and Zén), 2 independent random
variables, since

— the first factor is the characteristic function of the normal distribution with expec-
tation a — f[fcn enlen(—1,1) Yv(dy) and variance b.

— the second factor is the characteristic function of a compound Poisson process with
characteristics

A=v([—cn, )% and Py(:) =v(-N[—cn,cn)/v([—cn,cn]9))

e Furthermore lim,_, ¢n(s) = ¢(s) for all s € R, where ¢ is obviously continuous in 0,
since it holds for the function ¢ : R — C which is the exponent of (4.1.3), thus

P(s) = /]R (eisy —1—isyl(y € (-1, 1))) v(dy) for all s e R

that [1(s)| = cs? S y2u(dy) + Ji<11)e e’ — 1| v(dy). Out of this and from (4.1.2)
follows with the theorem of Lebesgue that lim,_,~ 1(s) = 0.
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e Lemma 4.1.2 gives that the function ¢ given in (4.1.3) is the characteristic function of a
random variable.

2nd step
The infinitely divisibility of this random variable follows from lemma 4.1.1 and out of the fact,
that for arbitrary n € N = is also a Lévy measure and that

b2

o(s) = exp {iZs - "7 + /]R (eisy —1—isyl(y € (—1, 1))) (

”) (dy)} for all s € R.

n

Remark 4.1.2
The map n: R — C with

s) = as = 2 ¢ [ (e =1 isyi(y € (~1,1))) ()

from (4.1.3) is called Lévy exponent of this infinitely divisible distribution.

4.1.2 Lévy-Chintschin Representation

{X(t), t > 0} — Lévy process. We want to represent the characteristic function of X (t), t > 0,
through the Leévy-Chintschin formula.

Lemma 4.1.3

Let {X (), t > 0} be a stochastic continuous process, i.e. for all € > 0 and to > 0 it holds that
limy 4, P(| X (t) — X(t0)| > €) = 0. Then for every s € R, t — px(;)(s) is a continuous map
from [0, c0) to C.

Proof e y — €'Y continuous in 0, i.e. for all € > 0 there exists a §; > 0, such that
, €
sup e’sy—l’ < —.
yE€(—01,01) 2

o {X(t), t > 0} is stochastic continuous, i.e. for all ¢y > 0 there exists a d2 > 0, such that

€
sup P(X(t) — X(to)| > 01) < 7
t>0, |t—t0|<52

Hence, it follows that for s € R, ¢ > 0 and |t — tp| < d2 it holds

’@X(t)(s) — @X(to)(s)’ — ‘E <€isX(t) _ eisX(to))’ < E|eisX(t0) (ez’s(X(t)—X(to)) B 1)‘

< E[ers(X0)=X()) _ 1‘ = / ey — 1’ Px(t)- X (t0) (dY)
R
< e — 1| Px(p)— d
< /(51,51) ’ X(6)—X (to) (dY)
‘1‘/ ey — 1’ Px()—x(to) (dY)
(*51’51)C\H,_/
=2
< sup e — 1] +2P(|X () — X(t0)] > 61) <e.

ye(—91,01)
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Theorem 4.1.3
Let {X(t), t > 0} be a Lévy process. For all t > 0

(PX(t)(S) = etn(s)a s €R,

holds, where 1 : R — C is a continuous function. In particular it holds that

ox(s) = etn(s) = (e"(s))t = (goX(l)(s))t, forall s e R, ¢t > 0.
Proof
@X(t+t/)(5) — EeisX(t+t) _ (eisX(t)eis(X(t-‘rt’)_X(t))) _ <PX(t)(5)<PX(t')(3)

Let gs : [0,00) — C be defined by gs(t) = ¢x)(s), s € R, gs(t +1') = gs(t)gs(t'), t,1" > 0.
X (0) =0.

gs(t +1') = gs()gs(t)), t,¢' =0,

gs(o) =1,

gs : [0,00) — C continuous.

Hence follows: 7 : R — C exists, such that gs(t) = ¢”®* for all s € R, t > 0. ox)(s) = )
and it follows that 7 is continuous. O

Lemma 4.1.4
Let 1, pa, ... be a sequence of finite measures (on B(R)) with

L. sup,>; pn(R) < ¢, ¢ = const < oo (uniformly bounded)

2. for all € > 0 there exists B. € B(R) compact, such that sup,, 1, (B¢) < €. Hence follows
that there exists a subsequence fin,, fin,, ... and a finite measure over B(R), such that for
all f: R — C, bounded, continous, it holds that

lim [ F@ao(dy) = [ N S (d) = [ Sw)nldy)

k—o00

Proof See [14], page 122 - 123. 0

Theorem 4.1.4

Let {X(t), t > 0} be a Levy process. Then there exist a € R, b > 0 and a Lévy measure v,
such that

2 ,
ox1)(s) = elas— 4 /R (e”y —1—iyl(y € (—1, 1))) v(dy), forall s € R.

Proof For all null sequences t1,ts, ... it holds
tnn(s) _ q s)—1
n(s) = (@) = lim "= = 1im Px@n(8) =1 (4.1.4)
=0 n—oo tn n— o0 n

7 : R — C continuous = The convergence in (4.1.4) is uniformly in s € [—tg, to] for an sg > 0
(Taylor-expansion of et"(%)). Let t,, = L and P,, be the distribution of X (1). Hence it follows
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that

n—o0

Jiﬁ\rgo/ﬂ{n/j:o (eisy - 1) P.(dy)ds = /_S:O n(s)ds
= lim n/R <1 - sin(soy)> Pn(dy) = —L/SO n(s)ds

n— 00 S0y 230 —so

, 15(
lim n/(e“y —1)P,(ds) = lim n——"5—— =1(s)
R n

7 : R — C is continuous with 1n(0) = 0 and it follows from that, that it exists for all € > 0
dp > 0, such that —ﬁ 12 n(s)ds‘ < e. Since 1 — 51118(078;7’) > 1, [soy| > 2, it holds: for all & > 0
there exist so > 0, ng > 0, such that

lim sup ﬁ/ Pn(dy) < limsupn/ (1 - sm(soy)> Pn(dy) < e.
2 {y:\ylzi} R

n—o00 n—o00 SoY
For all € > 0 there exist sg > 0, ng > 0, such that

n/ P.(dy) < 4e, for all n > ny.
{yzly\>l}

=50

Decreasing sg gives

Pn(dy) <4e, foralln >1.

n/{y:|y>fo}

1+19y2 =¢

2 .
Y (1_smy>’ forally #0 anda c> 0.

Hence, it follows that

2
Yy / /
supn | ——=P,(dy) < forac < .
nzrl) /11?1+y2 n( y)_

Let now py, : B(R) — [0,00) be defined as

2
Yy
1n(B) = n /B T4 aPaldy) for all B € B(R).

It follows that {/i, },,cy is uniformly bounded, sup,,>; pn(R) < ¢’. Furthermore holds % <1,

SUPy,>1 Hn ({y syl > %}) < 4e and {pin},,cy relatively compact. After lemma 4.1.3 it holds:
there exists {pin,, },cn, such that

lim /R S W) tiny, (dy) = /R fy)u(dy)

k—o0

for a measure p and f continuous and bounded. Let for s € R the function fs; : R — C be
defined as

2 v
S

—5 , otherwise.

fs(y) - { (eisy —1- isy) 1+y27 ) 7’é 0,
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Hence follows that fs is bounded and continuous and

n(s) = lim (eisy - 1) P.(dy)
n—x Jr
= lim < /R fs(y)pm(dy) + isn /R sinyPn(dy))
= Jim ([ fow)uni(dy) + s [ sinyPo, (d))
= /fs(y),u(dy) + lim isnk/ sinyP,,, (dy)
R k—00 R
2
n(s) = ia's— b% + (eisy —1—issin y) v(dy),
R

for all s € R with o’ = limy_,« isny; [ sinyPy, (dy), b = p ({0}), v : B(R) — [0, 00),

1+y2 d 0
sty = { SR 170

/R\yl(y € (—1,1)) —siny| v(dy) < oc.

. 1 +y2 /! /!
lyl(y € (=1,1)) —=siny| —5— <", forally#0 andac” >0.
Yy

Hence follows that
. b52 is .
n(s) = ias — 5 + (e Y—1—isyl (y € (—1, 1))) v(dy), forall s € R.
R

a=d +/ (yl(y € (—1,1)) —siny) v(dy).
R

4.1.3 Examples

1. Wiener process (it is enough to look at X (1))
32
X (1) ~N(0,1), px1)(s) = e~ 2 and hence follows

(a,b,v) =(0,1,0).

Let X = {X(t), t > 0} be a Wiener proess with drift p, i.e. X(¢) = pt +oW(t), W =
{W(t), t > 0} — Brownian motion. It follows

(a,b,v) = (u,0%,0).

. . E . 2
ox()(s) = Ee ¥ = EelrtoWlis — eis g p ) (5s) = €777, seR.
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2. Compound Poisson process with parameters (A, P,,)
X(t) =M N(t) ~ Pois(At), Us iid. ~ Py.

pxm(s) = exp{ /}R(e”X 1) Py dw)}

= exp{ zs/Rxl (x € [-1,1])Py(dx) —i—)\/ e — 1 —iszl(z € [-1 1])) PU(da:)}

1
= exp{)\zs/ Py (dz) —i—)\/ e — 1 —isxl(x € [—1 1])) PU(d:c)}, s eR.
1

Hence follows

1
(a,b,v) = ()\/ zPy(dz),0, )\PU> , Py — finite on R.
-1

3. Processes of Gauss-Poisson type
X ={X(t), t >0}, X(t) = X1(t) + Xa(t), t > 0.
X1 ={Xi(t), t >0} und X2 = {Xs(t), t > 0} independent.
X1 — Wiener process with drift ;1 and variance o2,
Xy — Compound Poisson process with parameters A, Py;.

exw(s) = ©x,0)(8)Px,)(s)

1 2.2
— exp {z’s (,u—l—)\/ :cPU(dx)> B 025
—1

—l—/R)\ (eisx —1—iszxl(x € [-1, 1])) PU(dx)} . sER.

Hence follows )
(a,b,v) = (u + /\/ xPy(dzx), o, /\PU) )
-1

4. Stable Lévy processes
X = {X(t), t >0} — Levy process with X (¢) ~ « stable distribution, o € (0,2]. If
X = W (Wiener process), then X (1) ~ N(0,1). Let Y,Y7,...,Y, be i.id. N(u,c?)-
variables. Since the convolution of the normal distribution is stable it holds

Y1 +...4+Y, ~ N(np,no?) 4 VnY +np—/np
= VY +p(n—/n)

= n%Y—i—,u(n%—n%), a=2.

Definition 4.1.4
The distribution of a random variable Y is called a-stable, if for all n € N only copies Y7,...,Y,
exist (of )

Vit 4V, Lnsy +d,,

where dy, is deterministic (thus a constant w.r.t. W, i.e. not random). The constant « € (0, 2]

is called index of stability.
K (n - né)’ Q 7& ]-7
dn =
pnlogn , a=1.
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Without proof
Example 4.1.1 e o = 2: Normal distribution

e a = 1: Cauchy distribution with parameters (u,0?). The density:

o

fy(z) = W((x—p)2+o-2)7 z eR.

It holds EY? = oo, EY does not exist.

e a = : Lévy distribution with parameters (u,o%). The density:

0 , otherwise.

1
ag 5 1 .
fr(z) = { (57)* me}{p{_w}a x> p,

These examples are the few examples of a-stable distribution, which have an explicit form
of the density. For other a € (0,2), a # %, 1, the a-stable distribution will be introduced
through its characteristic function. In general holds: If Y a-stable, o € (0, 2], then E|Y|P < oo,
0<p<o.

Definition 4.1.5
The distribution of a random variable is called symmetric, if ¥ 2 Y. IfY has a symmetric
a-stable distribution, «a € (0, 2],

oy (s) = exp {—cls[*}.
In fact, it follows from the stability of Y that

(ey(s)" = Gid”SSOY (nés) , sER.

It follows that d,, = 0, since ¢_y(s) = py(s). It holds: e!¥* = ¢~¥n% s c R and d,, = 0. The
rest is left as an exercise.

Lemma 4.1.5
Levy-Chintschin representation of the characteristic function is a stable distribution. A Levy
characteristic (a,b,v), a € R arbitrary.

b o2, a=2,
10, a<2

0 , =2,
v(dr) = { —al(z > 0)dz + ‘xfﬁl(x < 0)dz, a<2,
cl,c2>20:¢c1+c2>0 ;

Without proof

You can show that

22

P(Y]22)p50y & 70 @22
o, a<2
Definition 4.1.6
The Leévy process X = {X(t), t > 0} is called stable, if X (1) has an a-stable distribution,

a € (0,2] (o = 2: Brownian motion (with drift)).
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4.1.4 Subordinators

Definition 4.1.7
A Leévy process X = {X(t), t > 0} is called subordinator, if for all 0 < t; < t2, X (t1) < X(t2)
a.s. holds

X0)=0 as. = X(t)>0, t>0.

This class of Levy processes is important, since you can easily introduce ff g(t)dX(t) as a
Lebesgue-Stieltjes-integral.

Theorem 4.1.5
The Lévy process X = X (t), t > 0 is a subordinator if and only if the Lévy-Chintschin repre-
sentation can be expressed in the form

©x(t)(s) = exp {ias —I—/ (eisx — 1) V(dx)} , SER,
R
where v is the Levy measure, with
oo
v ((—00,0)) =0, / min {1,y2} v(dy) < 0.
0
Proof Sufficiency

It has to be shown that X (t2) > X(¢1) a.s., if t9 > ¢; > 0.
First of all we show that X (1) > 0 a.s.. If v =0, then X (1) = a a.s., hence

Px(o(s) = < ;’;((i)) ) =", seR.

X(t) = at a.s. and therefore it follows that X (¢) 1 and X is a subordinator. If v([0,00)) > 0,
then there exists N > 0, such that n > N, 0 < v ({%, oo)) < 00. It follows

Ox(t)(s) = exp {ias + nh—>néo/; (eism - 1) V(dx)} = ¢las nh_)rglo on(s), seR,

where ¢, (s) = [T° (e"® — 1) v(dz) is the characteristic function of a compound Poisson process
v([7:o0))
variable with characteristic function ¢,. It holds: Z, = Zﬁi"l U;, N, ~ Pois (y ([1 oo))),

1
distribution with parameters <V ({%, oo)) , V(n["))) for all n € N. Let Z, be the random

n’

l x
U; ~ 71/@[{“ ) and hence follows Z,, > 0 a.s. and X(1) = _a +limZ, > 0 a.s.. Since X is a
~—~ )

v([7o))

Levy process, it holds

so=(3) (1 (2) - (2)) - () (5)

a.s.
where, because of stationarity and independence of the increments X (%) - X (%) > 0 for

1<k<nforall n. X(g2) — X(q1) >0 a.s. for all g1,q2 € Q, g2 > g1 > 0. Now let ¢,t3 € Q,
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such that 0 < t; < t9. Let { (n),qén)} be sequences of numbers from Q with q%n) < qén).
itl, q2 Ttg,n—>oo For e >0

P(X(t2) = X(h) < —¢) = P(X(t2) = X (") + X (&8”) = X (") + X (a") = X (1)
< P(X(t) = X () + X (¢") = X (1) < —¢)
< P(X(t2) - X (V) <—¢)+P (X (a") = X(t1) < —;> ——0

—X(tl) <O) :EEIEOP(X(tQ)—X(tl) <€) =0

Necessity
Let X be a Levy process, which is a subordinator. It has to be shown that le(t)(-) has the
above form.
After the Levy-Chintschin representation for X (t) it holds that

. 6252 o ST :
ox(1)(s) = exp  ias — 5 —i—/ (e —1—iszl(x € [-1, 1])) v(dz)y, seR.
0
The measure v is concentrated on [0, c0), since X (1) ag' 0 and from the proof of theorem 4.1.4

v ((—00,0)) = 0 can be chosen.

b2 s2

Px(1)(s) < exp {ias - 2} exp {/000 (eisx —1—iszl(z € [-1, 1])) U(dac)}

=PYs(s)

=PY(s)

Hence, it follows that X (1) = Y7 + Ya, Y7 and Y3 are independent, Y7 ~ N (a, b?) and therefore
b=0. Forall e € (0,1)

©x,(s) =exp {z’s (a - /: xu(dx)) + /06 (eisw -1- isx) v(dz) + /Ooo (eisx - 1) I/(daz)}

It has to be shown that for € — 0 it holds that [> (e"** — 1) v(dx) — [5° (e"* — 1) v(
with fol min {z, 1} v(dz) < co. @x1)(s) = exp {is (a — f; xu(daz))}gozl( )ngz(s), Where Z1
and Z5 are independent, 0z, (s) = exp {(e"® — 1 —isx) v(dx)}, goZQ = exp {27 ("% — 1) v(dz)},

seR. X(1 ) = a — [! zv(dz) + Z1 + Z». There exist gp(Z)(O) = 2 —BZt 00, 90(21)(0) =0=1EZ;
and it therefore follows that EZ; = 0 and P(Z; < 0) > 0. On the other hand, Z; has a
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compound Poisson distribution with parameters (V ([e,00)), %), e €(0,1).

=P (Z2<0)>0

1
:>a—/ zv(dx) >0 forall e € (0,1)
£
:>/ min {z, 1} dz < oo
0

d
=fore >0 Z1—0

Px(1)(s) = exp {iS (a - /01 :W(da:)) + /OOo (em — 1) u(dm)} , sER.

Example 4.1.2 (a-stable subordinator):
X ={X(t), t > 0} a Levy process, subordinator, with a = 0 — Lévy measure.

1
]j(d;[;) _ ﬁﬁdl’, $>0,
0 ﬁdzzo, z <0.

Therefore, it follows that X is a a-stable Levy process.
We show that [x(.)(s) = Ee sX(®) = ¢~ for all s,t > 0.

¢ > ST o 1
<PX(t)(8) = (@X(l)(s)) = exp {t/o (e 1) T = a) TTa dm} , s€eR.

It has to be shown that

d o o —ux dx
== 1-— > 0.
U P(l—a)/o (1—e )xHa, u>0

This is enough since p x (1) (+) can be continued analytically on {Z € C: SZ > 0}, i.e. x4 (iu) =
fX(t), u > 0. In fact, it holds that

[ele] dSU [ele] x
1 —e ¥ — —uy g 717ad
/0 (1—e ") puEw /0 u/o e YT x

% dzue " Wdy

_ / oy
e
= —/ )14y
= —F 1—a)

and hence follows iX(t)(s) =e " t,5>0.
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4.2 Additional Exercises

Exercise 4.2.1
Given a real-valued random variable X with distribution function F' and characteristic function
. Show that the following statements hold:

a) If X is infinitely divisible, then it holds ¢(t) # 0 for all ¢t € R. Hint: Show that
limy, o0 [@n(5)[2 = 1 for all s € R, if ¢(s) = (pn(s))™. Note further, that |pn(s)|* is

again a characteristic function and limy,_, zn =1 holds for x > 0.
b) Give an example (with explanation) for a distribution, which is not infinitely divisible.

Exercise 4.2.2
Let X = {X(t), t > 0} be a Lévy process. Show that the random variable X (¢) is then infinitely
divisible for every ¢ > 0.

Exercise 4.2.3
Show that the sum of two indepenent Lévy processes is again a Lévy process, and state the
corresponding Lévy characteristic.

Exercise 4.2.4
Look at the following function ¢ : R — C with

o(t) =e¥® where (t) =2 i 27k (cos(2¥t) — 1).

k=—0oc0

Show that ¢(t) is the characteristic function of an infinitely divisible distribution. Hint: Look
at the Lévy-Chintschin representation with measure v({+2F}) =27% k € Z.

Exercise 4.2.5

The Lévy process {X(t),t > 0} be a Gamma process with parameters b,p > 0, that is, for
every t > 0 holds X (t) ~ I'(b,pt). Show that {X(¢),t > 0} is a subordinator with the Laplace
exponent &(u) = [7°(1 — e W)v(dy) fiir v(dy) = py~te ®dy, y > 0. (The Laplace exponent
of {X(t),t > 0} is the function ¢ : [0,00) — [0, 00), for which holds that Ee~%X(t) = ¢=#(®) for
arbitrary ¢,u > 0)

Exercise 4.2.6

Let {X(t),t > 0} be a Lévy process with charactersistic Lévy exponent n and {7(s),s > 0} a
independent subordinator witch characteristic Lévy exponent . The stochastic process Y be
defined as Y = {X(7(s)),s > 0}.

(a) Show that
E (eiHY(T(S))) = Cm®)s g e R

where $z describes the imaginary part of z.

Hint: Since 7 is a process with non-negative values, it holds Eef7(s) = ¢70)s for all
6 € {z € C: 3z >0} through analytical continuation of theorem 4.1.3.

(b) Show that Y is a Lévy process with characteristic Levy exponent v(—in(-)).
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Exercise 4.2.7
Let {X(t), t > 0} be a compound Poisson process with Lévy measure

M2 a?

v(dr) = e 22dzx, x€R,

O/ T

where A\,0 > 0. Show that {cW (N (¢)), t > 0} has the same finite-dimensionale distribution
as X, where {N(s), s > 0} is a Poisson process with intensity 2\ and W is a standard Wiener
process independent from N.

Hint to exercise 4.2.6 a) and exercise 4.2.7
e In order to calculate the expectation for the characteristic function, the identity E(X) =

E(E(XY)) = J[g E(X|Y = y)Fy(dy) for two random variables X and Y can be used. In
doing so, it should be conditioned on 7(s).

2 as2
o [ cos(sy)e” zTady = 2ma- e fora>0and s € R.

Exercise 4.2.8
Let W be a standard Wiener process and 7 an independent F-stable subordinator, where
€ (0,2). Show that {W(7(s)),s > 0} is a a-stable Lévy process.

Exercise 4.2.9
Show that the subordinator 1" with marginal density

t

2y

is a 3-stable subordinator. (Hint: Differentiate the Laplace transform of T'(t) and solve the
differential equation)

B R
s 2e 1{s >0}

fT(t)(S) =




5 Martingales

5.1 Basic ldeas

Let (€2, F,P) be a complete probability space.

Definition 5.1.1
Let {F;, t > 0} be a family of o-algebras F; C F. It is called

1. a filtration, if Fs C F, 0 < s < t.

2. a complete filtration, if it is a filtration, such that Fy (and therefore all Fs, s > 0) contains
all the probability measure null sets.
Later on we will always assume, that we have a complete filtration.

3. a right-continuous filtration, if for all t > 0 F; = Ng>eFs.

4. a natural filtration for a stochastic process {X(t), t > 0}, if it is generated by the past of
the process untill time ¢ > 0, i.e. for all ¢ > 0 F; is the smallest o-algebra (C F;), which
contains the sets {w € Q: (X(t1),..., X (tn))" € B}, foralln € N, 0 < tq,...,t, <,
B € B(R™).

A random variable 7 : Q — R is called stopping time (w.r.t. the filtration {Fy, t > 0}),
ifforallt >0 {w e Q:7(w) <t} € F, ie. by looking at the process X (up to the natural
filtration {F;, t > 0}) you can tell, if the moment 7 occured.

Lemma 5.1.1
Let {F;, t > 0} be a right-continuous filtration. 7 is a stopping time w.r.t. {F, ¢t > 0} if and
only if {r <t} e F ,forallt>0.

| S

{we:T(w)<t}eF:

Proof , < “
Let {r <t} € F;,t > 0. To show: {r <t} € F;.
{1 <t} =Nyt < s}foralle > 0= {1 <t} € NyorFs = F

, : “
To show: {r <t} e F, t>0= {r <t} € F, t>0.
{T < t} = UsE(O,t){T <t-— S} € UsE(O,t)‘Ft—s CcF O

Definition 5.1.2

Let (2, F,P) be a probability space, {F;, t > 0} a filtration (F; C F, t > 0) and X =
{X(t), t > 0} a stochastic process on (2, F,P). X is adapted w.r.t. the filtration {F;,¢ > 0},
if X(t) is Fi-measurable, for all t > 0, i.e., for all B C B(R) {X(¢) € B} € F;.

66
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Definition 5.1.3

The time 7p(w) = inf{t > 0: X(¢t) € B}, w € Q, is called first hitting time to the set B € B(R)
by the stochastic process X = {X(t), t > 0} (also called: first passage time, first entrance
time).

Theorem 5.1.1

Let {F¢, t > 0} be a right-continuous filtration and X = {X(¢), ¢ > 0} an adapted (w.r.t.

{Fi, t > 0}) cadlag process. For open B C R, 75 is a stopping time. If B is closed, then
7(w) =1inf{t > 0: X(¢t) € B or X(t—) € B} is a stopping time, where X (t—) = limg; X (s).

Proof 1. Let B € B(R) be open.
Because of lemma 5.1.1 it is enough to show that {75 < t} € F, t > 0. Because of
right-continuity of the trajectories of X it holds:

{78 <t} = Useqno,n1X (5) € B} € Useqn(o,nFs € Fi, since Fs C Fy, s <t.

2. Let B € B(R) be closed.
For all ¢ > 0. Let B, = {x € R: d(z,B) < €} be a parallel set of B, where d(x,B) =
infycp |z — y|. Be is open, for all t > 0.
{7 <t} = {X(t) € B} UNp>1scono4) ULX(s) € Bi} € F, since X is adapted w.r.t.
{F, t >0} '
0

Lemma 5.1.2
Let 71,7 be stopping times w.r.t. the filtration {F;, ¢ > 0}. Then min{m, 2}, 7 + 72 and
aTty, a > 1, are stopping times (w.r.t. {F;, t > 0}).

Proof For all t > 0 holds:
{min{r,n} <t} ={n <t}U{n <t} € F,
—_———— ——
eFt €Ft
{max{m, o} <t} ={n <t}n{n <t} e R,
{an <t} ={n < é} 6]—% C F;, since é <t,
{n4+n<tt={n>t}u{n>t}un >t,n>0U{0<mn <t mn —m >t}
—_— —— —,—,———

EFt eF Ft
To show: {0 < 1o <t,71 — T2 >t} € Fy.
{0 <T<tm+T2> t} = UsEQﬁ(O,t){S < <tm>t-— S} e F; O

Theorem 5.1.2

Let 7 be an a.s. finite stopping time w.r.t. the filtration {F;,¢ > 0} on the probability space
(Q,F,P), i.e. P(T =00) =1. Then there exists a sequence of discrete stopping times {7, }nen,
T > To > 73> ... such that 7, L 7, n — 00 a.s.

Proof For all n € N let

Tn:{ 0, ifr(w)=0

%, if2in<7(w)§@, for a k € Ny

Forallt > 0andforalln € N3k € Ny : 4 <t < El holds {5, <t} ={r, < £} ={r <

2%} € Fr CJFy = T, is a stopping time. Therefore it is obvious, that 7, | 7, n > co a.s. O
2n
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Conclusion 5.1.1

Let 7 be an a.s. finite stopping time w.r.t. the filtration {F;, ¢t > 0} and X = {X(¢), t > 0} a
cadlag process on (Q, F,P), F; C F for all ¢t > 0. Then X (w, 7(w)), w € Q is a random variable
on (2, F,P).

Proof To show: X(7) : © — R measurable, i.e. for all B € B(R) {X(r) € B} € F. Let
Tn 4 T, m — 00 be as in theorem 5.1.2. Since X is cadlag, it holds that X (7,) — X(7) a.s..

Then X (7) is F-measurable as the limit of X (7,), which are themselves F-measurable. For all

B € B(R) holds

{X(r) € BY = Uy ({m = 55} N{X (55) € BY) € F

EF eF

5.2 (Sub-, Super-)Martingales

Definition 5.2.1

Let X = {X(t), t > 0} be a stochastic process adapted w.r.t. to a filtration {F;, t > 0},
Fi C F, t >0, on the probability space (Q2, F,P), E|X(t)| < oo, t > 0. X is called martingale
(resp. sub- or supermartingale), if E(X(¢) | Fs) = X(s) for all s,t > 0 with ¢t > s: =
E(X(t)) = E(X(s)) = const for all s, t.

\%

Examples

Very often martingales are constructed on the basis of a stochastic process Y = {Y (¢), t > 0}
as follows: X (t) =Y (t) — EY(¢).

1. Poisson process
Let Y = {Y(¢t), t > 0} be the homogeneous Poisson process with intensity A > 0.
EY (t) = varY(t) = At, weil Y (¢) ~ Pois(At), t > 0.
a) X(t) =Y (t)—At, t > 0= X(t) is a martingale w.r.t. the natural filtration {F,, s >
0}.

E(X(1) | Fo)s<t = EYV() =Mt = (Y(s) = As + (Y(s) — As)) | )

= Y(s)=As+EY(t) = Y(s) = A(t —s) | Fs)
= Y(s) = As+E(Y(t) =Y (s) +Y(s) — As
= Y(s) = As+EY(t—s)) —A(t —s)

=A(t—s)

= Y(s) = A= X(s)
b) X'(t) = X2(t) — A(t), t > 0 = X'(t) is a martingale w.r.t. {Fs, s > 0}.
E(X'(t) [ Fs) = E(X*(t) = M| Fo) = E((X(t) — X(5) + X(5))* = Mt | F5)

= E((X(t) = X(9)* +2((X(t) = X(5))X(5) + X*(5) = As = A(t = 5) | Fo)

= X'(s)+ E((X(t) — X(s)))* +2X(s)E(X(t) — X(s)) —A(t — s)
—_
=var(Y (t)—Y (s))=A(t—s) =0
X'(s), s<t.

8
)



5 Martingales 69

2. Compound Poisson process
Y(t) = Zi]i(f) Uij, t > 0, N — homogeneous Poisson process with intensity A > 0, U; —
independent identically distributed random variables, E|U;| < oo, {U;} independent of N.
X(t)=Y(t)—EY(t) =Y(t) — MEU, t > 0.

Exercise 5.2.1
Show that X = {X(¢), t > 0} is a martingale w.r.t. the natural filtration.
3. Wiener process

Let W = {W (t), t > 0} be a Wiener process, {Fs, s > 0} be the natural filtration.
)

a) Y ={Y(t), t > 0}
Y(t) = W2(t) — EW2(t) = W2(t) — t, t > 0, is a martingale w.r.t. {Fs, s> 0}.

EY (1) | F) = E(W(t) = W(s) +W(s)* —s—(t—s) | F)

= see example 1b, use the independence and stationarity of the increments of W

W2(s) —s 2 Y(s), s<t.

b) Y'(t) = eWH=v*5 ¢ >0 and a ﬁxed u € R.
21

EY'(t)| =e™™ 2Ee“W() e’3¢"’s =1 < 0o. We show that Y/ = {Y'(t), ¢t >0} is
a martingale w.r.t. {Fs, s > 0}.

EY/(t) | Fs) = E(e*WO-WEH+W(s)-

s)

_ e_u2%euw(s) €_u2 (t;S) E(eu(W(t)—W(S)) | fs)
——

=Y'(s) —s
:E(e“w(tfs)):eu2 %

4. Closed martingale
Let X be a random variable (on (2, F, P)) with E|X| < co. Let {Fs, s > 0} be a filtration
n (Q,F,P).
(t) =E(X |F),t>0. Y ={Y(¢), t >0} is a martingale.
EY(t)] =EIE(X | Ft)| <E(E(X | Ft)) = E|X]| < o0, t > 0.
E(Y(t) | Fo) =E(X | F) | Fo) =E(X | F,) € Y(s), s <t = F, C Fu.

5. Lévy processes
Let X = {X(¢), t > 0} be a Levy process with Levy exponent n and natural filtration

{Fs, s> 0}.
a) If E|X (1) < oo, define Y (¢) = X (t) —tEX(1), t > 0. As in the previous cases it can
®)
—EX(t

be shown that Y = {Y'(¢), t > 0} is martingale w.r.t. the filtration {Fs, s > 0}.

b) Use the combination from example 3b — normalize the characteristic function of

X (t) without expectation, through the value Y (t) = elz;’(j) = e;;?u(;) = euX()=tn(u)
t

t>0,uelR.
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To show: Y = {Y(t), t > 0} is a complexvalued martingale.
E|Y(t)|—| ()| < 0o, since n : Ry — C. EY(t) =1, t > 0.
E(Y(t)| Fs) = E(eMXO=XENE=smu)giuX(s)=snu) | F
= X (s)=sn(u) o= (t=s)n(w) (X (1)=X(s)))

= Y(s)e tmsnlimsmu) L2y (g

6. Submartingale/Supermartingale
Every integrable stochastich process X = {X(¢), ¢ > 0}, which is adapted w.r.t. to
a filtration {F,, s > 0} and has a.s. monotone nondecreasing (resp. nonincreasing)

trajectories, is a sub- (resp. a super-)martingale.
a

In fact, it hols X(t) = X(s), t > s = E(X(t) | Fs) = E(X(s) | Fo) = X(s). In
particular, every subordinator is a submartingale.

i

Lemma 5.2.1

Let X = {X(t), t > 0} be a stochastic process, which is adapted w.r.t. a filtration {F;, ¢t > 0}
and let f: R — R be convex, such that E|f(X(t))] < oo, t>0. Then Y = {f(X(¢), t > 0)} is
a submartingale, if

a) X is a submartingale, or

b) X is a submartingale and f is monotone nondecreasing.

Proof Use the Jensen inequality for conditional expectations. E(f(X (t)) | Fs) > f(E(X(t)Fs))
)
>X(s

f(X(s)), since f is monotone nondecreasing (case b)) or the equation holds (case a)). 0

5.3 Uniform Integrability

Question: It is known, that in general X, % X does not give X, ni—loo> X. Here
X, Xl,Xg, ... are random Variables defined on the probability space (2, F,P). When does
»Xn —> X“ = X, —> X*“hold? The answer for this provides the term uniformly
1ntegrab1hty of {X,, ne€ N}

Definition 5.3.1

The sequence {X,,, n € N} of random variables is called uniformly integrable, if E|X,,| < oo,
n € N, and sup,, E(| X,,|1(| X,| > €)) P 0.
E—1+00

Lemma 5.3.1
The sequence {X,,, n € N} of random variables is uniformly integrable, if and only if

1. sup, E|X,| < oo (uniformly bounded),

2. if for every € > 0 there is a 0 > 0, such that E(|X,,|1(A)) < e for alln € Nand all A € F
with P(A4) < 4.

Proof Let {X,} be a sequence of random variables.
It has to be shown that

1) sup, E|X,| <

SUp B([XnlL(1Xnl > @) S22 0= 01 002036 5 0 E(XW[1(A)) < e VA € F: P(4) < 5
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77<:“
A, = {|X,| > z}. From the Markov inequality: P(4,) < 1E|X,| for all n = sup, P(A,) <

Lsup, E|Xa| < € —— 0= 3N > 0:Ve > N P(4,) < 6 2 sup,, E(|X,[1(A,)) < & = since
Tr—00
e > 0 can be chosen arbitrarily small = sup,, E(| X, |1(|X5| > z)) —= 0
Tr—00

7,:>“
1.
sup E[.Xn| < sup(E(|Xn[1(|Xn| > 2)) + E(IXn|1(|Xn]| < 2)))
< sup(E([Xn|L(|Xn| > 2)) + 2 P(|X,| < 2))
n N——’
<1
< e4+ax <0
2.
E([Xn[1(4)) = E(|Xn|1(|Xn| < 2)1(A)) + E(|Xa[1(|Xn| > z) 1(A))
N~ —_———— N~
<z <1 <1
< 2P(A) + E(|Xa[1(|Xn| > ),
——
<3 <3

for all e > 0 3z > 0, such that E(|X,|1(|X,| > z)) < § because of uniformly integrability.
Choose § > 0, 26 < 5.

Lemma 5.3.2
Let {X Inen be a sequence of random variables with E|X,| < oo, n € N, X, a'—s'> X.

Xn —> X if and only if { X, },en is uniformly integrable. In particular follows from X, _)—)
n—oo
X the convergence EX, — EX.

Proof Let {X,},en be uniformly integrable. It has to be shown, that E|X,, — X| —— 0.

n—oo

Xy 2 X = X, 5 X = P(|X, - X|>¢) —— 0 foralle.
n—oo n—oo n—oo

EIX,—-X| < E(|X, —X|1(|X,, - X|<¢))+E(X, - X|1(|X, — X]|>¢))
< e+t E(| X, — X|1(]X, — X|>¢))
— 0, because of lemma 5.3.1, 2) for A,={|X,—X|>¢}
+ E(X|1(|X, — X|>¢)) mo

——0, weil E|X|<oco, after the theorem of Lebesgue

Why E|X| < 00?7 It holds X, —> X, from Lemma 5.3.1, 1): sup,, E|X,| < oco. After the
lemma of Fatou it holds E|X| < 00, since for all g > 0 IN: for alln > N |X,, — X| < g9 =
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Xn <mi,m = |X|+e0, Xpn > 12, 12 = |X| —¢p, for all n > N. E|X| = E|lim;, 00 Xpn| <
lim,, o E|X,| < 0o. Thus we have proven that X, L% X.

Now let E|X,, — X| — 0 The properties 1) and 2) of lemma 5.3.1 have to be shown.

1
1. sup, E|X,| <sup, E|X,, — X| + E|X| < o0, since X, L, x.

)

2. Forall A C F, P(A) < 6: E(|X,[1(A4)) < E(|Xn—X]| 1(A)+E(|X|1(4)) < E|X, — X[ 45 =
—— —_———
<1 <7
¢ with an appropriate choice of §, since E|X| < oo and since for all ¢ > 0 3N, such that

for all n > N E| X, — X| < 5.

5.4 Stopped Martingales

Notation: z4 = (x)4+ = max(z,0), z € R.

Theorem 5.4.1 (Doob’s inequality):
Let X = {X(t), t > 0} be a cadlag process, adapted w.r.t. the filtration {F, ¢ > 0}. Let X
be a submartingale. Then for arbitary ¢ > 0 and arbitrary x > 0 it holds:

) _ EX (),

T

P<Sup X(z)>x

0<s<t

Proof W.lo.g. assume X (¢) >0,t >0 a.s..
P(supg<s<t X(8) > ) = P(supg<s<;((X(8))+ > z)), forallt > 0,z > 0. A= {sup;, _, X(s)>
x}, 0<t; <ty <...<ty, <t arbitrary times. A= U}_, A,

A1 = {X(t1)>l‘}
AQ = {X(tg) < :IZ,X(tQ) > .73}

Ay = (X(H) <o X(0) <o X(tea) <o X(t) > 2,

k=2,....,n, AinA;=0,i#j.
It has to be shown that P(A) < M

E(X (f)) > E(X(t)1(4)) = Sy E(X (t)1(Ar)) = 255, P(Ay) = aP(A), k= 1,...,n— 1,
since X is a martingale and thus follows that E(X (¢,)1 ( k) > E(X(tr)1(Ag)) > E(z1(Ax)) =

xP(Ak),k—l,..., —1, t, > tg.

Let B C [0,t] be a finite subset, 0 € B, t € B = it is proven similarly that P(maxscp X (s) >
.’E) < EX(t)

Qis dense in R = [0,t) NQU {t} = U By, By C [0,t) NQU {t} finite, By C By, k < n. By

the monotonicity of the probablhty measure it holds:

lim P (maxX(s) > :c> =P (Un{?el%ﬁiX(s) > a;}> =P < sup  X(s) > x) _ EX®)

seB S€EU, Bn

By the right-continuity of the paths of X it holds P(supy<s<; X (s) > z) < E
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Conclusion 5.4.1
For the Wiener process W = {W(t), t > 0} we are looking at the Wiener process with
negative drift: Y(¢) = W(t) — ut, o > 0, t > 0. From example nr.3 of section 5.3 X (t) =
exp{u(Y () +tu) — “72'5}, t > 0 is a martingale w.r.t. the natural filtration of W. For u = 2u it
holds

X(t) =exp{2uY(t)}, t>0.

2pY (1)

P {sup0<8<t } P {supogsét e21Y (s) > 62“””} < Ee e = e g >0

= limy_y00 P{Sup0<s<t (s) > z}. From example nr.3 Ee?#Y(®) = P(sup;> Y (t) > x) < e 2
holds.

Theorem 5.4.2

Let X = {X(t), t > 0} be a martingale w.r.t. the filtration {F;, ¢ > 0} with cadlag paths. If
T :Q — [0,00) is a finite stopping time w.r.t. the filtration {F;, ¢ > 0}, then, the stochastic
process {X7a:(t) > 0} is also a martingale, which is also called a stopped martingale. Where
a A b= min{a, b}.

Lemma 5.4.1

Let X = {X(¢), t > 0} be a martingale with cadlag-trajectories w.r.t. the filtration {F;, ¢t > 0}.
Let T be a finite stopping time and let {7}, },,en be the sequence of discrete stopping times out
of theorem 5.1.2, for which T, | T, n — oo, holds. Then {X (7}, At) }nen is uniformly integrable
for every t > 0.

Proof

0 , ifT'=0
Tn:{ k+1

REL it £ < T <EEL forak e Ny

1. Tt is to be shown: E|X (T, A t)] < oo for all n.
EIX(T, At)| < Zk: s EIX(£)| + E[X(t)] < oo, since X is a martingale, therefore

integrable.
2. It is to be shown: sup,, E(|X (T, A t)[1(| X (T, A t)| > z)) —=0
A
sup E(|X(Tn A t)[1(An))
| X S E([x () ({m= gr ) +EGXOIL@ > D1 (40)
< sl 2n<t E(1x() ({ 2";} mAn)) FE(XOIL{T, > 10 A))

— swpE (X (/1 (40) < supE(X(OI1(Y > )
— E(XMI1(Y >2),

where 1(A,) < 1(sup |X (T, At)| > x). It is to be shown: P(Y > x) — > 0 with help of
n n—o0

—_— —
Y

Doob’s inequality.
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P(Y > z) < P(supgcg<t | X(8)] > z) < e 0. Since E|X(¢)| < oo for all
- - r—r
t >0 and P(Y > x) — > 0, this gives E(IX()|1(Y > z)) — 0= sup, E|X (T, A
t)1(A)| —0 {X (T, AN't)}nen is uniformly integrable.
r—00

E[X®)|

Proof of theorem 5.4.2
It is to be shown that {X(T'At), ¢t > 0} is a martingale.

1. EJX(T' At)| < oo forall t > 0. As in conclusion 5.1.1 T, | T, n — oo = X (T), A t) n:—soo>

X (T At) is approximated, but since E| X (T, At)| < oo for all n it follows E| X (T At)| < 0o
because of lemma 5.4.1, since uniform integrability gives L'-convergence.

2. Martingale property
It is to be shown:

EX(TAt)|Fs) & X(TAs), s<t
)
E(X(TAH)1(A)) = E(X(T As)1(A)), A€ F,

First of all, we show that E(|X (T, At)|1(A)) = E(|X (T, A s)|1(A)), A € Fs, n € N. Let
ti,...,tr € (s,t) be discrete values, which T,, takes with positive probability in (s, ).

E(X(T,At) | Fs) = EEX(T,AL)|F) | Fs)
= E(E(X(Tn /\t) 1(Tn < tk) ‘ ]:tk) ’ ~7:8>
X(tx)
+E(E(X(Tn A t) 1<Tn > tk> ’ ]:tk) ’ .7:5)
X(t)
E(X () L(Tn < tx) | Fs) + E(L(T > t)E(X (@) [ F,.) | Fo)
E(X(tk/\T)|]:s) E( (tkfl/\Tn)’fs):
E(X (1 ATy) | Fs) = E(X(Tn A s) | Fs)
X(T,, A s)

ISl
w

Since X is cadlag and T, | T, n — oo, it holds X (T}, A t) n“_}—oo> X (T,, At). Furthermore

{X (T}, A t)}nen are uniformly integrable because of L!-convergence. Therefore follows

ha
vt E(X(T, Nt)1(A)) = E(X(T,As)1(A)) forall A€ Fq
\ \
E(X(TAHLA) = E(X(TAs)L(A))

= {X(T' At), t >0} is a martingale.

Definition 5.4.1
Let T : Q@ — R, be a stopping time w.r.t. the filtration {F;, t > 0}, F; C F, t > 0. The
,stopped“ o-algebra Fr is defined by A € Fp = AN{T <t} € F; forallt > 0.
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Lemma 5.4.2 1. Let S,T — stopping times w.r.t. the filtration {F;, ¢t > 0}, S a.ﬁs' T. Then
it holds Fg C Fr.

2. Let X = {X(¢), t > 0} be a martingale with cadlag-trajectories w.r.t. the filtration
{Ft, t > 0} and let T be a stopping time w.r.t. {F;, ¢t > 0}. Then X(T) is Fr-
measurable.

Proof 1. A€ Fs=An{S<t}eF,t>0. AN{T <t}=An{S<t}n{T' <t} e F
—_—— ——

eF eF
forallt > 0= Ae Fr.

2. X(T)=gof, f: Q= OxRy, flw) =(w,T(w)), g: 2xRy =R, g(w,s) = X(s,w).
It has to be shown: f-F | F x Bg,-measurable, g-F x Bgr, | Fr-measurable = go f-
F | Fr-measurable.
f-F | F x Br,-measurable is obvious, since T" is a random variable. If we’re looking at
the restriction of X = {X(s), s >0} on s € [0,¢], t > 0.
It has to be shown: {X(T) € B}N{T' <t} € F forallt >0, B € B(R).
X - cadlag = X(s,w) = X(0,w)1(s = 0) + limy00 Sy X (to, w)1(55E < 5 < Kt) =
X (s,w) is Bjgy x Fi-measurable = X(T') is F | Fr-measurable.
O

Theorem 5.4.3 (Optional sampling-theorem):
Let X = {X(t), t > 0} be a martingale with cadlag-trajectories w.r.t. a filtration {F%, ¢ > 0}
and let T be a finite stopping time w.r.t. {F;, t >0} = E(X(t) | Fr) = X(T At), t > 0.

Proof First of all we show that E(X(t) | Fr,) © X(T, At), t > 0, n € N, where T, | T,
n — oo is the discrete approximation of T. Let t; < to < ... < t = t be the values,
which 7T), At takes with positive probability. It is to be shown, that for all A € Fr, it holds:
E(X(t)1(A)) = E(X(T, ANt)1(A)).

(X(t) = X(T, A)1(A) = k_lX(tk) — X(tI({Ty At =t} N A)
=1
k
= Y (X)) - X(ti-1) LA LT At < t:})
=2
k
E((X(1) = X(Tu AD)LA) = IE((X (1) = X (ti)) UTn At < £)1(4))

~
[|
N

I

~
||
N

(BE(X(t:) = X (i) LT At < 1i)1(A) | Fii_y)

I

-
I|
N

E(L(T0 At < t)L(A)E((X (t) = X (tim1)) | Firy) = 0

E(X(t) | Fr,) © E(X(Tu At) | Fr,) = X(T,, At), since X(Ty,) is Fr,-measurable. T < T, =
Fr C Fr,. Since {X (T}, At)}nen is uniformly integrable for ¢ € [0, 00), it holds

E(X(t) | Fr) = ECX(8) | Fr,) = Jim EQX(Tu A1) | Fr,) = lim X(Tu A ) = X(T A2),

since X is cadlag. O
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Conclusion 5.4.2

Let X = {X(t), t > 0} be a cadlag-martingale and let S,T be finite stopping times, such
that P(S < T) = 1. Then it holds E(X(t AT) | Fs) & E(X(S At)), t > 0. In particular
E(X(T At))) =E(X(0)) holds.

Proof X — martingale. From theorem 5.4.2 {X(T A t), t > 0} is also a martingale. Use
theorem 5.4.3 for this true martingale:

E(X(TAL) | Fs)ZE X(TASAL)Z X(SAL),

since S < T. Set S =0, then E(E(X(T'At) | Fo)) = EX(0 A t) = EX(0). 0

5.5 Levy processes and Martingales

Theorem 5.5.1
Let X = {X(¢), t > 0} be a Levy process with characteristics (a, b, v).

1. There exists a cadlag-modification of X = {X(t), t > 0} of X with the same character-
istics (a, b, V).

2. The natural filtration of a cadlag-Lévy processes ist right-continuous.

Without proof

Theorem 5.5.2 (Regeneration theorem for Lévy processes):

Let X = {X(t), t > 0} be a cadlag-Lévy process with natural filtration {F/X, ¢ > 0} and
let T be a finite stopping time w.r.t. {F/X, ¢+ > 0}. The process Y = {Y(t), t > 0}, given
by Y(t) = X(T'+1t)— X(T), t > 0, is also a Levy process, adapted w.r.t. the filtration
{F#,,, t > 0}, which is independent from F7* and has the same characteristics as X. T is

called regeneration time. Since Y 4x , Y is independent of ]-'%( .

A 4

Abb. 5.1:

Proof 1. Assumption: There 3¢ > 0, such that P(T' < ¢) = 1. Let uy,...,u, € R. After
example nr.5 in section 5.2 Y; = {Yj(t) = exp{iu; X(¢t) — tn(u;)}, t >0}, j =1,...,n,
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is a complexvalued martingale, where 7(-) is the Levy-exponente of X (¢). Let 0 < ¢y <
t1 < ... <t, be arbitrary times. For all A € .7:7)1( it holds

A)exp{> " iu (Y (t;) = Y (t;-1))}) 2 P(A)E(exp{D iu (X(t;) — X(t;-1)})
j=1 Jj=1

A4) eXp{Z tui(Y(tj) = Y (tj-1))})

= E(1(A) exp{D_ iuj(X(T +1;) = X(T) = X(T +t;-1) — X(1)))})
j=1
_ o V(T 4 ty)  exp{n(uy)(T +t5)}
= E 1(‘4)]1;[1 Yf]gT—i_tjjl) eXp{U(UJ)J(T+t]]1)})
_ T YT+ t) - |
- e (1<A>j1:11f,j el tmn(un}m%&tj_l))
— = ?(T—i_t ) (tj_tj l)ﬂ(uj)e(tnitn_l)n(u ) \/
= E |1 )E}M mE(Yn(T+tn) | Fot, )
_ ey )n_lwe<tj—tf—1>n<w>.....e<tn—tn1>n<un>>
j=1"1J J—l)
— — E(l(A)ﬁe(t —tj— 1)77(“7) ﬁ (tj—tj—1)
j=1 j=1
= P(A)E(exp{i ) (u;(X(t;) — X(t;-1)))})
7j=1

Conclusion 5.5.1
Th=T+4t,, S1=T+1t,1<Tjas., 11,5 <t sincet >c+t,, T >c

Exercise 5.5.1
Show that the statement of the theorem follows from E(1(A) exp{}_7_; iu;(Y (t;) =Y (t;-1))}) =

P(A)E(exp{X 5 duj(X(t) — X(tj-1))})-

5.6 Martingales und Wiener Processes

Our goal: If W = {W (t), t > 0} is a Wiener process, then it holds

+o00 2
P(max W(s) >x) =4/ — / e~ 2tdy, for all x > 0.
s€[0,t]

Theorem 5.6.1 (Reflection principle):
Let T be an arbitrary stopping time w.r.t. the natural filtration {F}V, ¢ > 0}. Let X =
{X(t),t > 0} be the reflected Wiener process at time T', i.e. X (t) = W(TAt)—(W (t)—W (TAt)),

+>0. Then X < W holds.
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X(t)

W(t)

A 4

Abb. 5.2:

Proof Let X;(t) = W(T At), Xo(t) = W(T +t) — W(T), t > 0. From theorem 5.5.2 follows
that X is independent from (77, X;) (W — Lévy process and T' — regeneration time). It holds
W(t) £ X1(t) + Xo((t —T)4), X(t) £ X1(t) — Xo((t —T)4), t > 0. From theorem ?? follows
that
(T1, X1,X2) L (T, X1,—X2)
\ \
w X

I

O

Let W = {W(t), t > 0} be a Wiener process on (2, F,P), let {FV, ¢t > 0} the natural
filtration w.r.t. W. For z € R let T{Vg} =inf{t > 0: W(t) = z}. Tg} :=TW is an a.s. finite
stopping time w.r.t. {FV, t > 0}, z > 0. It obviously holds {FV <t} € F/V. Since W has

continuous paths (a.s.), {F}V, ¢t > 0} is right-continuous.

Conclusion 5.6.1
Let M; = maxgejo W(s), t > 0. Then it follows for all z > 0, y > 0, that P(M; > 2, W(t) <
z—y)=PW(t) >y+z2).

Proof M; be a random variable, since W has continuous paths. T := TV. After theorem 5.6.1
it holds: for Y (t) = W(T At) — (W(t) — W(T A1), t >0,V LW resp. {TV, W} < (1YY},
since W (t) = z, T)V = TY . Therefore

PT<t,W(t)<z—y)=PTY <t,Y(t) < z—y)

(TY <t}n{Y(t) < z—y} ={TY <t}n{2z-W({t) < z—y}. If T =T <t, then
Y (t)=W(T)—-W(t)+W(T) =2z — W(t) and hence follows that

P(T <t,W(t) < z—y) =P(T <t,22—W(t) < z—y) = P(T < t, W(t) > z+y) = P(W(t) > z+y).
Per definition in 7 = T}V it holds:

P <t,W({t)<z—y)=P(M;>2,W(t)<z—y)=PW(t)>y+=z)
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=TV <t maxep W(s) > z. 0

Theorem 5.6.2 (Distribution of the maximum of W):

For t > 0 and x > 0 it holds
2 o0 2
P(Mt>:c):\/—/ e~ T dy
7t Ja

< z) = P(W(t) > z). It holds
(t) ~ N(0,t), thus continuously

Proof In conclusion 5.6.1 set y = 0 = P(M; > 2z, W(t
P(W(t) > z) = P(W(t) > z) for all t and all z, since
distributed

%\_/

= P(M; > 2, W(t) <z) + P(W(t) > z) = P(W(t) > z) + P(W(t) > 2)
= P(M; > 2, W(t) <z)+P(M;>2,W(t) > z) =P(M; > z) = 2P(W( ) > 2)
= P(M; > z) =2P(W(t) > 2) = 2\/ﬁf e 2zdy—\ff Qtdy O

Let X (t) = W(t) —tu, t > 0, u > 0, be the Wiener process with negative drift. Consider
P(sup;> X (t) > x) = e 2, 2 > 0.

Motivation Calculation of the ruin-probability in risk theory.

Assumptions Initial capital z > 0. Let p be the volume of premiums per time unit.= ut
— earned premiums at time ¢ > 0. Let W(t) be the loss process (price development). =
Y(t) = z + tu — W(t) — remaining capital at time ¢. The ruin probability is P(inf;> Y (t) <
0) = P(x — sup;> X (t) < 0) = P(sup;>o X (t) > )

Theorem 5.6.3

It holds

P(sup X(t) > z) =e 2", >0, u>0.
>0

Proof Let T = T.X = inf{t > 0: X(t) = z}. It is known that Y (¢) = exp{uX (t) —t(% — pu)},
t >0, u >0, is a martingale. Let 7" = T At — a finite stopping time w.r.t. {F;*, ¢t > 0}. From
conclusion 5.4.1: EY(T") = EY(0) = Ee® =1

=EY(THUT <t)) +EY(THUT > 1)) =EY(TI(T < t)) + E(Y(T")1(t > 1))

It is to be shown that E(Y(T")1(T >t)) —— 0.

t—o00
From conclusion 77 it is known that
Wit X(t Wt
J&>O:> lim L: lim J—;L:—,qu(t)L>—oo
t t—00 t—oco t—oo t——+o00

Y(T)UT > t) = exp{uX(t) — t(% — pu)}1(T > t) # 0, if & —pu > 0= u > 2
o0
Otherwise, Y(T")1(T < t) < exp{uz} = after Lebesgue’s theorem it holds:

EY(THUT >t)) —— 0

t——+o0
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2

= lim E(V(D)UT <)) =1, Y(T) = exp{uz — T(% — )}

2
. u __—uz
= tlgpoo E(exp{—T(? —pu) (T <t)=e

Y= lim P(T <t) =P(T < 00) = e 2*
t—+o0

=  PGupX(t) >2) = P(TX < 00) = e 27
>0

Theorem 5.6.4
Let peR,6>0,T(t) =inf{s >0: W(s)+us=0t},t >0. Then T'= {T'(t), t > 0} is a Levy
process with mp)(z) = Ee T = exp{—t5(\/22 + 2 — p)}, t >0, 2 > 0.

Special case: For p = 0, § = %, T = {T(t), t > 0} is a 3-stable subordinator, which

is sometimes also called Leévy-subordinator. Here holds 7x(2) = e"tVZ.  (For a-stable
subordinators holds: rp(2) = e ", a € (0,1))

To remind you: The Leévy-measure of a a-stable subordinator is

o dzx

vde) = g5y 7iva

1(x >0), «ae(0,1).

Proof of theorem 5.6.4 for the special case (general case analog)

Let T(t) =inf{s > 0: W(s) = %}, t > 0. It is to be shown, that T = {T'(t), t > 0} is a Levy
process.

T(0) “ 0. Tt follows from theorem 5.5.2, that T' has independent and stationary increments.
T is stochastically continuous, since

%E}% P(T(t)>¢)= tlg(r)lo P(SIQ[%,};]W(S) = }E}% (1-— \/ / e % dy =1-1=0.

Thus we have proven that T is a Levy process.
It now is to be shown, that T'(t) is a-stable for a = 1, i.e. Ee™*T(®) = ¢7?V= for all z and ¢ > 0.
Similar to the proof of theorem 5.6.3 we are considering the martingale X = {X(s), s > 0},
X(s) = exp{zW(s) — s%}, s> 0.

Let Y, =T(t) An, for all n € N, t > 0, a sequence of stopping times w.r.t. {F;, t > 0}. From
conclusion 5.4.1

{X(Y,4), ne N} forall ¢, z > 0, is also a martingale.
EX(Y,.) = EX(Yo,) = EX(0) = %0 = 1

E(X (Yo )UT(t) <n)) + (X(Yn,t))l(T(t) >n) .
— E(exp{= W (T(1)) ~T(¢ )5 ILUT(6) < n)) + E(exp{zW (n) = n5 1(T(t) > n))

o

V2

It is to be shown, that E(exp{zW (n)— n%}l(T(t) >n)) — 0. It will follow from that, that

1 = limp 00 E(exp{z% - T(t)%} 1(T(t) <n)) = Eexp{z% — T(t)%}, since T'(t) is a finite
—_————

—1

n—o0o
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stopping time, i.e. P(T(t) < c0) =1 for all ¢t > 0.
The convergence above holds after Lebesgue’s theorem over majorised convergence

2 zZ
= Eexp{-T(?) % }J—e 'V = Ee Tl — ¢ tVE > 0.
N

=Uu

It is yet to be shown, that E(exp{zW (n) — n%} 1(T(t) > n)) —— 0.
N———

n—00
=5

In addition holds: T'(t) > n = W(n) < % o

exp{zW(n) — n%}l(T( t)y>n) < exp{t 5} for all n € No.

= Lebesgue’s theorem gives the convergence O

Remark 5.6.1

If T(t) = min{s > 0: W(s)+pus =dt}, p € R, 6 >0,t >0, then the Laplace transform of T'(¢),
Ee *T() = exp{—t8(1/2z + 2 — 1)} can be explicitly inverted into (compare theorem 5.6.4):
the density of T'(t) can be written as

ot _3 1
Fro(@) = =e™a™% exp{- SR8 4P > 0).

That is the density of the so called inverse Gauss distribution.

Theorem 5.6.5

Let X = {X(¢t), t > 0} be a Leévy process and let T = {T'(t), t > 0} be a subordinator,
which are both defined on a probability space (£, F,P). Let X and T be independent. Then
Y ={Y(¢), t > 0} is definde by Y (t) = X(T'(t)), t > 0, which is also a Levy process.

Without proof

5.7 Additional Exercises

Exercise 5.7.1
Let X,Y : Q — R be arbitrary random variables on (€2, F,P) with

E|X| <oo, ElY]<oo, EXY|<oo,
and let G C F be an arbitrary sub-o-Algebra of . Then it holds
E(X|{0,Q}) = EX,E(X|F) =
E(aX 4+ bY|G) = aE(X]|G) + bE(Y|G) for arbitrary a,b € R,
E(X|G) <E(Y|G),if X <Y,

E(XY|G) = YE(X|G), if Y is a (G, B(R))-measurable random variable,
E(E(X1G2)|G1) = E(X|G1), if G1 and Gy are sub-o-algebras of F with G; C Ga,
(X

E(X|G) = EX, if the og-algebra G and o(X) = X! (B(R)) are independent, i.e., if P(A N
A"y = P(A)P(4’) for arbitrary A € G and A’ € o(X).
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(g) E(f(X)|G) > f(E(X|G)), if f: R — R is a convex function, such that E|f(X)| < oo.

Exercise 5.7.2

Look at the two random variables X and Y on the probability space ([—1,1],B([-1,1]), iv)
with E|X| < oo, where v is the Lebesgue measure of [—1, 1]. Determine o(Y’) and a version of
the conditional expectation E(X|Y") for the following random variables.

(a) Y(w) = w® (Hint: Show first that o(Y) = B([—1,1]))
(b) Y(w) = (1) forwe B2 522) k=1, 4and V(1) =1

2
(Hint: Tt holds E(X|B) = E5{32) for B € o(Y) with P(B) > 0)

(c) Calculate the distribution of E(X|Y') in (a) and (b), if X ~ U[-1,1].

Exercise 5.7.3
Let X and Y be random variables on a probability space (£2, F,P). The conditional variance
var(Y'|X) is defined by

var(Y|X) = E((Y — E(Y]X))?|X).

Show that
varY = E(var(Y|X)) + var(E(Y|X)).

Exercise 5.7.4
For a stopping time 7 define the stopped o-algebra F; as follows:

Fr={B e F:Bn{r <t} e F for arbitrary t > 0}.
Let now S and T be stopping times w.r.t. the filtration {F;,¢ > 0}. Show:
(a) AN{S<T}eFrVAe Fg
(b) Fuings,ry = Fs N Fr

Exercise 5.7.5 (a) Let {X(¢),t > 0} be a martingale. Show that EX(¢) = EX(0) holds for
all t > 0.

(b) Let {X(t),t > 0} be a sub- resp. supermartingale. Show that EX(¢) > EX(0) resp.
EX(t) < EX(0) holds for all ¢ > 0.

Exercise 5.7.6
The stochastisc process X = {X(¢),t > 0} be adapted and cadlag. Show that

EX(t)?
p X < =AW
(S, X(v) > o) < Xy

holds for arbitrary x > 0 and ¢ > 0, if X is a submartingale with EX (#) = 0 and EX (t)? < oc.

Exercise 5.7.7 (a) Let g : [0,00) — [0,00) be a monotone increasing function with

—t — 00, I — 00.

Show that the sequence X1, X, ... of random variables is uniformly integrable, if sup,, ey Eg(|X5]) <
0.
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(b) Let X = {X(n),n € N} be a martingale. Show that the sequence of random variables
X(TN1),X(TAN2),...is uniformly integrable for every finite stopping time T, if E| X (T')| <
oo and E(|X (n)[1r>ny) — 0 for n — oo,

Exercise 5.7.8

Let S ={S, =a+ >, X;,n € N} be a symmetric random walk with @ > 0 and P(X; =1) =
P(X; = —1) = 1/2 for i € N. The random walk is stopped at the time 7', when it exceeds or
falls below one of the two values 0 and K > a for the first time, i.e.

T = mi < > K.
1%1218{Sk_00r Sk > K}

Show that M, = Y1 S; — 353 is a martingale and ECE,S) = $(K? — a®)a+ a holds.
Hint: To calculate E(M,|FM), n > m, you can use E(Y3}_, X;)> = 0,1 < k <1, M, =
S Sr Y r a1 Sr — 355 and S, = Sp — Spm + S
A discrete martingale w.r.t. a filtration {F, }nen is a sequence of random variables { X}, }nen
on a probability space {2, F, P), such that X, is measurable w.r.t. {F,},en and E(X,,11|X,) =

X, for all n € N. A discrete stopping time w.r.t. {F,}nen is a random variable 7' : Q —
NU {oo}, such that {T' < n} € F, for all n € NU {oo}, where Foo = o{lUs>; Fn}

Exercise 5.7.9
Let { X, }nen be a discrete martingale and 7' a discrete stopping time w.r.t. {F,}nen. Show
that{ X nin{1,n} fnen is also a martingale w.r.t. {Fp}nen-

Exercise 5.7.10

Let {Sp, nen be a symmetric random walk with S, = Y"1 ; X; for a sequence of independent and
identically distributed random variables X1, Xs, ..., such that P(X; = 1) = P(X; = -1) = %
Let T = inf{n : |S,| > v/n} and F,, = 0{X1,..., X}, n € N.

(a) Show that T is a stopping time w.r.t. {F,}nen.

(b) Show that {Gy}nen with G, = fﬂin{ﬂn} — min{7,n} is a martingale w.r.t. {F,}nen.
(Hint: Use exercise 5.7.9)

(c) Show that |G| < 4T holds for all n € N.
(Hint: It holds |G| < [S7, 7y | + [min{T,n}| < 82,y +T)

Exercise 5.7.11

Let X1, X, ... be a sequence of independent and identically distributed random variables with
E|X1] < co. Let F, = o{X1,..., X}, n € N, and let T be a stopping time w.r.t. {F,}nen
with ET < oo.

(a) Let T be independent of X;, Xs,.... Derive a formula for the characteristic function of
St = ZZTZI X; her verify the Wald’s identity with it, i.e. ESp = ETEX];.

(b) Let additionally EX; = 0 and 7' = inf{n : S, < 0}. Use theorem 2.1.3 from the lecture,
to show that ET' = co. (Hint: Proof by contradiction)
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6.1 Sequences of Independent Random Variables
It is known, that the series

Pl <o = a>1,
<o <= a>0,

oo (=1
n=1 no«

since the drift of neighboring terms have oder #

When (for which o > 0) converges the series > o2 ; 2—2, where 9, are i.i.d. random variables
with ES, =0, e.g. P(6, = £1) = 3?

More general question: Under which conditions converges (a.s.) the series Y oo ; X,,, where
X, are independent?

It is known, that for a sequencce of random variables {Y,,} with Y, n:—soo> Y it holds that

Y, _}L> Y. The opposite is in general not true.
n 0.]

Theorem 6.1.1
Let X, n € N, be independent random variables. If S,, = > 1" | X; BN S, then S, —> S.
n—oo n—oo

Without proof

Conclusion 6.1.1
If the sequences X,,, n € N, are independent, var X, < oo, n € N, EX,, =0, > 2, var X, < o0,
then > o2 ; X,, converges a.s.

Proof S, =71, X;, S=>7;2,X;, m <n,
n

E(Sn = Sm)? =[S0 — Smll7z = > varX; ———0,

. n,Mm—00
i=m+1

since 39°; var X; < o0 = {S, }nen is a Cauchy sequence in L%(Q, F, P)

oo
=35 = lim S =3 X; = S, —— g IO O g s g
n—00 n—o0 n—00

=1

Conclusion 6.1.2
If 32, a2 < oo, where {an}nen is a deterministic sequence, and {d,} is a sequence of i.i.d.
random variables with ES, = 0, varé, = 02 < oo, n € N, then the sequence >.°°; a,d,

converges a.s.

Exercise 6.1.1
Derive conclusion 6.1.2 from theorem 6.1.1.

84
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For us: 6, i.i.d., E§, = 0, varé, = 02 > 0 (e.g. J, ~ Bernouli(%)), an, = n%, n € N.

o1 n% < oo, if Y00y n% < 00, ie. for a < %
Conclusion 6.1.3
Let { X, }nen be a sequence of independent random variables with > o2 | EX,,, >0 ; var X, < 0o

00 a.s.

Proof Let Y, = X, — EX,, thus X,, = EX,+Y,, n € N, and EY,, = 0, > 72 ,a, < o
~——
=an
after the condition. Y °,Y, ‘2" oo after conclusion 6.1.1, since var X,, = varY,, n € N,
mvarX, <oo =Y, X :Znan%—ZnYna{s'oo. O

6.2 Stationarity in the Narrow Sense and Ergodic Theory

6.2.1 Basic ldeas

Let { X, }nen be stationary in the narrow sense sequence of random variables, i.e. foralln,k € N
the distribution of (X,,..., XnJrk)T is independent of n € N. In particular, this means that all
X, are identically distributed. In the language of Kolmogorov’s theorem:

P(Xn, Xnt1,...) € B) =P((X1,X2,...) € B),

foralln € N, for all B € B(R®), R =R xR x...x....

Example 6.2.1 (of stationary sequences of random variables): 1. Let {X,},en be
a sequence of i.i.d. random variables, then { X, },en is stationary.

2. Let Y, = aoXp+. .. +ar X1k, k — fixed number out of N, { X, }en from 1), ag,...,ar € R
(fixed), n € N. Y,, are not stationary anymore, bud identically distributed. The sequence
{Y,. }nen is stationary.

3. Let Yy, = 37725 a;Xn; for arbitrary n € N. The sequence {a;}jen is a sequence of
numbers from R with the property that 3272, |a;| < co and EX,, =0, 3272 var X, < oo,
> 52 a? < oo (compare conclusion 6.1.2).
It is obvious that {Y},},en is a stationary sequence. (This construction is important for
autoregressive time series (AR processes), e.g. in econometrics).

4. Let Y, = g(Xn, Xnt1,...), n € N, g : R® — R measurable, {X,,},en from 1). Then
{Y, }nen is stationary.

Remark 6.2.1 1. An arbitrary stationary sequence of random variables X = {X,, } en can
be extended to a stationéren sequence X = {Xn}nez. In fact, the finite dimensional
distribution of X can be defined after the theorem of Kolmogorov as:

d
(Xna---aXn—i-k):(Xla---an—i-l)a nel, keN.

Therefore (after Kolmogorov’s theorem) there exists a probability space and a sequence
{Y. }nez with the above distribution. We set X = {Y,}necz and hence follows that

{Yn}nEN i {Xn}nEN-
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2. We define a shift of coordinates. Let z € R*_, x = (v, k € N), v = (zx,k € Z). Define
the mapping 6 : R®_ — R, (0z)r = zj41 (shift of the coordinates by 1), k € N,

—00
k € Z. If 0 is considered on R, then it is bijective and the backwards mapping would

0!
be (0_1l‘)k =x_1, k € Z. -
Let now X = {X,,, n € Z} be a stationary sequence of random variables. Let X = 6X.

It is obvious that X is again stationary and X 2 X. Hence follows that
P(0X € B)=P(X € B), B e B(RX,).

0 is called a measure preserving map. There are also other maps which have a measure
preserving effect.

Definition 6.2.1
Let (2, F,P) be an arbitary probability space. A map T : Q — Q is called measure preserving,
if

1. T is measurable, i.e. T"'A € F forall A € F,
2. P(T7'A) =P(4), AcF.

Lemma 6.2.1

Let T be a measure preserving mapping Xo — a random variable. We define a sequence of
random variables X,,. Let UY (w) = Y (T'(w)), w € Q, be the map for an arbitrary random
variable Z to (2, F,P). Define X, (w) = U"Xp(w) = Xo(T™(w)), w € 2, n € N. Then the
sequence of random variables X = {Xy, X1, Xo,...} is stationary.

Proof Let Be B(R®), A={weQ:X(w)e B}, 41 ={we:0X(w) € B}.

X (@) = (Xo(w), Xo(T(w)), Xo(T2))....)
6X(w) = (Xo(T(w)), Xo(T*(w)), ..

Therefore w € A; & T(w) € A. Since P(T~1A) = P(A), it holds P(A;) = P(A). For 4, =
{we Q:60"X(w) € B} the same holds, P(A,) = P(A4), n € N (Induction). And hence follows
that the sequence X is stationary. O

The sequence X in lemma 6.2.1 is called the sequence generated by T.

Definition 6.2.2
A map T : Q — Q is called measure preserving in both directions, if

1. T is bijective and T'(Q2) = Q,
2. T and T~! are measurable,
3. P(T71A) = P(A), A € F, and therefore P(TA) = P(A).

Thus, exactly as in lemma 6.2.1, we can construct stationary sequences of random variables
with time parameter n € Z:

X(w) ={Xo(T"(w))}nen, w e,

where T is a measure preserving map (in both directions), Xo(7%(w)) = Xo(w), (TY = Id).
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Lemma 6.2.2
For an arbitrary stationary sequence of random variables X = (Xg, X1,...) there exists a
measure preserving map 7' and a random variable Yj, such that Y (w) = {Yo(T"(w)) }nen has

the same distribution as X: X % Y. The same statement holds for sequences with time
parameter n € Z.

Proof We are considering the canonical probability space (R*, B(R*),Px), Y(w) =w, w € R,
T = 0. With that, Y is constructed, since Px(A) = Py (A) =Px(Y € A), A € B(R*>). |

Example 6.2.2 (Measure preserving maps): 1. Let Q = {w1,...,wi}, k > 2, F = 29,
P(wi) = %, i =1,...,k, be a Laplace probability space. Tw; = w;q foralli =1,... k—1,
ka = W1i.

2. Let @ =[0,1), F = B([0,1)), P = 11 — Lebesgue-measure on [0,1). Tw = (w+s) mod 1,
s > 0. T is measure preserving in both directions.

Sequences of random variables, which in these examples can be generated by the map 7', are
mostly determinisitc resp. zyclic. In example 1) we can consider a random variable X : Q@ — R,
such that X (w;) = x; are all pairwise distinct. Therefore X,,(w) = Xo(T™(w)) uniquely defines
the value of X, 11(w) = Xo(T" ! (w)), for all n € N.

Remark 6.2.2

Measure preserving maps play a big role in physics. There, T is interpreted as the change
of state of a physical system and the measure can e.g. be the volume. (Ex.: T'— Change of
temperature, measure P — volume of the gas.) Therefore the to be developed ergodic theory is
transfered to some physical processes.

Theorem 6.2.1 (Poincare):
If T is a measure preserving map on (2, F,P), A € F, then for almost all w € A the relation
{T™(w) € A} holds for infinitely many n € N.

That means, the trajectory {T"(w), n € N} returns to A infinitely often, if w € 2, P(A) > 0.

Proof It is to be shown, that A € F, T : Q — € is measure preserving. Show, that for almost
all w € Q, Tw) € A for infinitely many n € N. Let N = {w € A: T"(w) ¢ AVn > 1}. Tt is
obvious that N € F, since {w € Q : T"(w) ¢ A} € F foralln >1. NNT "N = () for all
n>1. In fact, if w € NNT "N, then w € A, T"(w) ¢ A for alln > 1, w; = T"(w), w1 € N.
Hence follows, that w; € A and T"(w) € A. That a contradiction.

T7"N ={w € Q:T"(w) € N}. For arbitrary m € N it holds

T"NAT "N = T~™(NNT"N) =T""(0) = 0.

Hence follows that the sets T~ N, n € N, are pairwise disjoint, belong to F and P(T""N) =
P(A) =a > 0 holds.

1>P(Up,T"N)=> P(T"N)=)> a=a=0=P(N)=0.
n=0
Hence follows that for almost all w € A (w € A{}N) there exists a n; = nj(w), such that
T™(w) € A. Let now T* be instead of T, k € N. It holds P(N;) = 0 and for all w € A{} Ny,
there exists n, = ng(w), such that (T%)" (w) € A. Since knj, > k it follows for almost all
w € A, that T"(w) € A for infinitely many n. O
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Conclusion 6.2.1
Let X > 0 be a random variable, A = {w € Q: X(w) > 0}. Then it holds for almost all w € Q
that 3°° o X(T(n)(w)) = 400, where T is a measure preserving map.

Exercise 6.2.1
Proof it.

Remark 6.2.3

The proof of theorem 6.2.1 holds for the sets A € F : P(A) > 0. If however P(A) = 0, it is
possible that A{} N = () and thus the statement of the theoreme is trivial.

As an example we are considering Q = [0,1), F = B([0,1)), P = 11 — Lebesgue-measure,
T(w) =w+s mod 1, s € Q. As set a A we are considering A = wp, wp € Q. Then T"(wp) # wo
holds for all n, because otherwise there exists k£, m € N, such that wg + ks —m = wg and hence
follows s = 7+ € Q. Thus we get a contradiction.

6.2.2 Mixing Properties and Ergodicity

Here we study the dependency structure in a stationary sequence of random variables, which
is generated by a measure preserving map 7.

Let X = {X,},cy be a stationary sequence (in the narrow sense) of random variables. Then
there exists a measure preserving map 7' : Q — €, such that X, (w) < Xo(Tn)(w)) and
Xn 4 Xo, and thus X gives the marginal distribution of the sequence X. In return the map
T responsiblbe for the dependency within X (it indicates the properties of multidimensional
distributions). We will therefore now examine the depedency properties, which are generated
by T.

Definition 6.2.3 1. Event A € F is called invariant w.r.t. (a measure preserving map)
T:Q—QifT71'A=A.

2. Event A € F is called almost invariant w.r.t. T, if P(T"!AAA) = 0. A is the symmetric
difference.

Exercise 6.2.2
Show that the set of all (almost) invariant events T is a o-algebra J(J*).

Lemma 6.2.3
Let A € J*. Then there exists B € J*, such that P(AAB) =0

Proof Let B = limsup,,_,o, 7" A = N32,U T~*A. It is to be shown, that B € J, P(AAB) =
0. It is obvious, that 7-*(B) = limsup,, ,., 7~ "t A = B and hence follows that B € .J.
It is easy to see, that AAB C U2 (T *FAAT=*+D A). Since P(T"*AAT~(F+1) A) = 0 for all

k> 1 due to A € J*, it follows that P(AAB) = 0. O
Definition 6.2.4 1. The measure preserving map 7' : 2 — € is called ergodic, if for every
AelJ
P(A) = { "
2. The stationary sequence of random variables X = {X,}, y is called ergodic, if the

measure preserving map 1 : € — €2, which generates X, is ergodic.
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Lemma 6.2.4
The measure preserving map 7' is ergodic if and only if the probability of arbitrary almost
invariant sets

P(A) = { (1) for all A € J.

Proof , <«

Obvious, since arbitrary invariant set are also alsmost invariant, i.e. J C J*

” j [13

T — ergodic. Let A € J*. It follows that there exists B € J, such that P(AAB) = 0 nach
Lemma 6.2.3. T' — ergodic and hence follows

P(B):{(l] and P(A):{(l) .

Definition 6.2.5
A random variable Y : Q — R is called (almost) invariant w.r.t. 7' :  —  (measure preserving
map), if Y (w) =Y (T'(w)) for (almost) all w € Q.

Theorem 6.2.2

Let T : 2 — R be a measure preserving map. The following statements are equivalent:
1. T — ergodic
2. If Y is invariant w.r.t. T', then Y = const a.s.

3. If Y is invarinat w.r.t. T', then Y = const a.s.

Proof 1) = 2)=3) =1)

1) = 2)
T — ergodic, Y — almost invariant. It is to be shown, that Y (w) = const for almost all w € Q.
Y(T(w)) = Y(w) almost surely. Let A, = {w € Q:Y(w) <w}, w € R. Hence follows, that
A, € J* for all v € R and after lemma 6.2.4

P(4,) = { (1) for all v.

Let ¢ = sup{v : P(A,) = 0}. Show that P(Y =¢) = 1.
Ay T, v =00, Ay L 0, v — —0c0 = |c] < o0.

P(Y<c):P< ;;Ozl{ygc—;}) giP(AC_%)zo.
n=1

Just the same P(Y > ¢) =0and P(Y =¢) = 1.
2)=3)
Obviously.

3) = 1) It is to be shown, that T is ergodic, i.e. for all A € J P(A) = { (1) .

andP(A):{O.D

Let Y = 14 — invariant w.r.t. T, it hence follows that 14 = const = { 1

= O



90 6 Stationary Sequences of Random Variables

Remark 6.2.4 1. The statements of theorem 6.2.2 stays true, if you demand 3) for a.s.
bounded random variables Y.

2. If Y is invariant w.r.t. 7, then Y;, = min{Y,n}, n € N, is also invariant w.r.t. 7'

Example 6.2.3 1. Let Q = {w1,...,wq}, F =22, P({w;}) =3, i=1,...,d Let T(w;) =

. T . . . . .
wi+1 mod d, i.e. wg — wi. T is obviously ergodic and every other invariant random
variable is constant.

2. Let Q =1[0,1), F = Bjg1), P =v1, T(w) = (w+s) mod 1. Show that T' is ergodic <=
s ¢ Q.

Proof ,, < ¢
Let s ¢ Q, Y — an arbitrary invariant random variable. Let EY? < co. We decompose the
random variable Y into a Fourier-series. The Fourier series of Y is Y (w) = 352 ) a,e*™™. We

want to show that a, = 0, n > 0, and hence follows that Y (w) = a¢ a.s.. Then T is ergodic
and after theorem 6.2.2.

ay =< Y(w), eZTrinw >pa= E(y(w)ef%'rmw) — E(y(T(w))672ﬂ'inw)672wins — 6727rinsan’

s¢Q = a,=0.
, :>“
If s =" € Q, then T is not ergodic, i.e. there exists A € J, such that 0 < P(A4) < 1. Let

A= UpZ} {w e:Z<u< %} and P(A) = 5. A is invariant, since T(A) = (A + 22—77?)
mod 1 = A. O

Definition 6.2.6 1. The measure preserving map 1T : Q2 —  is called mixing, if for all
A1, Ay € F it holds: P(A; NT7"Ag) —= P(A1)P(As2), i.e. by repeated application
from T on As, Ay and A are getting asymptotically independent.

2. Let X = {Xn}neN0 be a stationary sequence of random variables which are generated by
a random variable Xy and a measure preserving map 1. X is called weak dependent, if
the random variable Xj and Xy, are getting asymptotically independent for n — oo ,
i.e. for all By, By € By

P(Xk € By, Xiyn € BQ) m P(X(] S Bl)P(XO S BQ)

Theorem 6.2.3
A stationary sequence of random variables X = {Xn}neNov generated by the measure preserving
map T, is weak dependent on average, if and only if T' is mixing on average.

Exercise 6.2.3
Proof the theorem.

Theorem 6.2.4
Let T be a measure preserving map. It is ergodic, if and only if it is mixing on average.

Proof ,, < ¢
It is to be shown, that if 7" is mixing on average, hence follows that T is ergodic, i.e. forall A € J
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it holds P(A) = { (1) CALEF, Ay =A=J, LY P(AINT " (A2)) = P(A1 N Az) ——
—_—— n— 00
=As
P(Al)P(AQ) P(Al N AQ) = P(Al)P(AQ) for A1 = A, P(A) = P2(A) and P(A) = { (1]
, :> [43
Later. O

Now we give the motivation for the term ,,mixing mapping®.

Theorem 6.2.5
Let A € F, P(A) > 0. The measure preserving map 7' : 2 — Q is ergodic (i.e. mixing on
average), if and only if

P(UplyT"A) =1.

Le. the archetypes T~ ™A, n € Ny, are covering almost the whole (2.

Proof , <«
Let B = U T "A. Obviously, T"!B = U, T~ A C B. Since T is measure preserving, i.e.
P(T-'B) = P(B), it follows that P(T"'BAB) = 0, B € J* (B — almost invariant w.r.t. T)
and P(B) — { Y PB)>P(A)>0=PB) =1

, :> 13
Let T be non-ergodic. It is to be shown, that P(B) < 1.
If T is not ergodic, there exists A € J, such that 0 < P(4) < 1. B = U;2T""A = A and
P(B) < 1. 0

Remark 6.2.5

So far, the fact that the random variables X are realvalued was never explicitly used. Therefore
the above observations can be transfered without modifications to sequences of random elements
with values in an arbitrary measurable space M.

6.2.3 Ergodic Theorem

Let X = {X,},~, be a sequence of random variables on the probability space (Q, F,P). If X,
are i.i.d. , then

1 n—1
- Xy L—OJ EXo, E|Xo| < 0.
k=0

We want to prove a similar statement about stationary sequences.

Theorem 6.2.6 (Ergodic theorem, Birkkoff-Kchintchin):

Let X = {Xn}neNo be a stationary sequence of random variables, generated by the random
variable Xy and a measure preserving map 7' :  — . Let J be the o-algebra of the invariant
sets from 7', i.e. E|X(| < co. Then

1 n—1
= X 5 E(Xo | J).
n k:O n—oo

If X is weak dependent on average (i.e. T' — ergodic), then E(Xy | J) = E(X)).
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Lemma 6.2.5
Let {X,}, T be as above. Let S,,(w) = Y725 Xo(T*(w)), My (w) = max {0, S1(w), .. ., Sk(w)}.
Under the condition of theorems 6.2.6 it holds

E(Xo1(M, >0)) >0, neN.

Proof For all £ < n it holds Si(w) < M,(w). We can add X, and get
—— ——
Sp(T(w))  Mn(T(w))

Xo(w) + M(T(w)) > Xo(w) + Sp(T(@)) = Spa1 ().

For k = 0 it holds Xo(w) > Si(w) — Mp(T'(w)). The same holds for £ = 0,...,n — 1. Hence
follows that Xo(w) > max{Si(w),...,Sn(w)} =M, (T(w)). Since M,(w) > 0, then M, =

=Mn(w)
max {S1,...,S,}. It follows that

E(Xo1(M, > 0)) > E((M, — M, (T))1(M, > 0)) > E(M, — M,(Tw)) = 0.
O

Proof of the Ergordic theorem The statement E(Xy | J) = E(Xp) is trivial, since for
ergodic T' it holds J = {0, Q}. w.lo.g. let E(X( | J) = 0, otherwise consider Xy = E(X | J).
It has to be shown: lim, ‘%” = 0, .S, = Z’,Z;é Xp. It is enough to show that

0< hmlnfS— < hmsups— <0.

n—oo n n—oo N

We first of all show that S = limsup,,_, S; < 0. It is enough to show that P(S > ¢) = 0 for
Ae

all ¢ > 0. Let X§ = (Xo —e)la., Sy = X020 X3(TV(w)), My = max{0,5;,...,S;}. From

lemma 6.2.5 it follows E(X§1(M;; > 0)) > 0 for all n > 1. But,

{M; >0} = { max Sy, > 0} Th—soo {supSZ > 0} = { sup Sk > 0} = {supsk > e}ﬂAE = A,
1<k<n k>1 k

k geql k k>1

since {sukaI% >5} D {§>5} = A.. After Lebesgue’s theorem: 0 < E(XjLl(M) >

0)) — E(X{14.), since E|X§| < E|Xo| +e. Hence 0 < E(Xjla.) = E(Xo —¢)1a.) =
n [e.9]

E(Xola,) — eP(A:) = E(E(Xola, | J)) —eP(Ae) = E(14. E(Xo | J)) — eP(Ae) = —eP(A:) and

=0

hence follows P(A:) <0 and P(A;) =0 for all ¢ > 0.

In oder to show 0 < liminf, . ST? = S it is enough to look at —Xj instead of Xy, since

hmsupn_mo(—%) hmlnfn_wo(?") Since P(—S < 0) =1 it holds P(S > 0) = 1. O

Remark 6.2.6

The speciality about the Ergodic theorem 6.2.6, in comparision with the common law of large

numbers lies in the fact that the limit lim,_, % > ore1 Xk 2% E(Xo | J) is random.
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Example 6.2.4
We are considering the probability space from example 6.2.3 a). Q = {w1,...,wq}, d =2l € N.
T : Q — Q be defined by

T(wl) = Wi+2 , izl,...,d—2,
T(wi-1) = wi ,
T(wa) = w2

Let A1 = {wi,ws,...,wy_1}, A2 = {w2,w4,...,wy}. Since (Q, F,P) is a Laplace probability
space (P({w;}) = %, for all 4) it follows that P(A4;) = £, i = 1,2. On the other hand, A, Ay € J
w.r.t. T" and therefore T is not ergodic. For an arbitrary random variable Xy : 2 — R it holds

1 n—1 -1

Xo(wzj4+1), with probability %, ifwe Ay,

- ™ ; d =0
n JZ%)( () n—00 { %25:1 Xo(wzj) , with probability %, if w e As.

Proof of theorem 6.2.4 It has to be shown: If T': Q — Q is ergodic, then T is mixing on
average, i.e. for all A, Ay € F

1 n—1
- > P(ANT " A) —— P(A)P(4y).
k=0

Let Y, = 23770 1(T7*A,)
{1(T_kA2)}k€N. After Lebesgue’s theorem from 1(A;)Y, — 1(A1)P(A2) it follows that

Th 6.2.6 . : -
—RTER 220, P(Ag), since T is ergodic, thus also the sequence
n— o0

n—1
E(L(A)Y:) = © 3 P(A T dy) — 5 P(4))P(ds).
k=0

Lemma 6.2.6

If {Xn},cn is a uniformly integrable sequence of random variables and p,; > 0, such that
1 pni=1for all n € N, then the sequence of random variables Y;, = >, pn.i | Xi|, n € N,

uniformly integrable as well.

Without proof

Conclusion 6.2.2
Under the conditions of theorem 6.2.6 it holds

1 n—1 12
~ > Xk —— E(Xo| J)
k=0

resp.

1 n—1
L2
~ > Xp —— E(Xo)

k=0
in the ergodic case.

Proof If {X}nen, is stationary, it then holds sup, E(|X,|1(|Xs| > €)) = E(|Xo[1(|Xo| >

£)) — 0, since E|Xy| < oo. Let S, = %ZZ;& Xy = 21 PniXic1, Pni = 5 Sn =
%Zz;é X = Y im1 Pn,ilXi—1]. From lemma 6.2.6, {S‘n} - is also uniformly integrable and
n

after Lemma 5.3.2 it follows from Sj, —— 0 that E|S,| < L Y2720 E[X}| —— 0. 0
k—ro0 n—00
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6.3 Stationarity in the Wide Sense

Let {X,},,c7, be a sequence of random variables, which is stationary in the wide sense: E|X,[* <
oo, n € N. E|X,,| = const, n € N, cov(X,,, X;,) = C(n —m), n,m € Z.

6.3.1 Correlation Theory

Theorem 6.3.1 (Herglotz):
Let C : Z — R be a positive semi-definite function. Then there exists a finite measure y on
(—m, ), such that
C(n) :/ e u(dr), n€Z.
-7

u is called spectral measure of C.

Remark 6.3.1
Since covariance function of a stationary sequence is positive semi-definit, the the above repre-
sentation holds for an arbitrary covariance function C.

Definition 6.3.1
A family {Qx, A € A} of probability measures is called weakly relatively compact, if an arbitrary
sequence of measures {Qxn },,cy has a subsequence {Qxy, } which converges weakly.

Definition 6.3.2
A family of probability measures Q = {Qx, A € A} on (S, B), B — Borel o-algebra on a metric

space S is called tight, if for all ¢ > 0 there exists a compactum, such that K. € B and
Qx(K:) >1—¢forall A € A.

Theorem 6.3.2 (Prokhorov):

If the family of probability measures @ = {Qx, A € A} on the metric measurable space (S, B) is
tight, then it is weakly relatively compact. If S is a Banach space, then every weakly relatively
compact familiy @ = {@Qx, A € A} of measures is also tight.

Without proof

neN?

The theorem of Prokhorov is used to prove the weak convergence of a sequence of probability
measures, by checking the tightness among other things. In particular, if S is compact, then
every family of probability measures on (S, B) is tight, since K. = S for all £ > 0.

Proof of theorem 6.3.2 | < ¢
If C(n) = [7_ ey (dx), n € Z, then for all n € N, for all z1,...,2, € Cand t1,...,t, € Z

2
wu(dz) > 0.

f zjziC(ti — tj) = /_7r

ij=1

n
E : Ziezzix
i=1

T

Hence follows that C' is positive semi-definit.

” :> “
For all N > 1, z € [—m, ], define the function gn(z) = ﬁzgjﬂ C(k — j)e hzeliz >
which is continuous in z, since C' is positive semi-definit. It holds

w@ =5 ¥ (1-8)) o
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sine there are N — |n| pairs (k,j) € {1,..., N}?, such that k — j = n. Define the measure
on ([_ﬂ-aﬂ-]?B[—W,ﬂ) by /‘LN(B) = ng(:L‘)dﬂS', B e B([_ﬂ-ﬂT])'

/7r " QN (dx) = /7r " (a)dx = { (1 B %) ¢, Inl <N,

— - 0, otherwise,

since {¢"*} _ is a orthogonale system in L?[—m, x]. For n = 0 it holds Qn([—m,7]) = C(0) <
00, hence {%} - is a family of probability measures, which is tight. After theorem 6.3.2
n

there exists a subsequence { N}
such that Qn % . p — finite measure on [—m, 7] and hence follows
— 00

lim ™ gn(z)dr = lim ( - |n|) C(n)=C(n), forallneZ.
k—oo J 1 k—o0 Ny,

O

Let X = {X, },cz be a stationary in the wide sense sequence of random variables. Then the
following spectral representation holds:

X, i/ e Z(dz), ne€Z,

where Z is an orthogonal random measure on ([—m, x|, B([—m,7])). Therefore both Z and
I(f) = [T f(z)Z(dz) are to be introduced for deterministic functions f : [—m, 7] — C.

6.3.2 Orthogonal Random Measures
Construction scheme of Z resp. I(-):
1. Z is defined on a semiring I (the sumbset of A).
2. Z is defined on the algebra A, which is generated by K.

3. Define the integrall w.r.t. Z for a simple function on o(A), if the measure pu(A) < oo, p
— given measure.

4. Define I as lim,, o I(f,) for arbitrary random functions f, f = lim,_co fn, fn simple,
u(A) < oo.

5. Define I on a o-finite space A = UpAy, p(An) < 00, Ay N Ay =0, n # m, as I(f) =
YonI(f | An), I, — integralw.r.t. Z on A,. Hence Z is extended on {A € o(A) : pu(A) < oo}
as Z(A) =1(1(A)).

Step 1
Let K be a semiring of the subsets of A (A — arbitrary space), i.e. for all A,B € K it
holds AN B € K; if A C B, then there exist Ay,..., A, € K, A;NA; =0, i # j, such that
Definition 6.3.3 1. A complexvalued random measure Z = {Z(B), B € K}, given on the
probability space (€2, F,P), is called orthogonal, if

a) all Z(B) € L%(Q, F,P), B K,
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b) A,BeK, ANB =10 = (Z(A), Z(B)) j2(q.rp) = E(Z(4),Z(B)) = 0,

c) as a random measure the o-additivity of Z holds: If B, By,...,B,,... € K, B =
UnBn, BiNBj =014 # j, Z(B) 2 ., Z(By), where the convergence of this series
is intepreted in L?(, F,P) terms.

2. The term pu = {u(B), B € K} defined by u(B) = E|Z(B)|*> = (Z(B), Z(B)) 12(0,7,p)>
B € K, is called stucture measure of Z. It is easy to see that u is in fact a measure on
K. If A € K, then p is finite, otherwise o-finite, A = U,A,, Ay € K, Ay N A, = 0, such
that u(A,) < oo.

3. The orthogonal random measure Z is called centered, if EZ(B) =0, B € K.

Example 6.3.1

Let A = [0,00), K = {[a,b), 0 < a < b < o0}, Z([a,b)) = W(b) —W(a), 0 <a<b< 0,
where W = {W(t), t > 0} is the Wiener process. Z is an orthogonal random measure on iC,
since W has independent increments. Analog, this definition can be transfered to an arbitrary
quadratic integrable stochastic process X with independent increments instead of W.

Step 2

Theorem 6.3.3

Let p be a o-finite measure on the algebra A, which is generated by K (after the theorem of
Caratheodon p is uniquely continued on o(A)). Then there exists a probability space (€2, F, P)
and a centered orthogonal random measure Z on (2, F,P), defined on {B € A : u(B) < oo},
with structure measure (or control measure) .

Without proof
To the definition of Z on A: for B € A, B =U"B;, Bi € K, BN Bj =0, i # j, we set
Z(B) = Y, Z(B).

6.3.3 Integral regarding an Orthogonal Random Measure

Step 3

Let f : A — C be a simple function, i.e. f(z) = >, ¢l(z € B;), for ¢; € C and B; € &,
i=1,...,n,such that U B, = A, B;NB; =0, ¢ # j, and (A, &, ) be a measurable space
with p(A) < oo.
Definition 6.3.4
The integral of f w.r.t. an orthogonal random measure Z defined on (92, F,P) is given by
I(f) = [y f(2)Z(dx) = 320y ciZ(By).
Exercise 6.3.1
Show that the definition is correct, i.e. I(f) does not depend on the representation of f as a
simple function.

Lemma 6.3.1 (Properties of I):
Let I(-) be the integral w.r.t. the orthogonal random measure, defined on a simple function
A — C as abovev. The following properties hold:

L. Isometry: (I(t),1(9))2() = (f,9)12(q), Where f and g are simple functions A — C,

(f, g>L2(Q) = Jp f(@)g(x)A(dz).
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2. Linearity: For every simple function f,g: A — C holds I(f + g) = I(f) + I(g).

Exercise 6.3.2
Proof it.

Step 4
Let now f € L?(,&,). Then there exists a sequence of simple functions f, : A — C,

2
such that f, iT(/o\j) f (simple functions are tight in L?(A)). Then define I(f) = lim,, oo I(fn),

whereas this limit is to be understood in the L?(£2, F, P) sense. You can show, that the definition
of I(f) is independent of the choice of the sequence { f,,}.

Lemma 6.3.2
The statements of lemma 6.3.1 hold for the general case.

Proof Use the continuity (-, ). 0

Remark 6.3.2
If Z is centered, then EI(f) = 0 holds for arbitrary functions f € L?(A, &, ).

Step 5

Let now A be o-finite, i.e. A = UpAy, u(Ay) < 0o, Ay N Ay = 0, n # m. Then for all
fe LA & p) holds f =3, fla,- On L?(An, € N Ay, ) the integral I, w.r.t. Z is defined as
in 1)- 4). Now set I(f) := >, In(fla,)-
Theorem 6.3.4

The map g : L2(A, &, n) — L?(2, F,P) is an isometry. In particular, as a result, the random
measure Z on {B € € : u(B) < £} can be continued as Z(B) :=I(1p), B€ £ : u(B) < 0.

6.3.4 Spectral Representation

Let X = {X(t), t € T} be an arbitrary complexvalued stochastic process on (2, F,P), T —
an arbitrary index set, EIX(#)|*> <oo,t €T, EX(t) =0,t €T (wlo.g., otherwise consider
X(t)=X(t) —EX(t), t €T, with C(s,t) = E(X(s),X(t)), s,t € T).

Theorem 6.3.5 (Karhunen):

X has the spectral representation X (t) = [, f(t,z)Z(dz), t € T (i.e., there exists a centered
orthogonal random measure on {B € & : u(B) < oo}, where L2(A, &, i) is an as above defined
space), if and only if there exists a system of the functionsf(¢,-) € L2(A, &, ), t € T, such that
C(s,t) = [y f(s,2)f(t,z)u(dz), s,t € T, and this system F is completely in L*(A, &, u) (i.e.
(f(t, -),¢>L2(Q) =0, € L?(Q,&, ), for all t € T and ¢ = 0, u almost everywhere).

Without proof

Theorem 6.3.6
Let {X,,, n € Z} be a centered complexvalued stationary in the wide sense sequence of ran-

dom variables on (€2, F,P). Then there exists an orthogonal centered random measure on
([=m, 7], B([-7,7])) (defined on (Q, F,P)), such that X,, = [T _ei"*Z(dz), n € Z.

Proof Let F = {e™® x € [-m,7], n € Z}. This system in complete on L?*([—m,7]) (comp.
the theory of the Fourier-series). From the theorem of Herglotz follows that

C(n,m) =E(X,Xn) = / "™ (dx),

—T
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where 1 is the spectral measure of X, thus a finite measure on ([—m, |, B([—m,7])). Af-
ter theorem 6.3.5 there exists an orthogonal random measure on (2, F,P), such that X,
[T et Z(dz), n € Z. 0

Theorem 6.3.7 (Ergodic theorem for stationary (in the wide sense) sequences of
random variables):
Unter the conditions of theorem 6.3.6 it holds

i L2(Q
=3 x 29 z(qoy).
=0

L%(Q
In particular if X is not centered, i.e. EX,, = a, n € Z, then %ZZ;& X M a converges, if

E|Z({0})|> = 0, thus Z and therefore y has no atom in zero.
—_———

n({0})
Proof S, = 1yl X, = flnz_:le““ Z(dzx). n(x) = Wimews T#0 for all n €
N————
Vn () )
N Sy = Z({0}) = JZ, (Wn(2) — 1z =0)) Z(dz) = [T on(x)Z(dz). ||Sn — Z({0})[|72(q) =
on(x)

HQO"(CU)H%?([—w,n],M) = [T |on(z)Pu(dz) —0 after the theorem of Lebesgue, since |¢p ()| <
2 ——0forall z €[l 0

nll—e"| n_e00

6.4 Additional Exercises

Exercise 6.4.1

Let Z1, Zs, ... be a sequence of random variables, such that the series > 52, Z; converges almost
surely. Let aj,aqg,... be a monotone increasing sequence of positive (deterministic) numbers
with a,, — 00, n — co. Show that

Zaka 20, n— .

1
R

Exercise 6.4.2

Let X be a non-negative variable on a probability space (2, F,P) an T : Q@ —  a measure
preserving map. Show that

Z X(TF(w)) =00 a.s.
k=0

for almost all w € Q with X (w) > 0.

Exercise 6.4.3
Let X be a random variable on a probability space (2, F,P) and T : £ — Q a measure
preserving map. Show that EX = E(X o T), i.e.

/QX(T(w))P(dw) :/QX(w)P(dw).

(Hint: algebraic induction)
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Exercise 6.4.4
Let (2, F,P) be a probability space, where 2 = [0,1), F = B(]0,1)) and P is the Lebesgue
measure. Let A € (0,1).

(a) Show that T'(z) = (x + \) mod 1 is a measure preserving map, where
amodm=a— [¢|mforaecRandbeZand |] is the Gauss bracket.

(b) Show that T'(x) = Az and T(x) = 2? are no measure preserving maps.
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