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In the following we use the notation from the lecture notes. For a random function X =
{X(t), t ∈ T} associated with (St,Bt)t∈T let St1,...,tn = St1 × · · · × Stn as well as Bt1,...,tn =
Bt1 ⊗ · · · ⊗ Btn where n ∈ N and t1, . . . , tn ∈ T . All random elements are defined on a common
probability space (Ω,A, P ).

Exercise 1 (4 Points)
Show the following statement: A family of probability measures Pt1,...,tn on
(Rn,B(Rn)), n ≥ 1, t = (t1, . . . , tn)> ∈ T n fulfills the conditions of the Theorem of Kolmo-
gorov iff for all n ≥ 2 and all s = (s1, . . . , sn)> ∈ Rn the following conditions hold

(a) ϕPt1,...,tn ((s1, . . . , sn)>) = ϕPtπ(1),...,tπ(n)
((sπ(1), . . . , sπ(n))>) for all π ∈ Permn.

(b) ϕPt1,...,tn−1
((s1, . . . , sn−1)>) = ϕPt1,...,tn ((s1, . . . , sn−1, 0)>).

Remark: ϕ(·) denotes the characteristic function of the corresponding measures. Permn denotes
the group of all permutations π : {1, . . . , n} → {1, . . . , n}.

Exercise 2 (4 Points)
Show the existence of a random function with finite dimensional multivariate Gaussian distribu-
tions and specify the measurable spaces (St1,...,tn ,Bt1,...,tn).

Exercise 3 (4 Points)
Let X = {X(t), t ∈ T} and Y = {Y (t), t ∈ T} be two stochastic processes on a common
probability space (Ω,A, P ) with values in (S,B).

(a) Show that if X and Y are stochastically equivalent then they have the same distribution,
i.e. PX = PY .

(b) Give an example of two stochastic processes which are not equivalent but have the same
distribution.

Exercise 4 (4 Points)
Let X = {X(t), t ∈ T} be a random function. Show that the vector (X(t1), . . . , X(tn))> is
A|Bt1,...,tn-measurable for every n ∈ N and arbitrary t1, . . . , tn ∈ T .

Hint: It holds (X(t1, ω), . . . , X(tn, ω))> = pt1,...,tn ◦ X(ω) with the projection map pt1,...,tn :
{f, f(t) ∈ St, t ∈ T} → St1,...,tn , f 7→ (f(t1), . . . , f(tn))>.


