CHAPTER 2

Markov chains

2.1. Examples
ExaMPLE 2.1.1 (Markov chain with two states). Consider a phone which can be in two
states: “free”= 0 and “busy”’= 1. The set of the states of the phone is
E ={0,1}.

We assume that the phone can randomly change its state in time (which is assumed to be
discrete) according to the following rules.

1. If at some time n the phone is free, then at time n + 1 it becomes busy with probability
p or it stays free with probability 1 — p.
2. If at some time n the phone is busy, then at time n + 1 it becomes free with probability
q or it stays busy with probability 1 — q.
Denote by X, the state of the phone at timen = 0,1,.... Thus, X, : Q@ — {0, 1} is a random
variable and our assumptions can be written as follows:

Poo ‘= P[Xn—i-l = O|Xn = 0] =1 - D, bo1 ‘= ]P[Xn—i-l = 1|Xn = 0] =D

P10 ‘= P[Xn—l-l = 0|Xn = 1] =q, P11 = P[Xn—l-l = 1|Xn = 1] =1- q.

We can write these probabilities in form of a transition matrix

P:(l_p p).
qg 1—g¢q

Additionally, we will make the following assumption which is called the Markov property:
Given that at some time n the phone is in state i € {0, 1}, the behavior of the phone after
time n does not depend on the way the phone reached state ¢ in the past.

PROBLEM 2.1.2. Suppose that at time 0 the phone was free. What is the probability that
the phone will be free at times 1,2 and then becomes busy at time 37

SOLUTION. This probability can be computed as follows:
PIXi = X5 =0,X3 = 1] = poo - poo - por = (1 = p)*p.

PROBLEM 2.1.3. Suppose that the phone was free at time 0. What is the probability that
it will be busy at time 37

SOLUTION. We have to compute P[X3 = 1]. We know the values Xy = 0 and X35 = 1, but
the values of X; and X5 may be arbitrary. We have the following possibilities:

(1) Xo =0,X; =0,Xy, =0, X3 = 1. Probability: (1 —p)-(1—p)-p.
(2) Xo=0,X; =0,Xy =1, X3 = 1. Probability: (1—p)-p-(1—gq).
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(3) Xo=0,X; =1,X, =0,X3 = 1. Probability: p-q-p.
(4) Xo=0,X; =1,Xy =1, X3 = 1. Probability: p- (1 —q)-(1—q).
The probability we look for is the sum of these 4 probabilities:

P[Xs=1]=(1-p)’p+ (1—p)(1 - q)p+p’q+p(1 - g)*.

EXAMPLE 2.1.4 (Gambler’s ruin). At each unit of time a gambler plays a game in which he
can either win 1€ (which happens with probability p) or he can loose 1€ (which happens
with probability 1 — p). Let X,, be the capital of the gambler at time n. Let us agree that
if at some time n the gambler has no money (meaning that X,, = 0), then he stops to play

(meaning that X,, = X,,,1 = ... =0). We can view this process as a Markov chain on the
state space F = {0,1,2,...} with transition matrix
1 0 0 0 0
1—-p 0 P 0 0
P= 0 1—p 0 p 0
0 0 1—p 0 »p

2.2. Definition of Markov chains

Let us consider some system. Assume that the system can be in some states and that the
system can change its state in time. The set of all states of the system will be denoted by F
and called the state space of the Markov chain. We always assume that the state space E is
a finite or countable set. Usually, we will denote the states so that £ = {1,..., N}, E =N,
or £ =17.

Assume that if at some time the system is in state ¢ € E, then in the next moment of time
it can switch to state j € E with probability p;;. We will call p;; the transition probability
from state ¢ to state j. Clearly, the transition probabilities should be such that

(1) p;j > 0foralli,jeE.

We will write the transition probabilities in form of a transition matrix

P = (pij)ijen:
The rows and the columns of this matrix are indexed by the set E. The element in the i-th
row and j-th column is the transition probability p;;. The elements of the matrix P are

non-negative and the sum of elements in any row is equal to 1. Such matrices are called
stochastic.

DEFINITION 2.2.1. A Markov chain with state space E and transition matrix P is a stochastic
process {X,: n € Ny} taking values in F such that for every n € Ny and every states
io, ’il, R ,in_l,’i,j we have
(221) P[Xn+1 — j|Xn - Z] — P[Xn+1 - j’Xo - 7;O7Xl - 7;1, o e 7Xn—l - in—laXn - Z]

= Dij»
provided that P[ Xy = ig,..., Xp—1 = in_1, Xn = i] # 0 (which ensures that the conditional
probabilities are well-defined).



Condition (2.2.1) is called the Markov property.

In the above definition it is not specified at which state the Markov chain starts at time 0.
In fact, the initial state can be in general arbitrary and we call the probabilities

(222) ;= ]P)[XO = Z], 1€ E,

the initial probabilities. We will write the initial probabilities in form of a row vector a =
(ati)icr. This vector should be such that a; > 0 foralli € Fand ), po; = 1.

THEOREM 2.2.2. For all n € Ny and for all ig, ... ,1, € E it holds that
(223) IP)[XO - iO, Xl - il; ce e 7Xn == Zn] = aopiohpiliz .. ‘pin—lin'

ProOOF. We use the induction over n. The induction basis is the case n = 0. We have
P[ X, = ip] = a, by the definition of initial probabilities, see (2.2.2). Hence, Equation (2.2.3)
holds for n = 0.

Induction assumption: Assume that (2.2.3) holds for some n. We prove that (2.2.3) holds
with n replaced by n + 1. Consider the event A = {Xy =g, X1 = i1,...,X,, = i, }. By the
induction assumption,

P[A] = igPigir Piin - - - Py rin-
By the Markov property,
IP>[*Xn+1 = in+1|A] = Pininy1-
It follows that
P[Xo =0, X1 =11, ., Xpn = in, Xpt1 = ins1] = P[Xpni1 = in11|A] - P[A]
= Pininy1 * QigPigiy Pivia « - - Pip_1in
= Qg Pigiy Pivio + + » Pip_1inPininy1-
This completes the induction. O

REMARK 2.2.3. If P[A] = 0, then in the above proof we cannot use the Markov property.
However, in the case P[A] = 0 both sides of (2.2.3) are equal to 0 and (2.2.3) is trivially
satisfied.

THEOREM 2.2.4. For every n € N and every state i,, € I we have
PX, = in] = Z QigPigiy - - - Pip_1in-
10, yin—1E€EE
PROOF. We have
PIX, =in) = > PXo=ip, X1 =1i1,...., X, =1y

10,-sin—1€E

= E o Pigiy -+« Pigy_1in>

10y esin—1E€EE

where the last step is by Theorem 2.2.2. O



2.3. n-step transition probabilities

NOTATION 2.3.1. If we want to indicate that the Markov chain starts at state ¢ € E at time
0, we will write IP; instead of IP.

DEFINITION 2.3.2. The n-step transition probabilities of a Markov chain are defined as
pz(;l) =P[X, = j].
We will write these probabilities in form of the n-step transition matriz P™ = (pgl))i7je E-

By Theorem 2.2.4 we have the formula

pg‘:’) e Z piilpiliQ .. 'pin—lj'

11,eyin_1E€EE

The next theorem is crucial. It states that the n-step transition matrix P can be computed
as the n-th power of the transition matrix P.

THEOREM 2.3.3. We have P™ =pPr=pP.. . ..P.

Proor. We use induction over n. For n = 1 we have pg) = pi; and hence, P = P. Thus,
the statement of the theorem is true for n = 1.

Let us now assume that we already proved that P = P for some n € N. We compute
P+ By the formula of total probability, we have

pz(;LH) = Pi[Xpn11 = j] ZP PXny1 = j|Xn = k] = Zpglf)pkj-

keE keE

On the right hand-side we have the scalar product of the i-th row of the matrix P™ and the
j-th column of the matrix P. By definition of the matrix multiplication, this scalar product
is exactly the entry of the matrix product P™ P which is located in the i-th row and j-th
column. We thus have the equality of matrices

pnth) — pWp
But now we can apply the induction assumption P = P™ to obtain
prth = pWp = pr. p=prt,
This completes the induction. 0]
In the next theorem we consider a Markov chain with initial distribution o = (o;);cp and

transition matrix P. Let o™ = (04(-")

i )jer be the distribution of the position of this chain at
time n, that is

" = PlX, = 4.

We write both a(™ and « as row vectors. The next theorem states that we can compute a(™
by taking a and multiplying it by the n-step transition matrix P = P™ from the right.

THEOREM 2.3.4. We have
a™ = aP",
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PRrROOF. By the formula of the total probability
oV =P, ==Y alX, == apl.
i€k i€E
On the right-hand side we have the scalar product of the row « with the j-th column of
P™ = P By definition of matrix multiplication, this means that o™ = aP". U

2.4. Invariant measures

Consider a Markov chain on state space FE with transition matrix P. Let A\ : E — R be a
function. To every state ¢ € E the function assigns some value which will be denoted by
Ai := A(7). Also, it will be convenient to write the function A as a row vector A = (\;)icg.

DEFINITION 2.4.1. A function X : E — R is called a measure on E if \; > 0foralli e E.

DEFINITION 2.4.2. A function A : £ — R is called a probability measure on E if \; > 0 for

all 7 € F and
ZAZ-:L

DEFINITION 2.4.3. A measure A is called invariant if A\P = \. That is, for every state j € £
it should hold that
Aj = Z AiDij-

i€k
REMARK 2.4.4. If the initial distribution « of a Markov chain is invariant, that is aP = «,

then for every n € N we have a P" = o« which means that at every time n the position of the
Markov chain has the same distribution as at time 0:

XoLx, Lx,4. ..

EXAMPLE 2.4.5. Let us compute the invariant distribution for the Markov chain from Ex-
ample 2.1.1. The transition matrix is

P:(l_p p).
qg 1—gq

The equation AP = X for the invariant probability measure takes the following form:
L=p p \_
()‘Oa)‘l) ( q 1 — q> — (/\D>>\1)-
Multiplying the matrices we obtain the following two equations:
A1 =p) + Aig = Ao,
Aop + A (1 —gq) = Ar.

From the first equation we obtain that \;q = A\gp. Solving the second equation we obtain
the same relation which means that the second equation does not contain any information
not contained in the first equation. However, since we are looking for invariant probability
measures, we have an additional equation

Ao+ A= 1.
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Solving this equation together with A\;q = A\op we obtain the following result:
do= ——, h=—.
p+tyq pt+q
PROBLEM 2.4.6. Consider the phone from Example 2.1.1. Let the phone be free at time 0.
What is (approximately) the probability that it is free at time n = 10007

SOLUTION. The number n = 1000 is large. For this reason it seems plausible that the
probability that the phone is free (busy) at time n = 1000 should be approximately the
same as the probability that it is free (busy) at time n + 1 = 1001. Denoting the initial
distribution by a = (1,0) and the distribution of the position of the chain at time n by
a® = aP" we thus must have

o™~ ot = ot = qP". P = aMP.

Recall that the equation for the invariant probability measure has the same form A\ = \P.
It follows that o™ must be approximately the invariant probability measure:

a™ ~ )\

For the probability that the phone is free (busy) at time n = 1000 we therefore obtain the

approximations

p+q p+q

Similar considerations apply to the case when the phone is busy at time 0 leading to the
approximations

ph ~ X =

) p

(n) Ao = q (n ~ \ =
P1o 0 r+q P11 1 P
Note that p" ~ p{? and p) ~ p{" which can be interpreted by saying that the Markov
chain almost forgets its initial state after many steps. For the n-step transition matrix we

therefore may conjecture that
() (n)
lim P" = lim (P00 Por) — (io il)

The above considerations are not rigorous. We will show below that if a general Markov
chain satisfies appropriate conditions, then

(1) The invariant probability measure A exists and is unique.

(2) For every states ¢, j € E we have lim,_, ng) =\

EXAMPLE 2.4.7 (Ehrenfest model). We consider a box which is divided into 2 parts. Consider
N balls (molecules) which are located in this box and can move from one part to the other
according to the following rules. Assume that at any moment of time one of the N balls is
chosen at random (all balls having the same probability 1/N to be chosen). This ball moves
to the other part. Then, the procedure is repeated. Let X, be the number of balls at time
n in Part 1. Then, X, takes values in £ = {0,1,..., N} which is our state space. The
transition probabilities are given by
po1=1, pnvyn-1=1, piiy1= NN 27 Diji-1 = %, t=1,...,N—-1
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For the invariant probability measure we obtain the following system of equations

/\0:%, AN:AJJVV‘H %Aﬂﬂ%&ﬂ, j=1,... N—1.
Additionally, we have the equation A\g+...4+ Ay = 1. This system of equations can be solved
directly, but one can also guess the solution without doing computations. Namely, it seems
plausible that after a large number of steps every ball will be with probability 1/2 in Part 1
and with probability 1/2 in Part 2. Hence, one can guess that the invariant probability

measure is the binomial distribution with parameter 1/2:

1 /N
Aj:ﬁ(j)'

One can check that this is indeed the unique invariant probability measure for this Markov
chain.

/\j:

EXAMPLE 2.4.8. Let Xy, X1, ... be independent and identically distributed random variables
with values 1,..., N and corresponding probabilities

PX, =i =pi, p1,...,pxn 20, > pi=1

Then, Xy, X1, ... is a Markov chain and the transition matrix is
pr ... PN
P=1... ... ...
pr ... PN
The invariant probability measure is given by Ay = p1,..., Ay = pn.

2.5. Class structure and irreducibility
Consider a Markov chain on a state space E with transition matrix P.

DEFINITION 2.5.1. We say that state ¢ € E leads to state j € F if there exists n € Ny such
that pg?) # 0. We use the notation ¢ ~ j.

(0)

REMARK 2.5.2. By convention, p,;” = 1 and hence, every state leads to itself: ¢ ~» 7.

THEOREM 2.5.3. For two states i,j € E with 1 # j, the following statements are equivalent:

(1) i~ j.
(2) Pj[3n e N: X, = j] #0.
(3) There exist n € N and states i1, ...,i,—1 € E such that py, ...p;, ,; > 0.

Proor. We prove that Statements 1 and 2 are equivalent. We have the inequality
(2.5.1) Y <PIneN: X, =] <Y PiX,=j4]=> p.
n=1 n=1

If Statement 1 holds, then for some n € N we have pgy) > 0. Hence, by (2.5.1), we have
P;[3n € N : X,, = j| > 0 and Statement 2 holds. If, conversely, Statement 2 holds, then
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P;[3n € N: X,, = j] > 0. Hence, by (2.5.1), > >, pgl) > 0, which implies that at least one

summand pl(-?) must be strictly positive. This proves Statement 1.

We prove the equivalence of Statements 1 and 3. We have the formula

(2.5.2) = > P P

115esin—1€E

If Statement 1 holds, then for some n € N we have pgl) > 0 which implies that at least one

summand on the right-hand side of (2.5.2) must be strictly positive. This implies Statement
3. If, conversely, Statement 3 holds, then the sum on the right-hand side of (2.5.2) is positive

which implies that pgy) > 0. Hence, Statement 1 holds. 0]
DEFINITION 2.5.4. States i,7 € E communicate if i ~» j and j ~» i. Notation: 7 «~ j.

THEOREM 2.5.5. @ «~ j 1§ an equivalence relation, namely
(1) i e d.
(2) i o J <= j e 1.
(3) i o j,j e k=i e k.

ProOOF. Statements 1 and 2 follow from the definition. We prove Statement 3. If i «w j
and j e k, then, in particular, i ~» 7 and j ~» k. By Theorem 2.5.3, Statement 3,
we can find » € N, s € N and states uy,...,u,—1 € E and vq,...,vs_1 € E such that
Divs Putus - - - Pur_1j > 0 and Pjy, Pojus - - - Po,_yk > 0. Multiplying both inequalities, we get

DPivi Puius - - -pur_1jpjv1pv1v2 c o Pus_1k > 0.
By Theorem 2.5.3, Statement 3, we have 7 ~» k. In a similar way one shows that k ~~ 1. [

DEFINITION 2.5.6. The communication class of state i € E is the set {j € E : i e~ j}. This
set consists of all states j which communicate to i.

Since communication of states is an equivalence relation, the state space E can be decom-
posed into a disjoint union of communication classes. Any two communication classes either
coincide completely or are disjoint sets.

DEFINITION 2.5.7. A Markov chain is irreducible if every two states communicate. Hence,
an irreducible Markov chain consists of just one communication class.

DEFINITION 2.5.8. A communication class C'is open if there exist a state ¢ € C' and a state
k ¢ C such that i ~» k. Otherwise, a communication class is called closed.

If a Markov chain once arrived in a closed communication class, it will stay in this class
forever.

EXERCISE 2.5.9. Show that a communication class C' is open if and only if there exist a
state i € C' and a state k ¢ C such that p;, > 0.

THEOREM 2.5.10. If the state space E is a finite set, then there exists at least one closed
communication class.



PrROOF. We use a proof by contradiction. Assume that there is no closed communication
class. Hence, all communication classes are open. Take some state and let C'; be the
communication class of this state. Since C] is open, there is a path from C to some
other communication class C5 # ;. Since Cs is open, we can go from C5 to some other
communication class C3 # (3, and so on. Note that in the sequence C1, Cy, Cs, ... all classes
are different. Indeed, if for some [ < m we would have C; = C,,, (a “cycle”), this would
mean that there is a path starting from C, going to C;;; and then to C,, = C;. But this
is a contradiction since then C} and Cj;; should be a single communication class, and not

two different classes, as in the construction. So, the classes C1, Cs, . .. are different (in fact,
disjoint) and each class contains at least one element. But this is a contradiction since E is
a finite set. 0

2.6. Aperiodicity
DEFINITION 2.6.1. The period of a state ¢ € E is defined as
ged{n € N: pi’ > 0}.

Here, ged states for the greatest common divisor. A state ¢ € F is called aperiodic if its
period is equal to 1. Otherwise, the state ¢ is called periodic.

EXAMPLE 2.6.2. Consider a knight on a chessboard moving according to the usual chess
rules in a random way. For concreteness, assume that at each moment of time all moves of
the knight allowed by the chess rules are counted and then one of these moves is chosen, all
moves being equiprobable.

= N W A~ OO N ©

This is a Markov chain on a state space consisting of 64 squares. Assume that at time 0 the
knight is in square i. Since the knight changes the color of its square after every move, it
cannot return to the original square in an odd number of steps. On the other hand, it can
return to ¢ in an even number of steps with non-zero probability (for example by going to
some other square and then back, many times). So,

et — o, plM > 0.

Hence, the period of any state in this Markov chain is 2.

ExAMPLE 2.6.3. Consider a Markov chain on a state space of two elements with transition

matrix
01
r=(1o)
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We have
pim =0, P =1

Hence, the period of any state in this Markov chain is 2.

EXERCISE 2.6.4. Show that in the Ehrenfest Markov chain (Example 2.4.7) every state is
periodic with period 2.

LEMMA 2.6.5. Let ¢ € E be any state. The following conditions are equivalent:
(1) State i is aperiodic.
(2) There is N € N such that for every natural number n > N we have pz(»f) > 0.
(n)

Proor. If Statement 2 holds, then for some sufficiently large n we have p;;” > 0 and
(n+1

Dii )~ 0. Since ged(n,n + 1) = 1, the state i has period 1. Hence, Statement 1 holds.

Suppose, conversely, that Statement 1 holds. Then, we can find n,...,n, € N such that
ged{ny,...,n,} = 1 and pg“) > O,...,pg%) > (0. By a result from number theory, the

condition ged{ny,...,n,.} = 1 implies that there is N € N such that we can represent any
natural number n > N in the form n = lyny+...+1[,n, for suitable [, ..., [, € N. We obtain
that

(mcttemr) > (plmyn . (plm e > .

This proves Statement 2.
LEMMA 2.6.6. If state i € E is aperiodic and i «~ j, then j is also aperiodic.

REMARK 2.6.7. We can express this by saying that aperiodicity is a class property: If some
state in a communication class is aperiodic, then all states in this communication class are
aperiodic. Similarly, if some state in a communication class is periodic, then all states in this
communication class must be periodic. We can thus divide all communication classes into
two categories: the aperiodic communication classes (consisting of only aperiodic states) and
the periodic communication classes (consisting only of periodic states).

DEFINITION 2.6.8. An irreducible Markov chain is called aperiodic if some (and hence, all)
states in this chain are aperiodic.

PrROOF OF LEMMA 2.6.6. From i «~ j it follows that ¢ ~» j and j ~» i. Hence, we can

find r, s € Ny such that p(-:) > 0 and p§j> > 0. Since the state i is aperiodic, by Lemma 2.6.5

J
(n)

we can find N € N such that for all n > N, we have p;;” > 0 and hence,

p§?+r+s) > PE'Z) _pl(in) ,pz(;’) < 0.

It follows that pgk-) >0 forallk:=n+r+s>N+r+s. By Lemma 2.6.5, this implies that

J is aperiodic. OJ

2.7. Recurrence and transience
Consider a Markov chain {X,, : n € Ny} on state space E with transition matrix P.
DEFINITION 2.7.1. A state ¢ € E is called recurrent if

P;[X,, =i for infinitely many n] = 1.
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DEFINITION 2.7.2. A state i € F is called transient if
P;[X,, = ¢ for infinitely many n] = 0.

A recurrent state has the property that a Markov chain starting at this state returns to this
state infinitely often, with probability 1. A transient state has the property that a Markov
chain starting at this state returns to this state only finitely often, with probability 1.

The next theorem is a characterization of recurrent/transient states.

THEOREM 2.7.3. Let ¢« € E be a state. Denote by f; the probability that a Markov chain
which starts at © returns to 1 at least once, that is

Then,

(1) The state i is recurrent if and only if f; = 1.
(2) The state i is transient if and only if f; < 1.

COROLLARY 2.7.4. Fwvery state is either recurrent or transient.
PRrROOF. For k € N consider the random event

By, = {X,, =i for at least k different values of n € N}.
Then, P;[By] = fF. Also, By D By O .... It follows that

1 if f;=1
P,[X,, =i for infinitely many n] = P;[N°, By] = lim P;[B;] = lim fF=< " L
It follows that state ¢ is recurrent if f; = 1 and transient if f; < 1. U
Here is one more characterization of recurrence and transience.

THEOREM 2.7.5. Let i € E be a state. Recall that pgl) = P;[X,, = i] denotes the probability
that a Markov chain which started at state i visits state 1 at time n. Then,

(1) The state i is recurrent if and only if Y 1pZZ = 0.
(2) The state i is transient if and only if >~ lp”") < 00.

PRrooOF. Let the Markov chain start at state 7. Consider the random variable

Vii= Z Tix,—iy
n=1

which counts the number of returns of the Markov chain to state 7. Note that the random
variable V; can take the value +o00. Then,

Pi[V; > k| = P[Bi] = ff, keN,

Thus, the expectation of V; can be computed as follows:

(2.7.1) E;[Vj] = im[vi > k] = i fr.
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On the other hand,
(2.7.2) E;[Vi] = E; Z Lix,=i} = ZEiﬂ{Xn:z’} = ZPE?)
n=1 n=1 n=1

CASE 1. Assume that state ¢ is recurrent. Then, f; = 1 by Theorem 2.7.3. It follows that
E;[V;] = oo by (2.7.1). (In fact, P;[V; = 4+00] = 1 since P[V; > k] = 1 for every k € N).
Hence, 3% pi"” = oo by (2.7.2)

CASE 2. Assume that state ¢ is transient. Then, f; < 1 by Theorem 2.7.3. Thus, E;V; < oo
by (2.7.1) and hence, 3> p\™ < 0o by (2.7.2). O
The next theorem shows that recurrence and transience are class properties: If some state in

a communicating class is recurrent (resp. transient), then all states in this class are recurrent
(resp. transient).

THEOREM 2.7.6.
1. If i € E be a recurrent state and j «~ i, then j is also recurrent.

2. Ifi € E be a transient state and j «~ 1, then j is also transient.

PRrOOF. It suffices to prove Part 2. Let ¢ be a transient state and let j «~ i. It follows that
there exist s,r € Ny with p( 9> 0 and p(T > (. For all n € N it holds that

v

pitr) > plpln (),

Therefore,

ZPJ] — (7") Z n+r+8) — s) “(s) () Zp

ﬂ n=1 ]7, n=1
where the last step holds because 1 is transient. It follows that state j is also transient. [

Theorem 2.7.6 allows us to introduce the following definitions.

DEFINITION 2.7.7. A communicating class is called recurrent if at least one (equivalently,
every) state in this class is recurrent. A communicating class is transient if at least one
(equivalently, every) state in this class is transient.

DEFINITION 2.7.8. An irreducible Markov chain is called recurrent if at least one (equiva-
lently, every) state in this chain is recurrent. An irreducible Markov chain is called transient
if at least one (equivalently, every) state in this chain is transient.

The next theorem states that it is impossible to leave a recurrent class.

THEOREM 2.7.9. Every recurrent communicating class is closed.

Proor. Let C be a non-closed class. We need to show that it is not recurrent. Since C' is
not closed, there exist states 4,j so that i € C, j ¢ C and i ~ j. This means that there

exists m € N so that p(m P;[X,, = j] > 0. If the event {X,, = j} occurs, then after
12



time m the chain cannot return to state ¢ because otherwise ¢ and j would be in the same
communicating class. It follows that

P;[{X,, = 5} N {X,, =i for infinitely many n}| = 0.
This implies that
P;[ X, = i for infinitely many n] < 1.
Therefore, state ¢ is not recurrent. 0

If some communicating class contains only finitely states and the chain cannot leave this
class, then it looks very plausible that the chain which started in some state of this class will
return to this state infinitely often (and, in fact, will visit any state of this class infinitely
often), with probability 1. This is stated in the next theorem.

THEOREM 2.7.10. FEwvery finite closed communicating class is recurrent.

PRrROOF. Let C be a closed communicating class with finitely many elements. Take some
state i € C'. A chain starting in ¢ stays in C' forever and since C' is finite, there must be at
least one state j € C' which is visited infinitely often with positive probability:

P;[X,, = j for infinitely many n € N| > 0.

At the moment it is not clear whether we can take ¢ = j. But since 7 and j are in the same

communicating class, there exists m € Ny so that pﬁm
(

P,[X,, = j for infinitely many n] > pj;n) - P;[X,, = j for infinitely many n| > 0

> (. From the inequality

it follows that state j is recurrent. The class C' is then recurrent because it contains at leats
one recurrent state, namely j. 0

So, in a Markov chain with finitely many states we have the following equivalencies
(1) A communicating class is recurrent if and only if it is closed.
(2) A communicating class is transient if and only if it is not closed.

LEMMA 2.7.11. Consider an irreducible, recurrent Markov chain with an arbitrary initial
distribution «. Then, for every state j € E the number of visits of the chain to j is infinite
with probability 1.

PROOF. Exercise. [l

2.8. Recurrence and transience of random walks
EXAMPLE 2.8.1. A simple random walk on Z is a Markov chain with state space £ = Z and
transition probabilities
Piit1 =D, Diici=1—p, 1€Z.
So, from every state the random walk goes one step to the right with probability p, or one
step to the left with probability 1 — p; see Figure 1. Here, p € [0,1] is a parameter.

THEOREM 2.8.2. If p = %, then any state of the simple random walk is recurrent. If p # %,
then any state is transient.

13
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FI1GURE 1. Sample path of a simple random walk on Z with p = % The figure
shows 200 steps of the walk.

PrOOF. By translation invariance, we can restrict our attention to state 0. We can represent
our Markov chain as X,, = & + ... + &,, where &,&,, ... are independent and identically
distributed random variables with Bernoulli distribution:

Pp=1=p, P& =-1=1-p.

Case 1. Let p # 3. Then, E§ = p— (1 —p) = 2p — 1 # 0. By the strong law of large
numbers,

=E& #0 as.

.1 :
lim —X,, = lim
n—oo N n—o00

In the case p > % we have E£; > 0 and hence, lim,,_,,, X,, = 400 a.s. In the case p < % we
have E&; < 0 and hence, lim,,_,,, X,, = —00 a.s. In both cases it follows that

G +...+&
n

P[X,, = 0 for infinitely many n| = 0.
Hence, state 0 is transient.

CASE 2. Let p = % In this case, E, = 0 and the argument of Case 1 does not work. We
will use Theorem 2.7.5. The n-step transition probability from 0 to 0 is given by

(n) 0, if n =2k +1 odd,
Poo = 22%(2:), if n = 2k even.

The Stirling formula n! ~ v/27n(%)", as n — oo, yields that

1
@) as k — 0.

b )
00 —
Since the series > -, \/LE diverges, it follows that )", pgé) = o p(()%k) = o0o. By Theo-

rem 2.7.5, this implies that 0 is a recurrent state. 0

EXAMPLE 2.8.3. The simple, symmetric random walk on Z% is a Markov chain defined as
follows. The state space is the d-dimensional lattice

Z*={(n1,...,nq) :n1,...,ng € Z}.
Let ey, ..., eq be the standard basis of R?, that is
er =(1,0,0...,0), e2 =(0,1,0,...,0), e3=(0,0,1,...,0), ..., eq=1(0,0,0,...,1).
14



Let &1, &, ... be independent and identically distributed d-dimensional random vectors such
that

P[éizek]:P[&‘:_ek]:ﬁ, k=1,...,d, i€N.

Define S, =& +...+&,, n € N, and Sy = 0. The sequence Sy, S1, Ss, ... is called the simple
symmetric random walk on Z?. It is a Markov chain with transition probabilities

1
pi,i+el = pi,i—61 ... = pi,i-i-ed = pi7i—ed — ZZ’

ie 7z

100

50 -

~100 L L L it L L L L L L L L I L L L L
-100 -50 0 50 100

FIGURE 2. Left: Sample path of a simple symmetric random walk on Z2.
Right: Sample path of a simple symmetric random walk on Z?. In both cases
the random walk makes 50000 steps.

THEOREM 2.8.4 (Pélya, 1921). The simple symmetric random walk on Z% is recurrent if and
only if d = 1,2 and transient if and only if d > 3.

PRrOOF. For d =1 we already proved the statement in Theorem 2.8.2.

)

Consider the case d = 2. We compute the n-step transition probability pgg . For an odd n

this probability is 0. For an even n = 2k we have

k k 2
o _ 1 2% 1 (2% BN B (12K 1
Poo 4%;(i,i,k—z’,k—z’) 426\ f Z i) \k—i 92k \ J e

=0
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as k — oo, where the last step is by the Stirling formula. The harmonic series 220:1%

diverges. Therefore, >~ | pgg) = oo and the random walk is recurrent in d = 2 dimensions.

Generalizing the cases d = 1, 2 one can show that for an arbitrary dimension d € N we have,
as k — oo,
(2k) 1
DPoo = ~ (ﬂ_k)d/g'

Since the series Y oo k%2 is convergent for d > 3 it holds that > 7 pgg) < oo and the
random walk is transient in d = 3 dimensions. U

2.9. Existence and uniqueness of the invariant measure

The next two theorems state that any irreducible and recurrent Markov chain has a unique
invariant measure A, up to a multiplication by a constant. This measure may be finite (that
is, > ,epAi < +00) or infinite (that is, Y .. p A = +00).

First we provide an explicit construction of an invariant measure for an irreducible and
recurrent Markov chain. Consider a Markov chain starting at state k € E. Denote the time
of the first return to k by

T, =min{n e N: X,, = k} € NU {+o0}.
The minimum of an empty set is by convention +oc. For a state ¢ € E denote the expected

number of visits to ¢ before the first return to k& by
Tp—1
n=0
THEOREM 2.9.1. For an irreducible and recurrent Markov chain starting at state k € E we
have
(2) For alli € E it holds that 0 < ~; < 0.
(3) v = (7i)ier is an invariant measure.

PROOF.

STEP 1. We show that 7, = 1. By definition of T}, we have Z:’;Bl I¢x,=k} = 1, if the chain
starts at k. It follows that v, = E;1 = 1.

STEP 2. We show that for every state j € F,
(2.9.1) V= sz‘j%'-
icE
(At this moment, both sides of (2.9.1) are allowed to be infinite, but in Step 3 we will show

that both sides are actually finite). The Markov chain is recurrent, thus T, < oo almost
surely. By definition, X7, = k = X,. We have

Ty 00 o)
W =B Y Lixamy =B Y Lixujmery = Y Pu[Xo = 4, T > 1.
n=1 n=1 n=1

16



Before visiting state j at time n the chain must have been in some state ¢ at time n — 1,
where ¢ € E can be, in general, arbitrary. We obtain that

v; = ZZIP’k[Xn =7, Xn1 =10, T, >n] = Zzpijpk[anl =14, Ty 2 nl.
icE n=1 el n=1

Introducing the new summation variable m = n — 1, we obtain that

T, —1

%= 05 ) Bilxmimemi} = D0y B Y Ly = Y P
m=0

D) m=0 1<) <D

This proves that (2.9.1) holds.

STEP 3. Let ¢ € E be an arbitrary state. We show that 0 < 7; < oo. Since the chain is

irreducible, there exist n,m € Ny such that p\;” > 0 and p{” > 0. From (2.9.1) it follows

that

Vi = Zpl(in)’n > pi v = i) > 0.
IeE

On the other hand, again using (2.9.1), we obtain that
L=y = Zpl(;n)% > p§,§”’%.
I€E
This implies that v; < 1/ pgzl) < oo. O

The next theorem states the uniqueness of the invariant measure, up to multiplication by a
constant.

THEOREM 2.9.2. Consider an irreducible and recurrent Markov chain and fix some state
k € E. Then, every invariant measure A can be represented in the form

Aj = 07§k) forall j € E,
where ¢ is a constant (not depending on j). In fact, c = .

REMARK 2.9.3. Hence, the invariant measure is unique up to a multiplication by a constant.
In particular, the invariant measures (’yl-(kl))ie g and (”yi(b))ie g, for different states ki, ks € E,
differ by a multiplicative constant.

PROOF. Let A be an invariant measure.

STEP 1. We show that \; > )\k%(-k) for all j € E. We will not use the irreducibility and the
recurrence of the chain in this step. The invariance of the measure A implies that

Aj = Z AigPioj = Z AigPioj T AkDrj-

el to#k
17



Applying the same procedure to \;,, we obtain

Aj = Z (Z iy Pivip + )\kpkio> Dioj + AkDij

i0#k \i1#k
= Z Z iy DirioPioj + <)\kpkj + Ak Z pkiopi0j> :
io#k i1#k i0#£k

Applying the procedure to \;, and repeating it over and over again we obtain that for every
n €N,

)\j = Z )\inpinin,1 .. -piliopi0j+)\k Dkj + Z PkioPigs + ...+ Z PlioPigiy « - - Pin_17
10,010y inFk io#£k 10yeesin—17k

Noting that the first term is non-negative, we obtain that
Aj 2> 0+ NePh[ Xy = 5, Th > 1] + MePr[Xo = 5, Th > 2] + ... + MPi[ X, = J, T), > n].

Since this holds for every n € N, we can pass to the limit as n — oo:

A=Y PX, =T > ) = Myl
n=1

It follows that \; > /\wj(.k).

STEP 2. We prove the converse inequality. Consider p; := \; — /\kfyj(.k), j € E. By the above,
p; >0 for all j > 0 so that u = (uj)jer is a measure. Moreover, this measure is invariant
because it is a linear combination of two invariant measures. Finally, note that by definition,

pr = 0. We will prove that this implies that p; = 0 for all j € E. By the irreducibility of

)

our Markov chain, for every j € E we can find n € Ny such that pgz > (. By the invariance

property of u,
0= py = Zumﬁ}? > ujpﬁ-’,ﬁ).
i€E
(

It follows that ,ujpgz) = 0 but since pjz) > 0, we must have p; = 0. By the definition of p;

this implies that \; = )\kfyj(.k). 0
We can now summarize Theorems 2.9.1 and 2.9.2 as follows:

THEOREM 2.9.4. A recurrent, irreducible Markov chain has unique (up to a constant multi-
ple) invariant measure.

This invariant measure may be finite or infinite. However, if the Markov chain has only
finitely many states, then the measure must be finite and we can even normalize it to be a
probability measure.

COROLLARY 2.9.5. A finite and irreducible Markov chain has a unique invariant probability
measure.

18



PROOF. A finite and irreducible Markov chain is recurrent by Theorem 2.7.10. By Theo-
rem 2.9.1, there exists an invariant measure A = (\;);cg. Since the number of states in E is
finite by assumption and \; < oo by Theorem 2.9.1, we have M := )., A\; < oo and hence,
the measure A is finite. To obtain an invariant probability measure, consider the measure

To show that the invariant probability measure is unique, assume that we have two invariant

probability measures v/ = (V));cg and v/ = (V/);cg. Take an arbitrary state k € E. By

(2
Theorem 2.9.2, there are constants ¢ and ¢’ such that v] = ¢ 72-(k) and v = c”%-(k), for all

i € E. But since both v/ and v are probability measures, we have
122”"{:6/2’%@)’ 1:ZV£IZCHZ’}/§’C).
i€E i€E i€E icE
This implies that ¢ = ¢’ and hence, the measures v/ and " are equal. O

Above, we considered only irreducible, recurrent chains. What happens if the chain is irre-
ducible and transient? It turns out that in this case everything is possible:

(1) Tt is possible that there is no invariant measure at all (except the zero measure).

(2) Tt is possible that there is a unique (up to multiplication by a constant) invariant
measure.

(3) It is possible that there are at least two invariant measures which are not constant
multiples of each other.

EXERCISE 2.9.6. Consider a Markov chain on N with transition probabilities p; ;.1 = 1, for
all 7 € N. Show that the only invariant measure is \; = 0, i € N.

EXERCISE 2.9.7. Consider a Markov chain on Z with transition probabilities p; ;11 = 1, for
all © € Z. Show that the invariant measures have the form \; = ¢, i € Z, where ¢ > 0 is
constant.

EXERCISE 2.9.8. Consider a simple random walk on Z with p # % Show that any invariant

measure has the form '
)\i:cl—l—cQ(L) , iEZ,
I-p

for some constants ¢; > 0, ¢ > 0.

2.10. Positive recurrence and null recurrence

The set of recurrent states of a Markov chain can be further subdivided into the set of
positive recurrent states and the set of negative recurrent states. Let us define the notions
of positive recurrence and null recurrence.

Consider a Markov chain on state space E. Take some state ¢ € F, assume that the Markov
chain starts at state ¢ and denote by T; the time of the first return of the chain to state ¢:

T, =min{n e N: X,, =i} € NU {+o0}.
Denote by m; the expected return time of the chain to state 7, that is
m; = E;T; € (0, 00]
19



Note that for a transient state i we always have m; = +00 because the random variable T;
takes the value +oo with strictly positive probability 1— f; > 0, see Theorem 2.7.3. However,
for a recurrent state i the value of m; may be both finite and infinite, as we shall see later.

DEFINITION 2.10.1. A state i € E as called positive recurrent if m; < oo.
DEFINITION 2.10.2. A state i € E is called null recurrent if it is recurrent and m; = +oo.

REMARK 2.10.3. Both null recurrent states and positive recurrent states are recurrent. For
null recurrent states this is required by definition. For a positive recurrent state we have
m; < oo which means that T; cannot attain the value +o00 with strictly positive probability
and hence, state ¢ is recurrent.

THEOREM 2.10.4. Consider an irreducible Markov chain. Then the following statements are
equivalent:

(1) Some state is positive recurrent.
(2) All states are positive recurrent.
(3) The chain has invariant probability measure X = (\;)ick-

Also, if these statements hold, then m; = /\i foralli e E.

PRrOOF. The implication 2 = 1 is evident.

PROOF OF 1 = 3. Let k € E be a positive recurrent state. Then, k is recurrent and all
states of the chain are recurrent by irreducibility. By Theorem 2.9.1, (vfk))ie £ is an invariant
measure. However, we need an invariant probability measure. To construct it, note that

3ot <

jEE

since k is positive recurrent). We can therefore define \; = (k) my, t € F. Then A=
( p 72 ) ) icE
1, and (\;);ep is an invariant probability measure.

PROOF OF 3 = 2. Let (\);ep be an invariant probability measure. First we show that

Ar > 0 for every state k € E. Since A is a probability measure, we have \; > 0 for at least

one [ € E. By irreducibility, we have pl(g) > 0 for some n € Ny and by invariance of A\, we

have
Ne =D pi A = p N> 0.
i€E
This proves that A\, > 0 for every k € E.

By Step 1 from the proof of Theorem 2.9.2 (note that this step does not use recurrence), we
have for all j € F|

Ai > )\k%(k)-
Hence,
mkzzyi’“)<zﬁ:i<oo.
i€E T i€E Ao A
20



It follows that k is positive recurrent, thus establishing statement 2.

PROOF THAT m; = A—lk Assume that statements 1,2,3 hold. In particular, the chain is

recurrent and by Theorem 2.9.2, we must have \; = /\k%-(k) for all « € E. It follows that

Ai 1

i€E i€E
thus proving the required formula. 0

ExXAMPLE 2.10.5. Any state in a finite irreducible Markov chain is positive recurrent. Indeed,
such a chain has an invariant probability measure by Corollary 2.9.5.

EXAMPLE 2.10.6. Consider a simple symmetric random walk on Z or on Z2?. This chain is
irreducible. Any state is recurrent by Pdlya’s Theorem 2.8.4. We show that in fact, any
state is null recurrent. To see this, note that the measure assigning the value 1 to every
state ¢ € F is invariant by the definition of the chain. By Theorem 2.9.2, any other invariant
measure must be of the form \; = ¢, ¢+ € F, for some constant ¢ > 0. However, no measure
of this form is a probability measure. So, there is no invariant probability measure and by
Theorem 2.10.4, all states must be null recurrent.

2.11. Convergence to the invariant probability measure

We are going to state and prove a “strong law of large numbers” for Markov chains. First
recall that the usual strong law of large numbers states that if &;,&s, ... are i.i.d. random
variables with E|&;| < oo, then

£1++€n a.s.

(2.11.1) — E&;.
n n—oo
The statement is not applicable if E|{;| = oo. However, it is an exercise to show that if
&1,&s, ... are i.i.d. random variables which are a.s. nonnegative with E{; = 400, then
+ ) + n a.s.
(2.11.2) ST o N
n n—00

Consider a Markov chain {X,, : n € Ny} with initial distribution o = (e );eg. Given a state
1 € E, denote the number of visits to state ¢ in the first n steps by

n—1
Vi(n) =) Tix—i-
k=0

THEOREM 2.11.1. Consider an irreducible Markov chain {X,, : n € No} with an arbitrary
initial distribution o = (a)icE-

1. If the Markov chain is transient or null recurrent, then for all 1 € E it holds that

Vi(n)

n n—oo

(2.11.3) 0 a.s.

2. If the Markov chain is positive recurrent with invariant probability measure A, then for
all v € E 1t holds that

‘/1(”) — >\7, a.Ss.

n n—o0
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PROOF. If the chain is transient, then V;(n) stays bounded as a function of n, with proba-
bility 1. This implies (2.11.3). In the sequel, let the chain be recurrent.

For simplicity, we will assume in this proof that the chain starts in state ¢. Denote the time
of the k-th visit of the chain to ¢ by S, that is

Si=min{n e N: X, =i},
Sy =min{n > Sy : X,, =i},
Sz =min{n > S : X,, =i},

and so on. Note that S, S5s,S53,... are a.s. finite by the recurrence of the chain. Let also
&1,&2,&3, ... be the excursion times between the returns to ¢, that is

=051, =05 —251, §=53— 205,
Then, &1, &5,&3, ... are i.i.d. random variables by the Markov property.
By definition of V;(n) we have
S+t FévmaSn<§G+H A+ FEvm)-
Dividing this by V;(n) we get

E+E&E+ ...+ £Vi(n)_1
Vi(n)
Note that by recurrence, V;(n) — oo a.s.

n—oo

n <§1+§2+...+fvi(n)

(2.11.5) Vitn) = Vi(n)

<

CASE 1. Let the chain be null recurrent. It follows that E¢; = oco. By using (2.11.2)
and (2.11.5), we obtain that

S
Vz(n) n—oo

This proves (2.11.3).

CASE 2. Let the chain be positive recurrent. Then, by Theorem 2.10.4, E&; = m; = /\i < 00.
Using (2.11.1) and (2.11.5) we obtain that

N as, 1
Vl(n) n—yoo )\i.
This proves (2.11.4). O

In the next theorem we prove that the n-step transition probabilities converge, as n — oo,
to the invariant probability measure.

THEOREM 2.11.2. Consider an irreducible, aperiodic, positive recurrent Markov chain {X,, :
n € No} with transition matriz P and invariant probability measure X = (\;)ieg. The initial
distribution o = (;)iep may be arbitrary. Then, for all j € E it holds that

lim P[X, = j] = A;.

n—oo
In particular, lim,, pgl) =)\j foralli,j e E.
REMARK 2.11.3. In particular, the theorem applies to any irreducible and aperiodic Markov
chain with finite state space.
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For the proof we need the following lemma.

LEMMA 2.11.4. Consider an irreducible and aperiodic Markov chain. Then, for every states
i,j7 € E we can find N = N(i,j) € N such that for alln > N we have pgl) > 0.

PROOF. The chain is irreducible, hence we can find r € Ny such that pg) > 0. Also, the

chain is aperiodic, hence we can find Ny € N such that for all £ > Ny we have p(@ > 0. It

follows that for all & > Nj, ’

k+r k T
pz(‘j+ ) > pz(i )pz(j) > 0.

It follows that for every n := k + r such that n > Ny + r, we have p(m

ij

> 0. O
PrROOF OF THEOREM 2.11.2. We use the “coupling method”.

STEP 1. Consider two Markov chains called {X,, : n € No} and {Y,, : n € Ny} such that

(1) X,, is a Markov chain with initial distribution v and transition matrix P.
(2) Y, is a Markov chain with initial distribution A (the invariant probability measure)
and the same transition matrix P.

(3) The process {X,, : n € Ny} is independent of the process {Y,, : n € Ny}.
Note that both Markov chains have the same transition matrix but different initial distribu-
tions. Fix an arbitrary state b € E. Denote by 1" be the time at which the chains meet at
state b:

T=min{n e N: X,, =Y, =b} € NU{+oc0}.

If the chains do not meet at b, we set T = +o0.

STEP 2. We show that P[T" < oo] = 1. Consider the stochastic process W,, = (X,,Y,)
taking values in E' x E. It is a Markov chain on F x F with transition probabilities given by
PGk = Pijpw, (i,k) € ExXE, (j,1)€ ExE.

The initial distribution of Wy is given by
Wik = Qg (k) € E X E.

Since the chains X, and Y,, are aperiodic and irreducible by assumption of the theorem, we
can apply Lemma 2.11.4 to obtain for every i, 7, k,l € E' a number N = N(i, 7, k,[) € N such
that for all n > N we have

Plaky ) = Py Phe > 0.
Thus, the chain W, is irreducible. Also, it is an exercise to check that the probability measure
S‘(i,k) = \; A, is invariant for W,,. Thus, by Theorem 2.10.4, the Markov chain W,, is positive

recurrent and thereby recurrent. Therefore, T" < oo a.s. by Lemma 2.7.11.

STEP 3. Define the stochastic process {Z,, : n € Ny} by

7 X,, ifn<T,
"lY,, ifn>T.

Then, Z,, is a Markov chain with initial distribution « and the same transition matrix P
as X, and Y,,. (The Markov chain Z, is called the coupling of X,, and Y;,). The chain Y,
starts with the invariant probability measure A and hence, at every time n, Y,, is distributed
according to \. Also, the chain Z,, has the same initial distribution o and the same transition
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matrix P as the chain X,,, so that in particular, the random elements X,, and Z, have the
same distribution at every time n. Using these facts, we obtain that

[P[Xo = j] = Al = [P[X = 5] = PIY, = j] = [P[Z, = 5] = PV, = J].
By definition of Z,,, we can rewrite this as
IP[Xn = j] = M| = [P[X, = j,n <T|+PlY, = j,n >T] - P[Y, = j]|
=|PX,=jn<T]—-PY,=jn<T||
<P[T > n].
But we have shown in Step 2 that P[T" = oo] = 0, hence lim,_,o, P[T" > n] = 0. It follows

that

n—oo

thus establishing the theorem. 0
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