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Problem 1 (6 points)

Let ξ1, . . . , ξn be a sequence of i.i.d. random variables with E|ξ1| < ∞ and define Sn =
∑n

k=1 ξk.
Calculate E[ξn|σ(Sn)], where σ(Sn) denotes the σ-algebra generated by Sn.

Problem 2 (2 + 2 + 2 points)

Let {B(t) : t ≥ 0} be a standard Brownian motion. Show that the following stochastic processes
are martingales w.r.t. the natural filtration.

(a) {B2(t)− t : t ≥ 0}.

(b) {euB(t)−tu
2

2 : t ≥ 0}, for every fixed u ∈ R.

(c) {B3(t)− 3tB(t) : t ≥ 0}.

Problem 3 (3 + 3 points)

Let X1, X2, . . . be a sequence of i.i.d. random variables with

P[Xi = 1] = p+, P[Xi = −1] = p−, P[Xi = 0] = q, i ∈ N,

where p+, p−, q ∈ (0, 1) such that p+ +p− + q = 1 and p+ 6= p−. Define Sn = X1 + . . .+Xn, S0 = 0.

(a) Show that there exists some α 6= 0, such that {eαSn : n ∈ N0} is a martingale w.r.t. the
natural filtration.

(b) Define Ty = min{n ∈ N : Sn = y}. Compute P[Tb < Ta], for a < 0 < b, a, b ∈ Z.

Problem 4 (6 points)

Show that if a family C of random variables is bounded in Lp, for some p > 1 (meaning that there
is a constant B such that E|X|p < B for all X ∈ C and B does not depend on the choice of X),
then this family is uniformly integrable.

Problem 5 (voluntary)

A function f : Z2 → R is called harmonic, if

f(x, y) =
1

4
(f(x, y + 1) + f(x, y − 1) + f(x− 1, y) + f(x+ 1, y))

for all (x, y) ∈ Z2.

(a) Show that any bounded harmonic function is constant.

(b) Show that any non-negative harmonic function is constant.

Hint: Consider the simple symmetric random walk X0, X1, X2, . . . on Z2. If the function f is
harmonic, then f(Xn) is a martingale.


