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Quantum graphs

Definition 1.1.

o A graph (V,E, ) is a finite or countable set of vertices V along with a set of edges
E joining them and a map 9: E — V x V given an orientation to the edges.
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negative second order derivative along edges, and some vertex conditions.
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Dirichlet forms

Definition 1.2

Let (X, d) be a locally compact metric space and p be a locally finite and regular
measure on X. Moreover, let £: D — D is a non-negative symmetric bilinear form.
(€,D) is a Dirichlet form iff

(i) D is a dense subspace of L?(X, ),
(i) (D, &1?) is a Hilbert space, where & (f, f) := E(f, f) + (f, F)a,
(iii) for all f € D, f € D and E(f,f) < E(f, f), where f :=0Af V1.

Theorem 1.3

Let (£,D) be a Dirichlet form on L*(X /,L) Then, there exists a unique non-negative
self-adjoint operator A,,: Dom A, — L*(X, u) such that Dom A, is dense in L*>(X, 1)
and

| N

E(f,g) = /A fgedy VgenD.

A, is called the Laplacian associated to (£, D).
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X Hanoi attractor of parameter «, (0 <a< %)
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6
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Hanoi-type metric graphs

X Hanoi attractor of parameter «, (O <a< %)

6
IFS: {Fi: R* > R*}%,, X = -U1 Fi(X)

Alphabet A := {1,2, }
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Hanoi-type metric graphs

X Hanoi attractor of parameter «, (O <a< %)

6
IFS: {F: R* - R*}2.,, X = U Fi(X)

i=1

Alphabet A := {1,2, }

Definition 1.4.

For each n € No, the metric graph X, := (V4, En, 9) has the vertex set

Vi = U Fuy o+ Fu,({p1, p2, p3})
weAn
and the edge set E, := T, U J, given by
To:={{x,y}|Iwe A" sit. x,y € Fu(V0)}
Joi={{x,y}|30< k< n,we At st x = Fui(pi),y = Fuwi(p;), i,j € A, i #j},

equipped with the Euclidean metric.
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Energy and resistance form

Definition 1.

Let n € Np and define

T o= {f: X —=>R|VneN, f, € H*(X,) and fi, = c. Ve € X \ U d>e([07r(e)])} ,
ecJn

where c. is some constant that only depends on e. The non-negative symmetric bilinear
form given by

E(f, g) ::/f/g'dx f,g € Fn
X

is called the energy of the n-th approximation of X.

Proposition 2.1.

Let n € No and define the non-negative symmetric bilinear form E,: F, X Fn — R by
En(f,f) =inf{(g.8) | g€ FkV k=1,2,...,n, g, =f}

For all n € No, (En, Fn) is a resistance form.
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Hanoi-type quantum graphs

(&En, Fn) resistance form (En, Dn) Dirichlet form
+ — — A, Laplacian on X,
Lebesgue on L%(X,)

Definition 2.2.

For each n € Ng, the metric graph X, together with the Laplacian A, is a Hanoi-type
quantum graph.
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Resistance form and measure on X
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Resistance form and measure on X

Proposition 2.3.

Let us define
Fi={f: X—=>R| lim &(f ,f, )< oo}
n—oo @ 2

The pair (€, F) is a regular resistance form.
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Dirichlet form and Laplacian on X

(&, F) regular resistance form
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Dirichlet form and Laplacian on X

(€, F) regular resistance form + wug locally finite and regular
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Dirichlet form and Laplacian on X
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1

(€,D) local and regular Dirichlet form on L*(X, ug)
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Dirichlet form and Laplacian on X

(€, F) regular resistance form + wug locally finite and regular

1

(€,D) local and regular Dirichlet form on L*(X, ug)

1

Ag associated Laplacian on X

The same holds for the Dirichlet form with Do := {f € D | f, =0} and
o := Eo|pox Do and its associated Laplacian A% J
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Eigenvalue counting function

Remark 2.4.

The spectrum of fA"Y/D is a countable set where all eigenvalues are non-negative with
finite multiplicity and the only accumulation point is +oo.

Definition 2.5.

| \

The eigenvalue counting function of —A,’Y/D at x > 0 is given by

Nu/p(x) = #{A € o(~ANP) | A < x)

according to multiplicity.

| \

Definition 2.6.
The spectral dimension of X is the positive number dsX such that

dgx
Nn/p(x) ~ x "2
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Asymptotics

Proposition 3.1.

Let r:= 1_7"‘ and s := % There exist constants C1, Co > 0 and xo > 0 such that

(i) if0<rs< %, then
C1X% S ND(X) S NN(X) S CzX%,
(ii) ifrs = 3, then
Cix? log x < Np(x) < Nn(x) < Cox? log x,
(iii) if rs > 3, then
_log3 _log3
C1X*|°5("') S ND(X) S NN(X) S CzX*I°5(")

for all x > xo.
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Spectral dimension

The spectral dimension of X is given by

1, 0<rs<y,
dSXZ{ log 9 1 9.

— log(rs)?
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Spectral dimension

Theorem 3.2.

The spectral dimension of X is given by

1, 0<rs<i
dsX:{ logo 1 -y
7|2gg(rs), 5 <rs<l.

v
Corollary

Suppose that the Einstein Relation holds.
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Spectral dimension

Theorem 3.2.

The spectral dimension of X is given by

1, 0<rs<i
dsX:{ logo 1 -y
7|2gg(rs), 5 <rs<l.

| A\

Corollary
Suppose that the Einstein Relation holds.
o The walk dimension of X is given by

2, 0<rs§%,
dWX_{ 1+ 22 lors<l

log r’
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Spectral dimension

Theorem 3.2.

The spectral dimension of X is given by

1, 0<rs<i
dsX:{ logo 1 -y
7|2gg(rs), 5 <rs<l.

Corollary

| A\

Suppose that the Einstein Relation holds.
o The walk dimension of X is given by

2, 0<rs§%,
dWX_{ 1+ 22 lors<l

log r’

e Va,Be(0,3), dw X < 2.
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Spectral dimension

Theorem 3.2.

The spectral dimension of X is given by

1, 0<rs<3,

dsX:{ ot %<rs<1.

— log(rs)?

v
Corollary

Suppose that the Einstein Relation holds.

o The walk dimension of X is given by

2, 0<rs§%,
dWX_{ 1+ 22 lors<l

log r’

e Va,Be(0,3), dw X < 2.

Superconductor??
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Thank you for your attention!
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measure on X

Let 1 <B<1andsets:=228
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measure on X

Let 1 <B<1andsets:=228

@ Foreach e Ji, pu(le) =8
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measure on X

1 1 . 1-33
Let g < < 3 and set s := =5,
@ Foreach e Ji, pu(le) =8

@ For each wiws ... w, € A", n € Np
.U'(FW1OFWZO"'FWn(X)):S‘W‘
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measure on X

1 1 . 1-33
Let g < < 3 and set s := =5,
@ Foreach e Ji, pu(le) =8

@ For each wiws ... w, € A", n € Np
.U'(FW1OFWZO"'FWn(X)):S‘W‘

o u(X)=1

P. Alonso Ruiz, D. Kelleher, A. Teplyaev (Ur Hanoi-type fractal quantum graphs Ulm, 02.09.13 15 / 14



	Motivation
	Hanoi-type quantum graphs
	Analytic convergence

