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body = compact, non-empty subset of Rd

Parallel body of a body K ⊆ Rd at distance r ≥ 0:

{x ∈ Rd | d(K,x) ≤ r} = K + rBd,

where

d(K,x) := min{‖y − x‖ : y ∈ K}
K + L := {x+ y : x ∈ K, y ∈ L}

rK := {rx : x ∈ K}
Bd := {x ∈ Rd : ‖x‖ ≤ 1}
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Parallel volume of a body K ⊆ Rd at distance r ≥ 0:

λd(K + rBd)

λd = Lebesgue measure

• used to define essential concepts of

convex geometry

• applications in stochastic geometry, stereology,

statistics and geometric functional analysis

• well understood for convex bodies
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Theorem 1 (Kiderlen & Rataj (2006))

Let K ⊆ Rd be a body. Then for r →∞

λd(convK + rBd)− λd(K + rBd) ∈ o(rd−1)

Theorem 2 (K. (2009))

λd(convK + rBd)− λd(K + rBd) ∈ O(rd−3)
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Theorem 3

Let K ⊆ Rd be a body. Then

lim
r→∞

λd(convK + rBd)− λd(K + rBd)

rd−3
=

(d− 1)κd−1

2
V (3)

1 (K),

where κj := λj(B
j).

What is the intrinsic power volume V
(3)

1 (K)?

For d = 2:

Consider (bd convK) \K.
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K

(convK) \K
(bd convK) \K

(bd convK) \ K consists of countably many disjoint,

relatively open segments

Call this collection F∗(K)
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Theorem 3 (Recalled)
Let K ⊆ Rd be a body. Then

lim
r→∞

λd(convK + rBd)− λd(K + rBd)

rd−3
=

(d− 1)κd−1

2
V (3)

1 (K),

where κj := λj(Bj).

For d = 2:

V
(3)

1 (K) =
1

24

∑
F∈F∗(K)

(`(F ))3,

where `(F ) is the length of F .

For d ≥ 2:

V
(3)

1 (K) =
1

κd−1

∫
bd convK

‖ . . . ‖2C1(convK, dx)
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K

(K + rBd) \K
(convK + rBd) \ (K + rBd)
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Proof: d = 2

λd(convK + rBd)− λd(K + rBd)

=
∑

F∈F∗(K)

λd({x ∈ (convK + rBd) \ (K + rBd) | p(K,x) ∈ F}),

where p(K,x) = metric projection of x onto K

= point in K closest to x
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For r ≥ `(F )/2

λd({x ∈ (convK + rBd) \ (K + rBd) | p(K,x) ∈ F})

≤ 2
∫ `(F )/2

0
r −

√
r2 − x2 dx

= 1
24`(F )3r−1 +O(r−2)

∀δ∈(0,`(F )) :∃r0>0 : ∀r>r0 :

λd({x ∈ (convK + rBd) \ (K + rBd) | p(K,x) ∈ F})

≥ 2
∫ (`(F )−δ)/2

0
r −

√
r2 − x2 dx

= 1
24(`(F )− δ)3r−1 +O(r−2)
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Theorem 3 (Recalled)

Let K ⊆ Rd be a body. Then

λd(convK + rBd)− λd(K + rBd)

=
(d− 1)κd−1

2
V

(3)
1 (K)rd−3 ± o(rd−3),

where κj := λj(B
j).

Can we go further?

In general: no
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For finite sets K ⊆ Rd fulfilling a certain geometric con-

dition:

λd(convK + rBd)− λd(K + rBd) =
∞∑

j=3−d
aj(K)r−j

for sufficiently large r, where

aj(K) =

min{d−1,
j+d−2}∑
i=1,

2|(j+d−i)

(−1)(j+d−i)/2
( (d− i)/2

(j + d− i)/2

)
κd−i

∑
F∈Fi(convK)

γ(F, convK)
∫
F
d(K ∩ F, x)j+d−i dx.
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