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Let u = (u1, u2, u3), û = (u1, u2). Indices

i, j range 1, 2, and k — from 1 to 3. Space

variables are x = (x1, x2, x3) or x, y, z; x′ =

(x1, x2).

Let Ω = Ω′ × [0,1], where Ω′ is a 2D domain

with a piecewise smooth boundary ∂Ω′; ∂Ω =

S ∪ S1, where S is a lateral part of ∂Ω.



The system of primitive equations is

ût − ν∆′û− νvûzz + lû +∇′p+ ukûxk = f ,

∂p

∂x3
= −gρ,

div u = ϕ, ρt − µ∆′ρ− ∂3(µv(ρz)∂3ρ) + ukρxk = 0,

û · n =
∂û

∂n
× n = 0 on S × [0, T ],

u3 = 0, ∂3u1 = ∂3u2 = 0 on S1 × [0, T ],

∂ρ

∂n

∣∣∣∣
∂Ω

= 0, û(t, x) = û0(x),

∫ 1

0
div ′û0dz = 0, ρ(x,0) = ρ0(x);

∫
Ω
ϕdx = 0;

(1)
we assume summation over repeating indices
in products; g is acceleration of gravity, n is
an outer unit normal to the boundary, a× b =
a1b2 − a2b1. The operator lû is of the form

lû = ω(u2,−u1).



Stratification means that the viscosity coeffi-

cient µv depends on ρz. We impose the follow-

ing conditions on µv:

1) µv(s) is bounded, smooth and
non-increasing for s ≤ 0;

2) µv(s) is constant for s ≥ 0.

The problem consists in proving existence and

uniqueness of a solution to (1) ”in the large”,

i.e. the norm ‖ûx‖ has to be continuous in

time on any finite time interval [0, T ] without

assumptions on smallness of initial data, vis-

cosity coefficients or size of a domain.



A priori estimates. Multiply the equation

ρt − µ∆′ρ− (µvρz)z + ukρxk = 0

by ρ3 and integrate over Ω. After simple esti-

mation we get

max
0≤t≤T

‖ρ(t)‖4 ≤ c‖ρ0‖4. (2)

From the second equation of (1)

∂p

∂x3
= −gρ

and (2) it follows

max
0≤t≤T

‖∂3p(t)‖4 ≤ c‖ρ0‖4. (3)



Multiply the first equation of (1)

ût − ν∆′û− νvûzz + lû +∇′p+ ukûxk = f ,

by û and integrate over Ω:

1

2

d

dt
‖û‖2+ν‖û′x‖2+νv‖ûz‖2−(p,div ′û) = (f , û).

(4)

Estimate the scalar product from the left-hand

side of (4). From the incompressibility equa-

tion and boundary conditions it follows

‖u3‖ ≤ c‖∂3u3‖ ≤ c‖ûx′‖. (5)

Then

|(p,div ′û)| = |(p, ∂3u3)| = |(∂3p, u3)|

≤ c‖∂3p‖ ‖ûx′‖ ≤
ν

2
‖ûx′‖

2 +
c

ν
‖∂3p‖2.

So

d

dt
‖û‖2 + c1‖ûx‖2 ≤ c2

(
‖∂3p‖2 + ‖f‖2−1

)
.

Integrating this inequality in t from 0 to T and



taking into account (3), we get

max
0≤t≤T

‖û(t)‖2 +
∫ T

0
‖ûx‖2dt ≤ c. (6)

For u3 from (5) and (6):∫ T
0

(
‖u3‖2 + ‖∂3u3‖2

)
dt ≤ c. (7)

Estimation of the norm ‖p‖4. Represent p as
p = p1 + p2, where p1(t, x, y) =

∫ 1
0 p(t, x, y, z)dz.

Then p2 is an antiderivative of ∂3p in z and∫ 1

0
p2dz = 0. Since p is determined from (1) up

to a constant, in what follows we shall assume∫
Ω′
p3

1dx
′ = 0. Then,

‖p2‖4 ≤ c‖∂3p2‖4 ≤ c. (8)

Estimate the norm of p1. Take the scalar prod-
uct of the first equation and ∇′(∆′)−1p3

1; after
some estimations we have

‖p1‖4 ≤ c(‖vx‖1/2 + ‖v‖1/2 + 1)‖v‖1/2, v = û2.

(9)



Here we used the inequality

|v|4 ≤ c
(
|vx′|

1/2 + |v|1/2
)
|v|1/2 (10)

being valid for 2D case and | · | means the norm

in x, y variables. As for estimation of the inte-

gral over ∂Ω, we differentiate the first b.c. in

the tangent direction and use the second b.c.

So, this integral is reduced to the one contain-

ing derivatives of the normal components. It

gives possibility to estimate this integral prop-

erly.

Estimation of the norm maxt ‖û‖4. Multiply

(1) by û2û and integrate over Ω:

1

4

d

dt
‖û(t)‖44 − ν(∆′û, û2û)− νv(ûzz, û2û)

+(∇′p, û2û) + (ukûxk, û
2û) = 0.

(11)

The last scalar product in (11) equals zero.



Then,

−ν(∆′û, |û|2û)− νv(ûzz, û2û) ≥

c

(∫
Ω
v |∇û|2dx+ ‖vx‖2

)
,

so (11) may be rewritten as

d

dt
‖v(t)‖2+c1

(∫
Ω
v |∇û|2dx+ ‖vx‖2

)
≤ c2|(∇′p, û2û)|.

(12)

Using the estimates for p1 and p2, it is possible
to estimate the scalar product of (12):

|(∇′p, û2û)| = |(p,div ′(û2û))| ≤ |(pû,∇′û2)|

+|(pû2,div ′û)| ≤ c(|p|v, |ûx|)

≤ c((|p1|v, |ûx|) + (|p2|v, |ûx|)).
(13)

Estimate scalar products of (13) separately:

(|p1|v, |ûx|) ≤
ν

4
‖vx‖2 +

c

ν
‖v‖2‖ûx‖2

+c‖v‖2‖ûx‖+ c‖v‖‖ûx‖,
(14)



(|p2|v, |ûx|) ≤
∫ 1

0
|p2|4|v|4|ûx|dz = |p2|4

∫ 1

0
|v|4|ûx|dz

≤ c‖vx′‖1/2‖v‖1/2‖ûx‖ ≤
ν

2
‖vx‖2 + c‖v‖2 + c‖ûx‖2.

(15)

So, from (12) we have

d

dt
‖v(t)‖2+c

∫
Ω

û2|ûx|2dx ≤ c‖v‖2(‖ûx‖2+‖ûx‖).
(16)

From Gronwall’s inequality and (16), it follows

max
0≤t≤T

‖û(t)‖4 ≤ c. (17)

In turn, (16) and (17) yield∫ T
0

∫
Ω

û2|ûx|2dxdt ≤ c. (18)

Since ‖uj∂3u3‖ = ‖uj(∂1u1 +∂2u2)‖, then from



(18) we have∫ T
0

∫
Ω
u2
j (∂3u3)2dxdt ≤ c, j = 1,2. (19)

Differentiate equations (1) in z. Denote

uz = v, v̂ = (v1, v2); so

v̂t − ν∆′v̂ − νvv̂zz +∇′pz + vkûxk + ukv̂xk = 0,

div v = 0.
(20)

Multiply the first equation of (20) by v̂ and

integrate over Ω:

1

2

d

dt
‖v̂‖2 + ν‖v̂x‖2 − (pz,div ′v̂)

+(vkûxk, v̂) + (ukv̂xk, v̂) = 0.

(21)

The last scalar product equals zero. Estimate

the two remaining scalar products in (21):

|(pz,div ′v̂)| ≤ ‖pz‖ ‖div ′v̂‖ ≤ c‖div ′v̂‖ ≤
ν

4
‖v̂x‖2+c.



Further,

|(vkûxk, v̂)| = |(vkû, v̂xk)| ≤ |(vjû, v̂xj)|+ |(v3û, v̂x3)|

≤ c‖û‖4‖v̂‖4‖v̂x‖+ |(div ′û · û, v̂x3)| ≤ c‖v̂x‖7/4‖v̂‖1/4

+‖div ′û · û‖ ‖v̂x‖ ≤
ν

4
‖v̂x‖2 + c‖v̂‖2 + c‖div ′û · û‖2.

So, from (21) it follows

d

dt
‖v̂‖2 + c1‖v̂x‖2 ≤ c2

(
‖v̂‖2 + ‖div ′û · û‖2

)
.

(22)

From (22) and Gronwall’s inequality one ob-

tains

max
0≤t≤T

‖v̂(t)‖2 + ν
∫ T

0
‖v̂x‖2dt ≤ c. (23)



Multiply (20) by v̂2v̂ and integrate over:

1

4

d

dt
‖v̂‖44 + ν

∫
Ω

(
v̂2(v̂x′)

21

2
[(v̂2)x]2

)
dx

+νv

∫
Ω

(
v̂2(v̂z)

2 +
1

2
[(v̂2)z]

2
)
dx

−(pz,div ′(v̂2v̂)) + (vkûxk, v̂
2v̂) = 0.

(24)

Estimate the scalar products in (24):

I1 = |(pz,div ′(v̂2v̂))| ≤ |(pz, v̂2div ′v̂)|+ |(pz, v̂∇′v̂2)|.
(25)

The first term is estimated with the use of the
Hölder inequality for the functions pz, |v̂|div ′v̂
and |v̂| with the powers 4, 2 and 4. Taking
into account the boundedness of the norms of
pz in L4 in t and the estimate ‖w‖4 ≤ c‖wx‖1/2‖w‖1/2

being valid for 2D case, we obtain

|(pz, v̂2div ′v̂)| ≤ ‖pz‖4 ‖v̂ · div ′v̂‖ ‖v̂‖4

≤ ε
∫

Ω
v̂2(v̂x)2dx+ cε

(
‖v̂x‖2 + ‖v̂‖2

)
.



The second term is estimated in a similar way.
So

|(pz,div ′(v̂2v̂))| ≤ ε
∫

Ω
v̂2(v̂x)2dx+cε

(
‖v̂x‖2 + ‖v̂‖2

)
(26)

Estimate the second scalar product of (24):

I2 = |(vkûxk, v̂2v̂)| ≤ |(vjûxj , v̂2v̂)|+ |(v3ûx3, v̂
2v̂)|

≡ I ′2 + I ′′2.

The first scalar product is estimated as

|(vjûxj , v̂2v̂)| ≤ |(div ′v̂ · v̂, v̂2û)|

+|(vjû, v̂v̂2
xj

)|+ |(vjû, v̂2v̂xj)|.

Estimate, e.g. the third scalar product. Use
the Hölder inequality for the functions vjv̂xj , û

and v̂2 with the powers 2, 4 and 4:

I ′2 = |(vjû, v̂2v̂xj)| ≤ c‖v̂·v̂x‖ ‖û‖4
(∫

Ω
|v̂|8dx

)1/4
.



Taking into account the boundedness of ‖û‖4
in t and the estimate ‖w‖4 ≤ c‖wx‖3/4‖w‖1/4

being hold in 3D case, one obtains

I ′2 ≤ c‖v̂ · v̂x‖ ‖wx‖
3/4‖w‖1/4,

where w = v̂2. From this inequality we have

I ′2 ≤ ε
∫

Ω
v̂2(v̂x)2dx+ ε

∫
Ω

[(v̂2)x]2dx+ cε‖v̂‖44.
(27)

Estimate I ′′2:

I ′′2 = |(v3ûx3, v̂
2v̂)|= |(div ′û · v̂, v̂2v̂)|= |(û · v̂2,∇′v̂2)|

≤ ‖û‖4 ‖v̂2‖4 ‖∇′v̂2‖ ≤ c‖wx‖3/4 ‖w‖1/4 ‖∇′v̂2‖

≤ ε
∫

Ω
v̂2(v̂x)2dx+ ε

∫
Ω

[(v̂2)x]2dx+ cε‖v̂‖44.
(28)

Thus, using (26) – (28), from (26) we have

d

dt
‖v̂‖44 + c1

∫
Ω

(
v̂2(v̂x)2 +

1

2
[(v̂2)x]2

)
dx

≤ c2
(
‖v̂x‖2 + ‖v̂‖2 + ‖v̂‖44

)



from what follows

max
t
‖v̂‖44+

∫ T
0

∫
Ω

(
v̂2(v̂x)2 + [(v̂2)x]2

)
dxdt ≤ c.

(29)

All the above inequalities yield

max
t
‖û‖44 + max

t
‖ûz‖44

+ν
∫ T

0

∫
Ω

(
û2û2

x + û2
x + u2

3z + û2u2
3z

)
dxdt

+ν
∫ T

0

∫
Ω

(
û2
z û

2
zx + û2

zx + u2
3zz + û2

zu
2
3zz

)
dxdt ≤ c.
(30)

Let us now obtain the estimate for ρz. Differ-
entiation of the equation for ρ in z gives

ρzt−µ∆′ρz−(µvρz)zz+uz·∇ρ+u·∇ρz = 0. (31)

Scalar multiplication of (31) by ρz gives

1

2

d

dt
‖ρz‖2 + µ‖ρzx′‖

2 + (µvρzz, ρzz)

+(µ′vρzz, ρzzρz) + (uz · ∇ρ, ρz) = 0.

(32)



Due to the properties imposed on µv, we have

(µ′vρzz, ρzzρz) ≥ 0.

Estimation of the last scalar product gives

|(uz · ∇ρ, ρz)| ≤ ε‖ρzx‖2 + cε(‖v̂x‖2 + ‖ρx‖2) + c

(33)

Then, from (32) it follows

max
0≤t≤T

‖ρz‖2 +
∫ T

0
‖ρzx‖2dt ≤ c (34)

Differentiate (1) in t:

ûtt − ν∆ût + lût +∇′pt + uktûxk + ukûtxk = 0,

div ut = 0,

ρtt − µ∆′ρt − (µvρtz)z − (µ′vρztρz)z

+uktρxk + ukρtxk = 0.
(35)



Take the scalar product of the first equation

of (35) and ût, and the third equation of (35)

and ρt. One has

1

2

d

dt
‖ût‖2 + ν‖ûtx′‖

2 + νv‖ûtz‖2 + (∇′pt, ût)

+(uktûxk, ût) = 0,

1

2

d

dt
‖ρt‖2 + µ‖ρtx′‖

2 + (µv, ρ
2
tz)

+(µ′vρz, ρ
2
tz) + (uktρxk, ρt) = 0.

(36)

The scalar products in (36) may be estimated

as

|(∇′pt, ût)| ≤ ε‖ûtx‖2 + c1‖ρt‖2;

|(uktûxk, ût)| ≤ ε‖ûtx‖2 + c‖ût‖2.



Further,

|(uktρxk, ρt)|= |(uktρ, ρtxk)|≤|(ujtρ, ρtxj)|+|(u3tρ, ρtx3)|;

|(ujtρ, ρtxj)| ≤ c‖ût‖4 ‖ρ‖4 ‖ρtx‖ ≤ c‖ût‖4 ‖ρtx‖

≤ ε‖ρtx‖2 + c‖ût‖24 ≤ ε‖ρtx‖
2 + ε‖ûtx‖2 + c‖ût‖2;

|(u3tρ, ρtx3)| ≤ |(u3tzρ, ρt)|+ |(u3tρz, ρt)| ≡ I3 + I4;

I3≤‖u3tz‖ ‖ρ‖4 ‖ρt‖4≤c‖ûtx‖ ‖ρt‖4≤ε‖ûtx‖2 + c‖ρt‖24

≤ ε‖ûtx‖2 + ε‖ρtx‖2 + c‖ρt‖2;

I4 = |(u3tρz, ρt)|=
∣∣∣∣∣
∫ 1

0

∫
Ω′

(∫ x3

0
div ′ûtdz

)
ρx3ρt dx

′dx3

∣∣∣∣∣
≤
∫ 1

0

(∫
Ω′

∫ 1

0
|div ′ût|dz · |ρx3| |ρt| dx

′
)
dx3.

Denote
∫ 1

0
|div ′ût|dz = q(x′). Then, to esti-



mate I4 we have

I4 ≤
∫ 1

0

(∫
Ω′
q |ρx3| |ρt| dx

′
)
dx3 ≤

∫ 1

0
|q| |ρz|4 |ρt|4dz

≤ c|q|
∫ 1

0
|ρzx′|

1/2 |ρz|1/2 |ρtx′|
1/2 |ρt|1/2dz.

Applying the Cauchy inequality and taking into

account the estimate

|q|2 =
∫

Ω′
q2dx′ =

∫
Ω′

(∫ 1

0
|div ′ût|dz

)2

dx′

≤
∫

Ω′

∫ 1

0
|div ′ût|2dzdx′ ≤ c‖ûtx‖2,

we have

I4 ≤ c‖ûtx‖ ‖ρzx‖1/2 ‖ρz‖1/2 ‖ρtx‖1/2 ‖ρt‖1/2

≤ ε‖ûtx‖2 + ε‖ρtx‖2 + c‖ρzx‖2 ‖ρt‖2.



Choose sufficiently small ε. Then

d

dt

(
‖ût‖2 + ‖ρt‖2

)
+ c1‖ûtx‖2

+c2‖ρtx‖2 − c3‖ρt‖2

−c4‖ût‖2 − c5‖ρzx‖2 ‖ρt‖2 ≤ 0,

(37)

from what follows

max
0≤t≤T

(‖ût(t)‖+ ‖ρt(t)‖) +
∫ T

0

(
‖ûtx‖2 + ‖ρtx‖2

)
dt

≤ cT
(
‖ût(0)‖2 + ‖ρt(0)‖2

)
.

(38)

The right-hand side of (38) may be estimated

by some constant depending on the norms ‖û0‖W2
3
,

‖ρ0‖W2
2

. Thus, the final a priori estimate is of



the form

max
0≤t≤T

(‖ρ‖4 + ‖ρz‖+ ‖ûx‖+ ‖u3‖+ ‖ûz‖4 + ‖ût‖

+‖ρt‖) +
∫ T

0

(
‖ρx‖2 + ‖ρzx‖2 + ‖ρtx‖2 + ‖ûx‖2

+‖ûzx‖2 + ‖ûtx‖2 + ‖ûûx‖2 + ‖ûzûzx‖2
)
dt

≤ cT
(
‖û0‖4W2

3
+ ‖ρ0‖2W2

2

)
.

(39)

Let us now proceed to the proof of existence

of a solution.



Introduce the spaces

• V2 — the space of vector functions v̂ =

(v1, v2) from W1
2(QT ), satisfying boundary

conditions and such that v̂z ∈W1
2(QT ) and∫ 1

0
div ′v̂(x′, z, t) dz = 0;

• R — the space of functions r ∈ W1
2 (QT )

such that rz ∈W1
2 (QT ).

The weak form of the density equation is∫
Qt

(
−ρrt + ν1ρxrx − ukρrxk

)
dxdt

+
∫

Ω
ρr|t=t dx−

∫
Ω
ρ0r|t=0 dx = 0.

(40)



The weak form of the motion equation is∫
Qt

(
−ûv̂t + νûxv̂x + lûv̂ +∇′p · v̂ + ukûxkv̂

)
dxdt

+
∫

Ω
ûv̂|t=tdx−

∫
Ω

û0v̂|t=0dx = 0;

(41)
here u3 is uniquely determined from the rela-
tions div u = 0, u3(t, x′,0) = 0.

It is possible to eliminate p and u3 from (41)∫
Qt

(
−ûv̂t + νûxv̂x + lûv̂ − gρ

∫ x3

0
div ′v̂ dz

−ujûv̂xj +
∫ x3

0
div ′û dz ûv̂x3

)
dxdt

+
∫

Ω
ûv̂|t=t −

∫
Ω

û0v̂|t=0 = 0.

(42)

Weak solution is a pair of functions û ∈ V2,
ρ ∈ R satisfying for any v̂ ∈ V2, r ∈ R and
arbitrary t ∈ [0, T ] relations (40), (42).



Using obtained a priori estimates it is not dif-
ficult to prove uniqueness of a solution.

As for existence, we use the theorem on ex-
istence ”in small” and obtained a priori esti-
mates. It gives existence ”in the large”.

Thus, the following statement is proven

Theorem. Let û0 ∈ W2
3(Ω), ρ0 ∈ W2

2 (Ω)
satisfy boundary conditions (1”) and∫ 1

0
div ′û0dz = 0. Then for any ν, µ, νv > 0, µv

(µv satisfies the properties discussed above)
and arbitrary T > 0 problem (1) has in QT a
unique weak solution such that û2, û2

z , ûx, û
2
zx, ût, ûtx ∈

L2(QT ), and ρ2, ρx, ρzx, ρtx ∈ L2(QT ). For û, ρ
estimate (36) holds and the norm ‖ûx‖ is con-
tinuous in t.

Sometimes, one chooses µv as

µv = νmin exp

{
0.5 ln

νmax

νmin
[1− th(γρz)]

}



Direct calculations give us the following suffi-

cient restriction

νmax

νmin
≤ 86

for the inequality

(µvρzz, ρzz) + (µ′vρzz, ρzzρz) > 0

to be valid. So, the theorem is fulfilled for this

case as well.
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