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Abstract�We establish a lower bound for the uniform norm of the

trigonometric polynomial of special form via the sum of the L1-norm

of its summands. This result generalizes a theorem due to Kashin and

Temlyakov, which, in turn, generalizes the classical Sidon inequality.

We set, as usual, by ‖f‖p the norm in Lp(0, 2π), 1 ≤ p ≤
∞ :

‖f‖p =
(

1

2π

∫ 2π

0

|f(x)|p dx
) 1

p

, 1 ≤ p <∞,

‖f‖∞ = ess sup
[0,2π]

|f(x)|.

By the classical Sidon theorem (see [6]; pp. 393-395) if the
sequence of natural numbers {nk}∞k=1, is lacunary with lacunarity
index λ (i.e., nk+1/nk ≥ λ > 1 for any k), then there exists a
positive constant c(λ) depending only on the lacunarity index
such that, for any trigonometric polynomial of the form

T (x) =
N∑
k=1

ak cosnkx, ak ∈ R,

the following inequality holds:

‖T‖∞ ≥ c(λ)
N∑
k=1

|ak|.

Kashin and Temlyakov obtained a more general result in the
special case. Namely, they proved (see [1] and also [2])
Theorem A (B. S. Kashin, V.N. Temlyakov). For any

trigonometric polynomial of the form

f(x) =
2l∑

k=l+1

pk(x) cos 4
kx,

1
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where the pk are real trigonometric polynomials of deg(pk) ≤
2l, where k = l + 1, . . . , 2l and l = 1, 2, . . . , the following

inequality holds

‖f‖∞ ≥ c
2l∑

k=l+1

‖pk‖1,

where c > 0 is an absolute constant.

Kashin and Temlyakov also introduced QC-norm (see [1]
and [2]) and proved that for this norm the previous result is
true in a more general case:
for a function f ∈ L1(0, 2π) with Fourier series f ∼

∑∞
s=0 δs(f, x),

where

δ0 =
1

2π

∫ 2π

0

f(x) dx, δs =
∑

2s−1≤|k|<2s
f̂(k)eikx, s = 1, 2, . . . ,

QC-norm of f is de�ned as

‖f‖QC ≡
∫ 1

0

∥∥∥∥∥
∞∑
s=0

rs(ω)δs(f, ·)

∥∥∥∥∥
L∞

dω,

where {rk(ω)}∞k=0 is the system of Rademacher.
Theorem B (B. S. Kashin, V.N. Temlyakov). For any real

function f ∈ L1(0, 2π) the following inequality holds

‖f‖QC ≥
1

16

∞∑
s=0

‖δs(f)‖1.

A similar result to the theorem A is proved by the author
in the case of an arbitrary lacunarity index and under weaker
constraints on the degrees of the polynomials pk (see [3] and
[5]).

Theorem 1. Suppose that a sequence of natural numbers

{nk}∞k=1 satis�es the condition nk+1/nk ≥ λ > 1, k =
1, 2, . . . . There exist the constants c = c(λ) > 0 and γ =
γ(λ) ∈ (0, 1) depending only on λ such that, for any trigonometric
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polynomial of the form

f(x) =
N∑
k=l

pk(x) cosnkx,

where pk are real trigonometric polynomials of deg(pk) ≤
[γnl], k = l, . . . , N, N ≥ l, l = 1, 2, . . . , the following

inequality holds

‖f‖∞ ≥ c
N∑
k=l

‖pk‖1.

In connection with research of QC-norm Grigor'ev proved
the following result (see [4]).
Theorem (Grigor'ev). There exists the sequence of trigonometric

polynomials {σk(x)}∞k=1 such that

σk(x) =
∑

2k≤|j|<2k+1

cje
ijx, ‖σk‖1 ≥

π

4
, ‖σk‖∞ ≤ 6, k = 1, 2, . . . ,

and ∥∥∥ n∑
k=1

σk

∥∥∥
∞
≤ A
√
n, n = 1, 2, . . . ,

where A > 0 is an absolute constant.

Using some ideas of Grigor`ev`s work we have proved (see
[5]) the following result which shows that in theorem 1 (in
the case nk = 2k) the condition deg(pk) ≤ [γ2l] can`t be
substituted for deg(pk) ≤ [2k−k

ε

] neither any ε ∈ (0, 1).

Theorem 2. Suppose that ε, ε̃ are real numbers such that
1
2 < ε < ε̃ < 1. For any W ∈ N there exist the real

trigonometric polynomials pk(x), k = 1, . . . , W , such that

deg pk ≤
[
2k−k

ε]
, ‖pk‖1 ≥ 1

3 , ‖pk‖∞ ≤ 70, k = 1, . . . ,W,
and

max
1≤n≤W

∥∥∥∥∥
n∑
k=1

pk(x) cos 2
kx

∥∥∥∥∥
∞

≤ CW ε̃,

where C = C(ε, ε̃) > 0 is a constant depending only on ε
and ε̃.
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