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Motivation

A.V. Ivanov and N.N. Leonenko proved in their book ”Statistical
analysis of random fields” a CLT for isotropic Gaussian random
fields.
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Random fields

Let (Ω,F ,P) be a complete probability space and T ⊆ Rd . A
collection of random variables X = {X (t), t ∈ T} indexed by
elements of T is called a random field.

A random field X = {X (t), t ∈ T} is measurable if for each
A ∈ B(R) it holds that {(ω, t) : X (ω, t) ∈ A} ∈ F ⊗ B(T ), where
F ⊗ B(T ) is the product σ-algebra of F and B(T ).

A random field X = {X (t), t ∈ T} is called stationary if all
finite-dimensional distributions of X are invariant with respect to
translations, that is, for all k ∈ N, t1, . . . , tk , s ∈ T it holds that

(X (t1 + s), . . . ,X (tk + s))
d
= (X (t1), . . . ,X (tk )).
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Random fields

A random field X =
{

X (t), t ∈ Rd} is called positively (PA) or
negatively (NA) associated if

Cov (f (XI) ,g (XJ)) ≥ 0 (≤ 0, resp.)

for all finite disjoint subsets I, J ⊂ Rd , and for any bounded
coordinatewise non–decreasing functions f : Rcard(I) → R,
g : Rcard(J) → R, where XI = {X (t), t ∈ I}, XJ = {X (t), t ∈ J}.
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Excursion set

Let Wn = [0,n]d , n ∈ N be a sequence of observation windows.
Let vd (B) be the volume of a measurable set B ∈ B(Rd ) and let
1I(C) denote the indicator function of a set C. Let | · | denote the
Euclidean norm in Rd .

An excursion set of random field X at level u ∈ R is defined by

Au(X ,T ) = {t ∈ T : X (t) ≥ u} .
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Excursion set

Centered Gaussian random field on [0,1]2,
r(t) = exp(−‖t‖2 /0.3),

Levels: u = −1.0, 0.0, 1.0
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Excursion set

Fix a sequence of increasing excursion levels {un}, un →∞.
The volume of the excursion set of X at level un is

Sn = vd (Aun (X , [0,n]d )) =

∫
[0,n]d

1I(X (t) ≥ un) dt .

If X is stationary then by Fubini’s theorem, the mean of Sn is

E[Sn] = nd P(X (0) ≥ un).

Similarly, the variance of Sn can be rewritten as

Var(Sn) =

∫
[0,n]d

∫
[−x ,n−x ]d

Cov(1I(X (0) ≥ un),1I(X (t) ≥ un)) dtdx .
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Theorem

Let X =
{

X (t), t ∈ Rd} be a measurable, stationary and
positively associated random field, with bounded density f and
continuous covariance function Cov(X (x),X (0)) satisfying the
following conditions

1. Var(Sn)→∞ as n→∞.
2. It exists µ > 3d such that |Cov(X (0),X (t))| = O(|t |−µ) as
|t | → ∞.

3. It exists {un} ⊂ R,un →∞ such that

δn := nd γ
2
3 (un)

(Var(Sn))
1
3 (µ+3)

→ 0, as n→∞, where γ(x) = sup
t≥x

f (t).

Then one gets

Sn − E[Sn]√
Var(Sn)

d→ X ∼ N(0,1).
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Proof of the CLT

Under the above assumptions, one can find a sequence
mn →∞ such that for n→∞

md
n

Var(Sn)
→ 0 and

nd

(Var(Sn))2γ
2
3 (un)m

d−µ
3

n → 0.

To see this, consider for example

mn = max
{√

Var(Sn), δ
1

µ−3
n Var(Sn)

}
.

Set qd
n =

√
Var(Sn)md

n and rn =
⌊

n
qn

⌋
. Note that for n→∞

mn

qn
→ 0,

qd
n

Var(Sn)
→ 0 and

n
qn
→∞.

It holds that Var(Sn) ≤ const . · nd . Set

0 < md
n ≤ qd

n ≤ Var(Sn).
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Proof

Define S̃n = vd (Aun (X , [0, rnqn]d )) and Zn =
∑

k∈Zd∩[1,rn]d
ξn,k ,

where
{
ξn,k
}

are i.i.d. and ξn,k
d
= vd (Aun (X , [0,qn]d )).

It holds that
Var(Zn)

Var(Sn)
→ 1, as n→∞ (∗).

It suffices to show that

S̃n − E[S̃n]√
Var(Sn)

d
=

Zn − E[Zn]√
Var(Sn)

, n→∞ (1)

and that Zn−E[Zn]√
Var(Sn)

d→ N(0,1) as n→∞ (2)
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Proof

To show (1) it is sufficient to show that∣∣∣∣∣E
[

exp

(
it

S̃n − E[S̃n]√
Var(Sn)

)]
− E

[
exp

(
it

Zn − E[Zn]√
Var(Sn)

)]∣∣∣∣∣→ 0,n→∞.

This can be shown by using Newman’s inequality, (∗) and the
requirement for mn.

To show (2) one can apply the CLT of Lindeberg by replacing
Var(Sn) with Var(Zn) by (∗).



page 13 CLT for the volume of excursion sets of stationary associated random fields | Examples | 6.9.2013

Example: Gaussian random field

Let X be a standard Gaussian random field with
Cov(X (x),X (0)) = exp(−|x |). Then the requirements of the
theorem are fulfilled for the level u2

n = log log n.
In this case it holds that

Var(Sn) =

∫
[0,n]d

∫
[0,n]d

1
2π

∫ r(t1,t2)

0

1√
1− r2

exp
(
− u2

n
1 + r

)
drdt1dt2,

where r(t1, t2) = exp(−|t1 − t2|). This term is greater than or
equal to

1
2π

d !(1− exp(−n))nd exp(−u2
n)

and thus the first requirement is shown.
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Example: Gaussian random field

To show that

δn :=
nd γ

2
3 (un)

(Var(Sn))
1
3 (µ+3)

→ 0, as n→∞,

note that

γ(un) =
1

2π
exp

(
−1

2
u2

n

)
.

It holds that

n−
1
3µd exp

(
1
3

(µ+ 2)u2
n

)
→ 0,

as n→∞ and for u2
n = log log n. Thus it follows that δn → 0, as

n→∞.
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Example: Random field on lattices

Consider a random field X =
{

X (t), t ∈ Zd}. Let X be a
stationary and positively associated random field with bounded
density f . In that case, E[Sn]→∞ implies Var(Sn)→∞.
To show this, note that due to the stationarity we get

Var(Sn) =
∑

k∈Zd∩[0,n]d

∑
l∈Zd∩[0,n]d

Cov(1I(X (l−k) ≥ un),1I(X (0) ≥ un)).

Splitting this sum and taking the advantage of the association
then the term above is greater than or equal to

(n + 1)d Var(1I(X (0) ≥ un)).

This variance can be easily calculated and we get

Var(Sn) ≥ (n + 1)d P(X (0) ≥ un) P(X (0) < un).
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Example: Random field on lattices

For the exponential distribution with parameter δ < µ
µ+3 , set

un = d log(n). Note that

ϕ(un) := P(X (0) ≥ un) = exp(−δun) and γ(un) = δϕ(un).

Take into account that,

Var(Sn) ≥ ndϕ(un)P(X (0) < un),

and therefore,

nd γ
2
3 (un)(

Var(Sn)
) 1

3 (µ+3)
≤ δ

2
3 n−

1
3 dµ (ϕ(un))−

1
3 (µ+3) (P(X (0) < un))1/3(µ+3).

Thus, δn → 0 and E(Sn)→∞, as n→∞.
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Open problem

What happens if ESn → λ, as n→∞?
To discuss this question consider a random field on lattices,
where X1, X2,. . . are i.i.d. random variables. Therefore,

Sn =
n∑

i=1

1I(X (i) ≥ un).

Thus, Sn is the sum of Bernoulli-distributed random variables
and therefore binomial distributed with parameters n and
P(X (0) ≥ un).
If ESn = n P(X (0) ≥ un)→ λ for n→∞ and
P(X (0) ≥ un)→ 0, then Sn

d→ Z ∼ Poi(λ), as n→∞, see the
Poisson limit theorem.
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Thank you for your attention!


