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Exercise 1 (6)

Let {Xt, t ≥ 0} be a Wiener process on a probability space (Ω,F ,P) and let c, t0 > 0 be
arbitrary. Define the stochastic processes {Y (i)

t , t ≥ 0} for i ∈ {1, 2, 3} by Y
(1)
t = −Xt, Y

(2)
t =

Xt+t0 −Xt0 and Y
(3)
t =

√
cXt/c for each t ≥ 0. Show that {Y (i)

t , t ≥ 0} is a Wiener process
on (Ω,F ,P) for each i ∈ {1, 2, 3}.

Exercise 2 (3+2+2+2)

Let {Xt, t ≥ 0} be a Wiener process. Define Mt = max0≤s≤t Xs for each t ≥ 0 and define
Ta = inf{t ≥ 0 : Xt = a}.

a) Show that P(Xt ≤ a− y,Mt ≥ a) = P(Xt > a + y) for all a > 0, y ≥ 0.

b) Show that P(Mt ≥ a) = 2P(Xt ≥ a) for each a ≥ 0.

c) Determine the distribution of Ta for each a > 0.

d) Determine the distribution of Mt for each t > 0.

Hint: Define the process {X?
t , t ≥ 0} by

X?
t = XtI(t ≤ Ta) + (2a−Xt)I(t > Ta)

for each t ≥ 0. You may assume without proof that {X?
t , t ≥ 0} is a Wiener process.

Exercise 3 (4)

Let {Xt, t ≥ 0} be a Wiener process and define Mt = max0≤s≤tXs. Show that the set
At = {s ∈ [0, t] : Xs = Mt} consists almost surely of one single point for each t > 0.


