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Exercise 1 (10 Points)
Let X be an ID random variable1 with Lévy characteristics (a, b, ν).
(a) Let c : R→ R be an arbitrary function with the following asymptotical properties:

c(x) = 1 + o(|x|), |x| → 0 (1)
c(x) = O(1/|x|), |x| → ∞ (2)

Show that the characteristic function ϕ of X can be written in the form

ϕ(z) = exp
−1

2 ãz
2 + izb̃c +

∫
R

(
eizx − 1− izxc(x)

)
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where ã ≥ 0 and b̃c ∈ R.

(b) Show that the following functions ρ, σ, τ : R→ R fullfill the conditions (1) and (2):

ρ(x) = 1/(1 + x2)
σ(x) = sin(x)/x

τ(x) =

1 ; |x| ≤ 1
1/|x| ; |x| > 1

(c) Find three more examples (different from ρ, σ, τ) for a function c : R → R which fullfill the
conditions (1) and (2).

Exercise 2 (4 Points)
Let ϕ be a characteristic function. Show that ψ : R→ C defined by

ψ(z) = 1− b
1− a ·

1− aϕ(z)
1− bϕ(z) ,

0 ≤ a < b < 1, is an ID characteristic function.

Exercise 3 (8 Points)
Let X1, . . . , Xn be independent and infinitely divisible random variables. Assume that the Lévy
measure of Xj is absolutely continuous w.r.t. the Lebesgue measure, for all j = 1, . . . , n. For
arbitrary µ1, . . . , µn ∈ R define the random variable Y = ∑n

j=1 µjXj. Show that Y is inifinitely
divisible as well and determine its Lévy characteristics.

1A random variable is infinitely divisible if and only if its characteristic function admits a Lévy-Khintchine repre-
sentation.


