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Exercise 1 (3 Points)
Let ξ1, ξ2, . . . be a sequence of independent random variables with Eξi = 0, for all i ∈ N. Show
that for each k ∈ N the sequence {X(k)

n }n∈N0 given by

X
(k)
0 = 0, X(k)

n =
∑

1≤i1<···<ik≤n
ξi1 . . . ξik

is a martingale w.r.t. the filtration generated by ξ1, ξ2, . . . .

Exercise 2 (4 Points)
Let X = {Xn}n∈N be a martingale and τ : Ω → N be a finite stopping time. Show that
{Xτ∧n}n∈N is uniformly integrable, if E|Xτ | <∞ and limn→∞ E(|Xn|1I{τ>n}) = 0.

Exercise 3 (7 Points)
Let X1, X2, . . . be i.i.d. with P (X1 = 1) = P (X1 = −1) = 1/2 and

Sn =
n∑
k=1

Xk, n ∈ N.

Define T = inf{n : |Sn| >
√
n} and Fn = σ(X1, . . . , Xn) , n ∈ N.

(a) Show that T is a stopping time w.r.t. {Fn}n∈N.

(b) Show1 that {Gn}n∈N with Gn = S2
T∧n − T ∧ n is a martingale w.r.t. {Fn}n∈N.

(c) Show that |Gn| ≤ 4T for all n ∈ N.

Exercise 4 (6 Points)
Let W = {W (t); t ≥ 0} be a Wiener process. For a > 0 denote by

τa = inf{t ≥ 0; |W (t)| = a},
the first exit time of W from the strip (−a, a).
(a) Show that P (W (τa) = a) = P (W (τa) = −a) = 1/2.

(b) Compute Ee−λτa for λ > 0.

(c) Compute2 Eτ 2
a .

1See Exercise 4, (b) on exercise sheet 13.
2Use part (b).


