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Stochastics 11
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Due to: Wednesday, 3rd of February 2016

Exercise 1 (3 Points)

Let &1, &, ... be a sequence of independent random variables with E&; = 0, for all ¢ € N. Show
that for each k € N the sequence {X ¥}, oy, given by

xP =0, xP= 3 g..g

1< < <ip<n

is a martingale w.r.t. the filtration generated by &1, &, .. ..

Exercise 2 (4 Points)

Let X = {X,}nen be a martingale and 7 : © — N be a finite stopping time. Show that
{XrAn}nen is uniformly integrable, if E|X ;| < oo and lim, o E(| X, [Tir5ny) = 0.

Exercise 3 (7 Points)
Let X, Xy, ... be i.id. with P(X; =1) = P(X; = —-1) =1/2 and
Sn = ZXk, n € N.
k=1

Define T' = inf{n : |S,| > v/n} and F, =o0(X1,...,X,) ,n € N.
(a) Show that T is a stopping time w.r.t. {F, }nen.
(b) Show! that {G, }nen with G, = S%,, — T A n is a martingale w.r.t. {F, hnen.
(c¢) Show that |G, | < 4T for all n € N.

Exercise 4 (6 Points)
Let W = {W(t); t > 0} be a Wiener process. For a > 0 denote by
7o = inf{t > 0; [W(t)| = a},
the first exit time of W from the strip (—a, a).
(a) Show that P(W (7,) =a) = P(W(71,) = —a) = 1/2.
(b) Compute Ee=*™ for A > 0.

(c) Compute? E72.

1See Exercise 4, (b) on exercise sheet 13.
2Use part (b).



