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Stochastics 11
Exercise Sheet 5
Due to: Wednesday, 18th of November 2015

Exercise 1 (4 Points)

Let NO = {NW(#); + > 0} and N® = {N®(t); t > 0} be two independent Poisson processes
with intensities A1, Ay > 0, i.e. the sequences {Tél)}keN and {T,EQ)}%N of interarrival times are
independent. Show that N = {N(¢); ¢t > 0} defined by

N(t)=NY@)+ND@), t>0
is a Poisson process with intensity A; 4+ As.

Exercise 2 (5 Points)

Let N = {N(t), t > 0} be a renewal process. Define x(t) = Sy —t and C(t) =t — Sy,
t > 0. x is called excess time, C' current life time. Now let N be a Poisson process with
intesity A > 0.

(a) Calculate the distribution of x(t).

(b) Show that the distribution of the current life time is given by

min{s,t}

P(C(t) < 5) = exp(—\D)Gi(s) + / Nexp(—Az)dz, s € 0,4,

with d;(s) = 1, if s = ¢ and 0 otherwise.

Exercise 3 (5 Points)

Let N = {N(t), t > 0} be a homogeneous Poisson process with intensity A > 0 and let U =
{U;}ien be an ii.d. sequence of non-negative random variables defined on the same probability
space as N. Let furthermore N and U be independent. Define the process X = {X(¢);¢ > 0} by

N(t)
Xt)=> U, t>0.
=1

Show that

(a) the Laplace transform of X () is given by

A

Ixw(s) = mnw (v, (s), s>0,

where my)(s) = EsNV® denotes the generating function of N(¢).



(b) if Uy ~ Exp(7y), v > 0, then ZAX(t)(s) = exp(—2£) 5 > 0.

vts -

Exercise 4 (6 Points)

Let {7} }ken be a sequence of i.i.d. random variables with 77 ~ Exp(X), A > 0. For n € N, define
Sp = >p_1 T. Show that for any n € N it holds that

S S
( Lo )i(U(l),...,U(n)),

Sn+1 Sn+1

where Uy, ..., U, are i.i.d. random variables with Uy ~ U(([0, 1]) and U denotes the k-th order
statistic of (Uy,...,U,).
Exercise 5 (4 Points)

Consider a Poisson counting measure N as in Exercise 5, Sheet 4. Let By € B(R?) and
fi(-) :== p(- N By). Show, that the random counting measure N = {N(B), B € B(R%)} defi-
ned by N(-) := N(-N By) is a Poisson counting measure with intensity measure fi.



