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Exercise 1 (5 Points)
A certain class of infinitely divisible random variables are the so called stable random variables. A
usual definition is given as follows: A random variable X is called stable if there are parameters
0 < α ≤ 2, σ ≥ 0, −1 ≤ β ≤ 1, and µ ∈ R such that its characteristic function has the following
form:
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z ∈ R, where

sign(z) =


1 , if z > 0
0 , if z = 0
−1 , if z < 0.

Show: If X is stable then for any n ≥ 2 there is a positive number an and a real number bn such
that

X1 + · · ·+Xn
d= anX + bn,

where X1, . . . , Xn are independent copies of X.

Exercise 2 (4 Points)
Show1 that the function ϕ : R→ C, given by

ϕ(z) = exp(ψ(z)), ψ(z) = 2
∞∑

k=−∞
2−k(cos(2kz)− 1)

is the characteristic function of an infinitely divisible random variable.

Exercise 3 (6 Points)
Let X be a random variable with characteristic function ϕ.
(a) Show2: If X is infinitely divisible ⇒ ϕ(z) 6= 0, ∀ z ∈ R

(b) Find an example for a random variable which is not infinitely divisible (with proof).

Exercise 4 (4 Points)

Let P (s) = ∑∞
k=0 pks

k where pk ≥ 0, p0 > 0 and ∑∞k=0 pk = 1. Assume that log(P (s)
P (0)) is a power

series with positive coefficients. If ϕ is the characteristic function of an arbitrary distribution F
show3 that P (ϕ) is the characteristic function of an infinitely divisible random variable.

1Use the Lévy-Kchinchin representation, find a Lévy measure for ϕ
2Let ϕ(z) = (ϕn(z))n. Show that lim

n→∞
|ϕn(z)|2 is cont. on R. Use the fact that |ϕn|2 is a characteristic function.

3Find the Lévy measure in terms of F ∗n.


