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Exercise 12-1 (5 points)

Let X,Y be arbitrary random variables on (2, 7, P) with E|X| < oo, E|Y| < 00 E|XY| < 0o and let

G C F be an arbitrary sub-o-Algebra of F. Then it holds a.s. that
1. E(X|{0,Q}) =EX, E(X|F) =
2. E(aX +0bY1|G) = aE(X|G) + bE(Y|G) for arbitrary a,b € R.

4. E

(X
(
3. E(X|G) <E(Y|9), if X <Y,
(XY|9) = YE(X|G), it Y is a (G, B(R))—measurable random variable,
(

5. E(E(X|G2)|G1) = E(X|G1), if G1 and Gy are sub-o-algebras of F with G; C Gs.

Exercise 12-2 (4 points)

Let X and Y be random variables on a probability space (€2, F, P). The conditional variance is defined

by Var(Y|X) = E((Y — E(Y|X))?|X). Show that:
1. EY = E(E(Y|X)),
2. VarY = E(Var(Y|X)) + Var(E(Y|X)).
Exercise 12-3 (4 points)
For a stopping time 7 define the stopped o-algebra F, as follows:
F.={B e F:Bn{r <t} e F for arbitrary t > 0}.
Let now o and 7 be stopping times w.r.t. the filtration {F;,¢ > 0}. Show:
(a) An{o <7} eF, VAecF,.
(b) Frinfo,r} = Fo N Fr.

Exercise 12-4 (3 points)

Let &1,&a, ... be a sequence of independent N (0, 1)—distributed random variables. Let S, = & +- -

&,. Prove that the sequence X,,,n > 1 given by

1 2
X, = _Pn
vn+1 P (2(n + 1))

is a martingale w.r.t. the filtration 7, = 0(&1,...,&),n > 1.
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