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Exercise 11-1 (3 points)

Let X = {X(¢),t > 0} be a Lévy process. Show that the random variable X (¢) is then infinitely
divisible for every t > 0.

Exercise 11-2 (2 points)

Show that the sum of two independent Lévy processes is again a Lévy process, and state the corre-
sponding Lévy characteristic.

Exercise 11-3 (9 points)
Let X be an infinitely divisible random variable! with Lévy characteristics (a, b, v/).
1. Let ¢: R — R be an arbitrary function with the following asymptotical properties:
e(x) = 1+o(jal), |a] -0 (1)
c(z) = O(1/[z]), [z] = o0 (2)

Show that the characteristic function ¢ of X can be written in the form

1 ~ .
¢(z) = exp 755122 +izb. + / (e =1 —izac(z)) v(dw)
R

where a > 0 and Bc € R.

2. Show that the following functions p, o, 7 : R — R fullfill the conditions (1) and (2):

1 ;<1
0z 5 Jz[>1

plx) =1/ +2?), o(z)=sin(z)/z, 7(z)= {

3. Find three more examples (different from p,o,7) for a function ¢ : R — R which fullfill the
conditions (1) and (2).

Exercise 11-4 (4 points)
Let P(s) = > 52 prst were pr, > 0 and > 52 o pr = 1. Assume P(0) = pp > 0 and that log(%) is a
power series with positive coeflicients. If ¢ is the characteristic function of an arbitrary distribution
F show that P(yp) is an ID characteristric function.

Hint: Find the Levy measure in terms of F*".

Exercise 11-5 (4 points)

Let ¢ be a characteristic function. Show that ¢ : R — C defined by

1-0b1-ap(z)
C1l—al—byp(z)

,0<a<b<,

¥(2)

is an ID characteristic function.

! A random variable is infinitely divisible if and only if its characteristic function admits a Lévy-Khintchine represen-
tation.



