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Exercise 9-1 (2 points)

Let W be the Wiener process. Find mean and covariance function of W 2. Determine the
marginal distributions of W 2.

Exercise 9-2 (6 points)

Let W = {W (t), t ∈ [0, 1]} be a Wiener process. Define the process of the maximum as
M = {M(t) = maxs∈[0,t]W (s), t ≥ 0}. Show:

1. (2 points) The probability density of M(t) is given by
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1{x ≥ 0}.

Hint: Use the fact that P(M(t) > x) = 2P(W (t) > x).
2. (2 points) The expectation and variance of M(t) are given via

EM(t) =
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π
, VarM(t) = t(1− 2

π
).

3. (2 points) Let τ(x) := min{s ∈ R,W (s) = x} be the first time when W attains the
value x. Prove that τ(x) has Lévy distribution with density
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Show that Eτ(x) =∞.

Exercise 9-3 (4 points)

Let W = {W (t), t ∈ [0, 1]} be a Wiener process and L = argmaxt∈[0,1] W (t). Show that

P (L ≤ x) =
2

π
arcsin

√
x, x ∈ [0, 1].

Hint: Use the fact that maxr∈[0,t]W (r)
d
= |W (t)|.

Exercise 9-4 (3 points)

Let W and N be the independent Wiener process and Poisson process with intensity λ ,
respectively. Find the mean and covariance of the process X(t) = W (N(t)), t ≥ 0. Is X a
process with independent increments?

Exercise 9-5 (3 points)

Suppose that W and W̄ are two independent Wiener processes and let ρ ∈ [−1, 1] be a
constant. Is the process X(t) := ρW (t) +

√
1− ρ2W̄ (t) a Wiener process?
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