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Exercise 11-1 (3 points)

Let {An} be a partition of Ω such that Ai ∩ Aj = ∅, i 6= j and P(Ai) > 0. Let F = σ(An : n ∈ N).
Prove that for any X ∈ L1(Ω,A,P),

E[X|F ] =
∑
n≥0

IAn

E[XIAn ]

P(An)

Exercise 11-2 (4 points)

Let X and Y be random variables on a probability space (Ω,F ,P). The conditional variance is defined
by Var(Y |X) = E((Y −E(Y |X))2|X). Show that:

1. (2 points) EY = E(E(Y |X)),

2. (2 points) VarY = E(Var(Y |X)) + Var(E(Y |X)).

Exercise 11-3 (7 points)

For a stopping time τ define the stopped σ-algebra Fτ as follows:

Fτ = {B ∈ F : B ∩ {τ ≤ t} ∈ Ft for arbitrary t ≥ 0}.

Let now σ and τ be stopping times w.r.t. the filtration {Ft, t ≥ 0}.

1. (3 points) Prove that Fτ is a σ-algebra.

2. (2 points) Show that A ∩ {σ ≤ τ} ∈ Fτ ∀A ∈ Fσ.

3. (2 points) Prove that Fmin{σ,τ} = Fσ ∩ Fτ .

Exercise 11-4 (3 points)

Let ξ1, ξ2, . . . be a sequence of independent N(0, 1)−distributed random variables. Let Sn = ξ1 + · · ·+
ξn. Prove that the sequence {Xn, n ≥ 1} given by

Xn =
1√
n+ 1

exp

(
S2
n

2(n+ 1)

)
is a martingale w.r.t. the filtration Fn = σ(ξ1, . . . , ξn), n ≥ 1.

Exercise 11-5 (3 points)

Let ξ1, ξ2, . . . be a sequence of random variables with finite means and satisfying

E(ξn+1|ξ0, . . . , ξn) = aξn + bξn−1, n ≥ 1,

where 0 < a, b < 1 and a + b = 1. Find a value of α for which Xn = αξn + ξn−1, n ≥ 1. defines a
martingale with respect to the filtration generated by sequence {ξn, n ≥ 1}.
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