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Exercise 12-1 (2 points)

Let {X,}nen be a discrete martingale and 7 a discrete stopping time w.r.t. {F,}nen.
Show that{ X in{rn} fnen is also a martingale w.r.t. {F, }nen.

Exercise 12-2 (4 points)

(Doob decomposition) Let a random sequence { X,,,n > 0} be a submartingale w.r.t. the fil-
tration {F,,n > 0}. Prove that there exists a martingale {M,,n > 0} and non-decreasing
integrable random sequence {A,,n > 0} such that Ay = 0, A4,, is F,,—1-measurable for
each n > 1, and

X, =M, + A,,Vn > 0.

Exercise 12-3 (3 points)
Let the stochastic process X = {X(t),t > 0} be adapted and cadlag. Show that

EX (1)
P X < -7
(0?3}; @) > x) ~ 22+ EX(1)?

holds for arbitrary x > 0 and ¢t > 0, if X is a submartingale with EX(¢) = 0 and
EX(t)? < oo.

Exercise 12-4 (3 points)

Let X = {X(n),n € N} be a martingale. Show that the sequence of random vari-
ables X (7 A1), X(7 A 2),... is uniformly integrable for every finite stopping time T,
if E|X(7)| < oo and E(|X (n)[l{;~,}) — 0 for n — oo.

Exercise 12-5 (6 points)

1. (3 points) Prove that if {X,,n > 0} is a non-negative supermartingale, then
Jlim,,— o0 Xp, = X a.s. and EX < EX,.
Hint: Use the upcrossing inequality: if {Y,,n > 0} is a submartingale then
(b — a)EU, < E(Y,, —a); — E(Yy — a)4, where U, is the number of upcrossings
of interval (a,b) by Y,,, m > 0 completed by time n.

2. (3 points) Let random sequences {X,,n > 0} and {Y,,,n > 0} be a.s. non-negative,
integrable and adapted to the filtration F,,,n > 0.
Suppose E(X,11]|Fp) < (14Y,)X,, ¥n > 0 with >~77 1Y, < oo a.s. Prove that X,

converges a.s. to a finite limit.
Hint: Consider Z, = X,/ [[/='(1 4 Y;),n > 1.



