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Theorem (Existence and uniqueness for SDESs)

Let T>0and b: [0, T] x R" - R", o: [0, T] x R" — R™™
be measurable functions satisfying

1b(t, x)| + [o(t, x)] < C(1 + [x]) (1)
b(t,x) — b(t,y)| + [o(t,x) —o(t,y)| < Dix —y| (2)
forall x,y € R", t € [0, T] and for some constants C, D. Let

Z be a RV which is independent of the o-algebra FEm
generated by Bs(-), s > 0 and such that E[|Z|?] < oc.
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Theorem - continued

Then the stochastic differential equation
aX; = b(t, Xt)dt—i- O'(t,Xt)dBt, 0<t<T, Xp=2

has a unique t-continous solution X;(w) with the property
that X;(w) is adapted to the filtration F# generated by Z and
Bs(-); s < tand it holds that

;
/ | X;)2 dt| < oo.
0

E
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Example 1

The ordinary differential equation
u'(t) = u(t)?, u(0) =1

has the solution

12
10

8

— 1(1-t) 1

02 04 06 0.8 10

It is impossible to find a global, t-continous solution in this
case.
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Example 2
The ordinary differential equation

U (t) = 3u(t)?3, u0)=0

is solved by

u(t):{o ift<a

(t—a)® ift>a

for any a > 0.
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Uniqueness

Let X;(w) and X;(w) be solutions with Xy = Xy = Z, which
satisfy all the conditions of the theorem. Then

i [|Xt(w) — Xi(w)| =Oforall t [0, T]| = 1.
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Existence

Lemma
Define the process Y,(k) inductively by

YI‘(O) =X
t t
Yt(k+1):X0+/ b(s, Yé“) ds+/ a(s, Yé“) dBs.
0 0

Then there is a constant A(C, D, T, E[|Xo|?]) such that

Ak+1 pk+1
Uym (k)’ } _k+t1)|, k=>0,te[0,T].
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Existence

Lemma
The sequence <Yt(”) (w)) N is uniformly convergent in
ne

[0, T] for a.a. w. We denote the limit by X;.
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Existence

X; of the Lemma above is adapted to the filtration FZ,
solves the stochastic differential equation and it holds

that
)
E / \Xt\zdt]<oo.
0
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