Selected topics in the theory of spatial stationary flat processes

Dissertation zur Erlangung des akademischen Grades doctor rerum naturalium (Dr. rer. nat.)

vorgelegt dem Rat der Fakultät für Mathematik und Informatik der Friedrich – Schiller – Universität Jena

von Dipl. Math. Evgueni Spodarev

geboren am 17. März 1975 in Nowosibirsk, Russland

Jena

2001

Gutachter 1. Prof. Dr. R. V. Ambartzumian 2. Prof. Dr. J. Mecke 3. Prof. Dr. I. Molchanov Tag des Rigorosums: 18. Oktober 2001 Tag der öffentlichen Verteidigung: 20. Dezember 2001

Preface

This PhD project was realized in the course of my postgraduate studies at the Friedrich Schiller University of Jena in 1998 – 2001. I am very grateful to the Graduiertenkolleg ”Analytische und stochastische Strukturen und Systeme” and his head Prof. H. Triebel for the financial support of my studies, congress trips and research visits. I am also thankful to the Edmund Landau Center for Research in Mathematical Analysis and Related Areas, the Hebrew University of Jerusalem, for sponsoring my stay in Jerusalem in December 2000.

I would like to express my deep respect and gratitude to my supervisor Prof. J. Mecke for his encouragement, the statement of problems, constant discussions and many helpful ideas that I enjoyed during that time. I wish also to acknowledge his kind permission to use his unpublished proof of theorem IV.5.1 in chapter IV, subsection 5.5.

Furthermore, I am indebted to Dr. W. Nagel, Prof. P. Goodey, Prof. G. Last, Prof. R. Schneider, Prof. W. Weil, Prof. I. Molchanov, Prof. D. Stoyan, A. Davtian for their important remarks on the manuscripts of my papers that made parts of this thesis.

And finally, my special thanks to Prof. B. Rubin for his hospitality at the University of Jerusalem and his notes on integral transforms that were very helpful to me.

Jena, 30.06.2001 Evgueni Spodarev

Contents

Introduction 1

I Stationary flat processes 5 1 Basic facts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2 Grassmannians . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.1 Hyperplanes and lines . . . . . . . . . . . . . . . . . . 8 2.2 Grassmannian G(2, 4) and its isomorphisms . . . . . . 8 3 Representations of the integral kernel [ξ, η] . . . . . . . . . . . 10 3.1 Particular cases . . . . . . . . . . . . . . . . . . . . . . 10 3.2 Critical angles . . . . . . . . . . . . . . . . . . . . . . 11 3.3 Mixed volumes . . . . . . . . . . . . . . . . . . . . . . 14

II Variational problems 15 1 Intersection density and isoperimetric problems . . . . . . . . 15 2 Some historical notes . . . . . . . . . . . . . . . . . . . . . . . 17 3 Variational calculus on signed measures . . . . . . . . . . . . 18 4 Necessary conditions of maximum . . . . . . . . . . . . . . . 19 5 Remarks and open problems . . . . . . . . . . . . . . . . . . . 22

III Integral transforms 25 1 Generalized cosine transforms . . . . . . . . . . . . . . . . . . 25 1.1 Spherical cosine and sine transforms . . . . . . . . . . 25 1.2 Operator families {T^α_{ij} } and {T̃^α_{ij} } . . . . . . . . . . . . 26 1.3 Connection to convex and stochastic geometry . . . . 27 2 Radon transforms . . . . . . . . . . . . . . . . . . . . . . . . . 28 2.1 Radon transforms on Grassmannians . . . . . . . . . . 28 2.2 Spherical Radon transforms and their inversion . . . . 28 2.3 Useful integral and differential relations . . . . . . . . 30 3 Integral formulae . . . . . . . . . . . . . . . . . . . . . . . . . 30 3.1 Radon transforms of the power of the volume . . . . . 31 3.2 Dual Radon transforms of the power of the volume . . 36 3.3 Cauchy – Kubota – type formulae for the generalized cosine transforms . . . . . . . . . . . . . . . . . . . . 37 i ii CONTENTS

3.4 Double fibration for {T^α_{ij} } and {T̃^α_{ij} } . . . . . . . . . . 38 3.5 Bounds for the weighted images of Radon transforms . 40

IV An inverse problem 43 1 The rose of intersections and the directional distribution . . . 43 2 Inversion formulae for k = d − 1, r = 1 . . . . . . . . . . . . . 44 3 Inversion formulae for k = d − 1, 1 < r ⩽ d − 1 . . . . . . . . 46 4 Inversion via expansions in spherical harmonics . . . . . . . . 47 5 Case G(2, 4) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 5.1 The Haar measure on L(2, 4) . . . . . . . . . . . . . . 49 5.2 The first proof of the theorem IV.5.1 . . . . . . . . . . 50 5.3 Quaternions and rotations in R^4 . . . . . . . . . . . . 51 5.4 Quaternionic coordinates for L(2, 4) . . . . . . . . . . 52 5.5 Mecke’s proof of theorem IV.5.1 . . . . . . . . . . . . 53 5.6 The structure of V_f (2, 4, 0) . . . . . . . . . . . . . . . 54 6 Remarks and open problems . . . . . . . . . . . . . . . . . . . 59

V Related problems 61 1 Characterization of the roses of intersections . . . . . . . . . . 61 1.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . 61 1.2 Hyperplane processes intersected with lines . . . . . . 62 2 Roses of neighborhood . . . . . . . . . . . . . . . . . . . . . . 64 3 Open problems . . . . . . . . . . . . . . . . . . . . . . . . . . 66

Bibliography 69

List of special symbols 76

Introduction

Consider a stationary k–flat process Φ^d_k in R^d , i.e. Φ^d_k is a random point process on the phase space of all k–dimensional flats in d–dimensional space, each realization of which is an at most countable ”locally finite” collection of k–planes (cf. section 1 of chapter I for exact definitions). Stationarity means stability of its distribution with respect to translations in R^d . The probability distribution θ of the direction of a ”typical” flat of Φ^d_k is called the directional distribution of Φ^d_k.

Intersections of all pairs of k-planes of Φ^d_k induce the new stationary (2k − d)–flat process whose intensity, i.e. the (2k − d)–volume content in a test window, is called the intersection density of Φ^d_k. A number of authors (R. Davidson (1974), J. Janson and O. Kallenberg (1981), J. Mecke and C. Thomas (1984, 1988), J. Keutel (1992)) dealt with the following variational problem concerning Φ^d_k: find all extremal directional distributions θ of Φ^d_k that maximize its intersection density.

In the case of hyperplanes (k = d − 1) the solution is unique and corresponds to the Haar measure on the appropriate Grassmann manifold. For other particular dimensions k the whole class of maximal measures θ was described, but nevertheless some cases are still open there, e. g. when d is not divisible by d − k. It is worth mentioning that the form of these extremal measures as well as the methods of treating this problem for different dimensions k depend heavily on k.

The motivation for this research was to try to describe this extremal class of directional distributions and solve the problem completely. The idea was to understand the nature of these extremal measures deeper and find their common properties.

This common approach is developed in chapter II by means of the appropriate variational calculus (section 3). The necessary conditions of maximum for arbitrary dimensions d and k are given there in terms of the roses of intersections of Φ^d_k. To be more precise, suppose one intersects Φ^d_k with an r–flat η, r = d − k + j. Then Φ^d_k ∩ η is a j-flat stationary process in η with intensity f(η) which is called the rose of intersections of Φ^d_k. Theorem II.4.1 states that the directional distribution θ is extremal if and only if the rose of intersections of Φ^d_k with all k–flats is θ – almost everywhere constant. The fact that this simple criterion does not depend on k is at the same time an advantage and a shortcoming: it systematizes the results obtained before (cf. section 2 of chapter II), but its conditions are too weak to be sufficient, i.e. to yield the solution.

Thus the new mathematical setting was born: suppose we know the rose of intersections f of Φ^d_k with all r–flats exactly. Is this information sufficient to determine the distribution of Φ^d_k completely? If it is so, how can it be done? If Φ^d_k is Poisson (cf. [59], [82]) then it is completely determined by its intensity measure Λ(·), i.e. by its intensity λ and directional distribution θ (see equation (I.1.2)). For arbitrary stationary processes Φ^d_k this is evidently false, but nevertheless the knowledge of the intensity measure allows us to make some general conclusions about the behavior of the process.

Suppose the intensity λ is fixed and the rose of intersections f of Φ^d_k with r–flats is given. In chapter IV the following two questions are considered:

1. Does there exist a one–to–one correspondence between f and θ?

2. How can θ be restored from f (exact formulae)?

The complete answer to the first question was obtained by G. Matheron (1975), P. Goodey, R. Howard and M. Reeder (1990, 1996) (cf. [51], [14] – [16], respectively). It appears that uniqueness of retrieval holds only for particular k and r (see section 1 of chapter IV).

The partial answer to the second question (fiber processes in dimensions 2 and 3) could be found in the papers by J. Mecke and W. Nagel (1980, 1981) (cf. [52], [58] and others).

The main results of the present thesis (see sections 2 and 3 of chapter IV) yield the retrieval formulae for the directional distribution θ of any stationary process of hyperplanes in R^d from its rose of intersections when the intersecting plane η has dimension r, 1 ⩽ r ⩽ d − 1. These results are generalized to hold for stationary manifold processes in R^d . The case d = 4, k = r = 2 is considered separately in section 5 of chapter IV. The whole class of directional distributions θ corresponding to the same rose of intersections f is described there. The proofs involve inversions of various integral transforms and expansions in spherical harmonics.

The required calculus of Radon and generalized cosine transforms on Grassmann manifolds is discussed in chapter III. The action of Radon transforms R_{ij} on the functions that are the positive powers of the volumes of certain parallelepipeds is studied in §3.1 and §3.2. It is shown that the Radon transform and its dual preserve the ”structure” of these functions: they map them into the same powers of some other volumes up to a constant factor (see theorem III.3.1 and proposition III.3.1).

The important corollaries that yield integral relations between the generalized cosine transforms and Radon transforms (Cauchy–Kubota – type formulae) are given in §3.3. They are used later in chapter IV to invert the generalized cosine transforms. In detail, in §1.2 of chapter III the generalized cosine transforms T_{ij} are embedded in the family of operators T^α_{ij} where α is a positive parameter. The Cauchy–Kubota – type formulae for operators T^α_{ij} state that by integration of T^α_{ki} (applying R_{ij} ) the new member of the same family T^α_{kj} appears (proposition III.3.2). The name ”Cauchy–Kubota – type” is due to the fact that in case α = 1 they can be seen for particular dimensions j and measures θ as a consequence of the well known Cauchy – Kubota formula (III.3.1) (see also Ch. 13, §1, 2 of [72], [73], p. 295 and [45], p. 126) applied to projection functions of zonoids.

Some interesting corollaries of the double fibration relation for T^α_{ij} are considered in §3.4. Upper bounds for the weighted images of Radon transforms are given in §3.5.

In chapter V we consider two related problems for the roses of intersections. Section 1 is devoted to their characteristic properties: there the answer to the question ”is a given function the rose of intersections of some stationary hyperplane process with lines?” is found. It is known from [51] that this problem is deeply connected with the geometry of centrally symmetric convex bodies. Namely, a rose of intersections is at the same time the generalized cosine transform of its directional distribution measure θ, and for some particular dimensions k and r it could be regarded as a support function of zonoids or its kth projection function (cf. [22], [17], [89]). Due to this fact we can apply the characterization results pertinent to this class of convex bodies to get the answer to the question posed above.

In section 2 we generalize the notion of the rose of intersections, i.e. the intensity of the process Φ^d_k ∩ η (where η is an arbitrary r–flat), k + r ⩾ d, to the so-called rose of neighborhood for the case k + r < d. Thus the inversion formulae of chapter IV that give the directional distribution of the process Φ^d_k from its rose of intersections can be easily applied to the roses of neighborhood.

The thesis is organized as follows: almost all of its chapters begin with preliminaries and an overview of the literature on the subject, continue with the description of the involved mathematical apparatus and the proofs of main results, and end with a section of remarks and open problems.

Chapter I in of introductory character: here the main spaces and structures are defined and the basic facts from stochastic geometry are mentioned. Chapter II gives the reader the motivation of the research (variational problems for Φ^d_k), the main results are proved in chapter IV and the principal tools for that are introduced and developed in chapter III. The final chapter V deals with two problems for the roses of intersections that stay apart from the main context. Then the bibliography and the list of notations are given.

Most of the results of this research have been published or accepted for publication: see [78] for the results of chapters II and V, [79], [81] for those of chapter IV, [80] for chapter III.

4 INTRODUCTION

Chapter I

Stationary processes of k–flats in d–dimensional space

1 Basic facts

In this section we shall follow the guidelines of [60] in introducing the basic notions of k–flat processes (cf. [82], [59] for other constructions).

Let F (k, d) be the set of all k–flats in R^d , d ⩾ 2, 1 ⩽ k ⩽ d − 1. Let G(k, d) be the Grassmann manifold of all non–oriented k–dimensional linear subspaces of R^d (for more detailed information see section 2). Say B ⊂ F (k, d) is bounded if sup_{ξ∈B} ρ(0, ξ) < ∞ where ρ(·, ·) is the Euclidean distance

in R^d . Let G, F be the σ–algebras of Borel subsets of G(k, d), F (k, d) in their usual topologies: topology in F (k, d) is generated by the following class of open sets A_K = {ξ ∈ F (k, d) : ξ ⋂ K ≠ ø}, K — any compact set in R^d , and G = F ∩ G(k, d). One calls φ ⊂ F (k, d) a flat field if any bounded set B ⊂ R^d is intersected by a finite number of k–flats of φ. Let M be the set of all flat fields and M — the σ–algebra on M generated by all functions z(B, ·) : M → N, z(B, φ) = Card ({ξ ∈ F (k, d) : ξ ∈ φ, ξ ∩ B ≠ ø}) for any ball B in R^d where Card(A) denotes the cardinal number of the set A.

Definition I.1.1. Φ^d_k is called a k–flat process if Φ^d_k which maps the probability space into the measurable space (M, M) is a random element. Its distribution is a measure κ(·) = P {Φ^d_k ∈ ·} on M. It is an ordinary point process for k = 0 and a hyperplane process for k = d − 1 in R^d .

A k–flat process Φ^d_k is called stationary if its distribution is invariant with respect to all translations in R^d . Denote by ν_d(·) the d–dimensional Lebesgue measure in R^d . We shall call λ the intensity of the stationary process Φ^d_k if λ =^{E νk(Φdk ∩B)} ν_d(B) for every bounded subset B of R

d with ν_d(B) > 0. The definition of λ does not depend on the choice of B. Suppose 0 < λ < ∞. The rose of directions (directional distribution) of Φ^d_k is a probability measure on G(k, d): θ(C) = E Card ( {ξ ∈ Φ^d_k : ξ ∩ S^{d−1} ≠ ø, r(ξ) ∈ C} ) λk_{d−k} , C ∈ G (I.1.1)

where r(ξ) is the direction of the k–flat ξ, i.e. the unique ξ̄ ∈ G(k, d) that is parallel to ξ, k_d =^{2π d2}_{d Γ( d2 )} is the volume of the unit ball, and S^{d−1} is the unit

sphere in R^d .

Let Φ^d_k(B) denote the number of k–flats of Φ^d_k that belong to a set B ∈ F (it can also get infinite values if B is not bounded). The measure

Λ(B) = E ( Φ^d_k(B) ) , B ∈ F is called the intensity measure of Φ^d_k.

If Φ^d_k is stationary the following factorization of its intensity measure takes place (cf. e.g. [82], [59]):

Λ(B) = λ ∫ G(k,d) ∫ ξ^⊥ I_B(y + ξ)ν^{ξ⊥}_{d−k}(dy)θ(dξ), B ∈ F (I.1.2)

where ν^{ξ⊥}_{d−k}(·) is the Lebesgue measure on the orthogonal linear subspace ξ^⊥ and I_B(·) is the indicator function of the set B.

Introduce the following notation:

< a_1, . . . , a_k > the k–flat spanned by vectors a_1, . . . , a_k; V ol(a_1, . . . , a_k) the non–oriented k–dimensional volume of the parallelepiped spanned by vectors a_1, . . . , a_k; ( d i ) = d!

(d − i)! i! ;

A^t the transpose of the matrix A; Z_+ the set of all non–negative integer numbers.

For almost all η ∈ F (d − k + j, d), j ⩽ k − 1, the j–flat process Φ^d_k ∩ η = {ξ ∩ η : ξ ∈ Φ^d_k} is again stationary on η. Let λ_Φd_{k∩η} be the intensity of Φ^d_k ∩ η. Due to the stationarity of Φ^d_k, it is sufficient to consider only those affine flats η that contain the origin, i.e., η ∈ G(d − k + j, d). Then (T_{k,d−k+j}θ) (η)^{def}= λ_Φd_{k∩η} = λ ∫ G(k,d) [ξ, η] θ(dξ) (I.1.3) where [ξ, η] is the (d − j) –volume of the unit parallelepiped spanned by orthonormal bases in ξ^⊥ and η^⊥ (cf. [51], [14]): if ξ^⊥ =< a_1, . . . , a_{d−k} >, η^⊥ =< b_1, . . . , b_{k−j} > then [ξ, η] = V ol(a_1, . . . , a_{d−k}, b_1, . . . , b_{k−j}). It is independent of the choice of the orthonormal bases in ξ^⊥ and η^⊥. The function (T_{k,d−k+j}θ) (η), η ∈ G(d−k +j, d) is called the rose of intersections of Φ^d_k. We use the above notation to emphasize that for fixed λ the rose of intersections of Φ^d_k is the integral transform of its directional distribution θ. The subscripts denote the dimensions of Φ^d_k and of the intersecting plane η.

For integers k and d with 2k ⩾ d introduce the new process

X_2(Φ^d_k) = {ξ_1 ∩ ξ_2 : ξ_1, ξ_2 ∈ Φ^d_k, ξ_1 ≠ ξ_2, ξ_1 ∩ ξ_2 ≠ ø}.

It is generated by the intersections of all pairs of k–flats of the original stationary process Φ^d_k. Condition 2k ⩾ d guarantees that any two k-flats in general position have at least one common point. This ensures that X_2(Φ^d_k) is not empty; moreover, it is a (2k − d)–flat stationary process in R^d that could be easily seen from relation

dim(ξ_1 ∩ ξ_2) ⩾ dim(ξ_1) + dim(ξ_2) − d. (I.1.4)

This process is sometimes called the intersection process of Φ^d_k of order 2. Its intensity λ_{X2(Φ}d_{k )} is known as the intersection density of Φ^d_k of order 2 (see [82], p. 253-255). One can prove by means of the Campbell – Mecke theorem that

λ_{X2(Φ}d_{k)} = λ^2 2 ∫ G(k,d) ∫ G(k,d) [ξ_1, ξ_2] θ(dξ_1)θ(dξ_2) (I.1.5)

where [ξ_1, ξ_2] is the 2(d − k)–volume of the unit parallelepiped spanned by the bases in ξ^⊥_1 , ξ^⊥_2 (see the proof in [7] for the case of hyperplanes). Later on we make use of the notation C(λ, θ) for λ_{X2(Φ}d_{k)} to stress the fact that the intersection density (I.1.5) is a non–linear functional of λ and θ.

2 Grassmannians

Assume d ⩾ 3, 1 ⩽ k ⩽ d − 1. Let us investigate the structure of manifolds G(k, d) on which most of the measures and functions in our considerations are defined.

For any d and k < d the Grassmannian G(k, d), that is, the set of all non–oriented k–dimensional flats in R^d containing the origin, is a compact analytic manifold of dimension k(d − k) (cf. e. g. [46], [47]). Moreover, it is a separable symmetric space. The following isomorphic representation is known: G(k, d) ∼= O(d)/O(k) × O(d − k) where O(d) is the orthogonal group in R^d (cf. [32], chapter I, §6). If one considers the Grassmann manifold L(k, d) of oriented k–flats then L(k, d) ∼= SO(d)/SO(k) × SO(d − k) (I.2.1) where SO(d) is the special orthogonal group in R^d (cf. [85]). For other isomorphisms of L(k, d) see [47], [34] p. 43-46.

The structure of G(k, d), L(k, d) as a quotient space allows the introduction of the unique left and right invariant normalized Haar measure on G(k, d), L(k, d) (cf. [32], chapter I, §1). It plays the role of the uniform distribution on the space of the directions of flats. Hence it is desirable to find its explicit form. It will be done in the cases k = 1, d − 1 for arbitrary d ⩾ 2 as well as d = 4, k = 2 (that are of particular interest to us) in chapter I, §2.1 and chapter IV, section 5.

2.1 Hyperplanes and lines

It is clear that the Grassmannian of all non–oriented lines through the origin G(1, d) is isomorphic to S^{d−1}_+^{def}= {u ∈ S^{d−1} : u ≡ −u} where ≡ denotes the relation of identification and S^{d−1}_+ is a sphere in R^d with each diameter having its end points ”glued together” (S^{d−1}_+ is obviously topologically equivalent to projective space RP^{d−1}). Mapping any hyperplane ξ to its orthogonal complement ξ^⊥ ∈ G(1, d) we get that for the Grassmann manifold of hyperplanes the same representation is valid: G(d − 1, d) ∼= S^{d−1}_+ .

In the cases of hyperplanes and lines the Haar measure on the appropriate Grassmann manifolds normalized by unity is equal to the normalized surface area measure ω_d(·)/ω_d on S^{d−1} (ω_d = ω_d(S^{d−1}) = d k_d).

In view of that any function or measure on G(1, d) or G(d − 1, d) can be represented as an even function or measure on S^{d−1}. We shall use this obvious fact later on without any further references.

2.2 Grassmannian G(2, 4) and its isomorphisms

Consider the set of all 2-flats in R^4 through the origin. Our aim is to give the exact proof to the following result stated by J. Mecke in [55]:

Theorem I.2.1. The Grassmannian L(2, 4) is homeomorphic to S^2 × S^2. The Grassmannian G(2, 4) is homeomorphic to

{(u, v) ∈ S^2 × S^2 : (u, v) ≡ (−u, −v)} (I.2.2)

where ≡ denotes the relation of identification.

The proof will be given at the end of this paragraph. We shall use in it the special type of Grassmann coordinates introduced in [55], although other approaches are also possible (cf. [11]).

Due to theorem I.2.1 any function (measure) on G(2, 4) corresponds to an ”even” function (measure) on S^2 × S^2. Their ”evenness” should be understood in the following way: they do not change under the mapping (u, v) → (−u, −v), (u, v) ∈ S^2 × S^2. The structure of the Haar measure on G(2, 4) is also known (see [14], although the proof is not given there): it is proportional to the product measure ω_3(du)ω_3(dv) on S^2 × S^2 (cf. theorem IV.5.1). We shall provide two different proofs for it in section 5 of chapter IV.

Grassmann coordinates

Definition I.2.1. The Grassmann coordinates of the first order of an oriented k–flat in L(k, d) are all minors of order k of the k × d — matrix composed of the coordinates belonging to an orthonormal basis of this k–flat in R^d (see [66] for details).

In case of L(2, 4) these are 12 coordinates, 6 of which are independent. Let a 2–flat ξ ∈ L(2, 4) be spanned over the orthonormal basis vectors a = (a_1, . . . , a_4), b = (b_1, . . . , b_4). Then q_{kl} = | | | a_k a_l b_k b_l | | | . Clearly q_{kl} = −q_{lk}, q_{kk} = 0 for all k and l. There exist the following relations between the Grassmann coordinates (cf. [66]):

q_{kl}q_{mn} = q_{ml}q_{kn} + q_{nl}q_{mk} (I.2.3)

for all k, l, m, n. It means that they built a quadric in some Euclidean space which is identified with the Grassmann manifold itself.

The six independent coordinates are q_{12}, q_{13}, q_{14}, q_{23}, q_{24}, q_{34}. They do not depend on the choice of the orthonormal basis a, b. One can show it also directly. Introduce as in the paper [55] the following functions

u_1 = q_{12} − q_{34} = a_1b_2 − a_2b_1 − a_3b_4 + a_4b_3 u_2 = q_{13} + q_{24} = a_1b_3 − a_3b_1 + a_2b_4 − a_4b_2 u_3 = q_{14} − q_{23} = a_1b_4 − a_4b_1 − a_2b_3 + a_3b_2 v_1 = q_{12} + q_{34} = a_1b_2 − a_2b_1 + a_3b_4 − a_4b_3 v_2 = q_{13} − q_{24} = a_1b_3 − a_3b_1 − a_2b_4 + a_4b_2 v_3 = q_{14} + q_{23} = a_1b_4 − a_4b_1 + a_2b_3 − a_3b_2.

(I.2.4)

Evidently, −1 ⩽ u_i, v_i ⩽ 1. Rewrite now formulae (I.2.4) in the matrix form: u_1 u_2 u_3 v_1 v_2 v_3 = 1 0 0 0 0 −1 0 1 0 0 1 0 0 0 1 −1 0 0 1 0 0 0 0 1 0 1 0 0 −1 0 0 0 1 1 0 0 q_{12} q_{13} q_{14} q_{23} q_{24} q_{34} ,

or briefly, ( u v ) = M(⃗q). (I.2.5)

Proof of theorem I.2.1

We established by means of (I.2.5) the mapping of L(2, 4) to S^2 ×S^2. Indeed, the representation u, v does not depend on the choice of the basis in ξ, because the same holds for the Grassmann coordinates. Then one should prove that |u| = |v| = 1 where | · | denotes the Euclidean norm in R^d : one can easily check it simply by writing u^2_1 + u^2 + u^2_3 in terms of Grassmann coordinates and then applying relations (I.2.3). It is also the mapping onto S^2 × S^2, it is bijective and continuous: because of its linearity and since matrix M is non–degenerate one can construct the operator M^{−1} and invert this change of coordinates. The rest of the proof for the first case follows from the fact that the Grassmann coordinates of an oriented flat define it uniquely.

If we proceed now to consider the non–oriented flats, one should first mention that if we change the orientation of a flat then due to the definition of Grassmann coordinates they change the sign. It acts on the vectors u, v in the same way: they are reflected to −u, −v . Consequently, if we would like to work with non–oriented flats, we should glue together (u, v) and (−u, −v). The proof is complete.

3 Representations of the integral kernel [ξ, η]

According to (I.1.3) and (I.1.5), the rose of intersections of Φ^d_k and its intersection density are integral operators of the directional distribution θ of Φ^d_k with the integral kernel [ξ, η]. The matter of this section is to find nice representations of it that will be used in chapters III and IV. First let us consider the most simple situations of lines, hyperplanes and 2–flats in dimension 4.

3.1 Particular cases

If ξ is a line from G(1, d) and η is a hyperplane from G(d − 1, d) then the following observation is obvious: [ξ, η] = | < u, v > | where < ·, · > stands for the usual Euclidean scalar product in R^d and unit vectors ±u, ±v are direction vectors of lines ξ and η^⊥, respectively. Here |<u, v >| is the cosine of the minimal angle between ±u and ±v or, equivalently, the sine of the angle between ξ^⊥ and η^⊥.

Analogously, if ξ, η ∈ G(d−1, d) are two hyperplanes with normal vectors ±u, ±v ∈ S^{d−1} then [ξ, η] is equal to the sine of the angle between ±u and ±v: [ξ, η] = √ 1− <u, v >^2. In fact, a more general statement holds that generalizes the above trivial cases. It will be proved in proposition I.3.1.

If ξ and η are now 2–flats from G(2, 4) with coordinates (u, v) and (ũ, ṽ) from S^2 × S^2 (see theorem I.2.1) then the following result can be found in [55]: [ξ, η] = 1 2 | <u, ũ> − <v, ṽ > | (I.3.1) (see also [14], p. 98).

3.2 Critical angles

For integers k, r: r ⩽ k, k ⩾ d/2, k + r ⩾ d consider subspaces ξ ∈ G(k, d) and η ∈ G(r, d). Let their orthogonal complements ξ^⊥ and η^⊥ be spanned by the orthonormal bases a_1, . . . , a_{d−k} and b_1, . . . , b_{d−r}, respectively. If A (B) is the (d−k)×d – matrix ((d−r)×d – matrix) with the coordinates of a_i (b_i) as lines then ξ and η are defined by the following systems of equations: x ∈ ξ ⇔ Ax = 0, x ∈ η ⇔ Bx = 0 where x is a column vector. By [43], p. 22–25, there exist unit vectors l_1, . . . , l_{d−k} ∈ ξ and t_1, . . . , t_{d−k} ∈ η such that <l_m, l_n >=<t_m, t_n >= 0 for m ≠ n and the angles β_n ∈ [0, π/2] between l_n and t_n are stationary among all possible angles between the vectors in ξ and η in the following sense: the values cos β_n, n = 1, . . . , d − k are critical for the minimization problem <l, t>→ min with constraints Al = 0, Bt = 0, |l| = |t| = 1. These β_n, n = 1, . . . , d − k are called the critical angles of ξ and η. The volume [ξ, η] as an invariant of the pair of subspaces ξ, η with respect to all rotations must have a representation in terms of β_n. We shall formulate this in proposition I.3.1. But before that we need to prove the following lemma which is the stronger version of the theorem 5.1 of [39]:

Lemma I.3.1. There exist orthonormal bases a_1, . . . , a_{d−k} and b_1, . . . , b_{d−r} in ξ^⊥ and η^⊥, respectively such that

<a_i, b_j >= δ_{ij} cos β_i (I.3.2) for all i = 1, . . . , d−k and j = 1, . . . , d−r where δ_{ij} stands for the Kronecker delta.

Proof. Let ã_1, . . . , ã_{d−k} and b̃_1, . . . , b̃_{d−r} be some orthonormal bases in ξ^⊥ and η^⊥, respectively. Then the systems of linear equations giving ξ and η are Ãx = 0 and B̃x = 0 where Ã (B̃) is the appropriate (d − k) × d – matrix ((d − r) × d – matrix) of the coordinates of ã_i (b̃_i). By formula (72) of [43] the squares of the cosines of the critical angles cos^2 β_n, n = 1, . . . , d − k are the latent roots of the symmetrical (d − k) × (d − k) – matrix J = ÃB̃^tB̃Ã^t. It is well–known that any symmetrical matrix has the canonical diagonal form; hence there exists an orthogonal (d − k) × (d − k) – matrix T such that J = T · diag(cos^2 β_1, . . . , cos^2 β_{d−k}) · T^t = ÃB̃^tB̃Ã^t

where diag(d_1, . . . , d_m) denotes the diagonal m × m – matrix with diagonal elements d_1, . . . , d_m. Multiplying this equality by T^t on the left and T on the right one gets

diag(cos^2 β_1, . . . , cos^2 β_{d−k}) = T^tÃB̃^tB̃Ã^tT = C^tC (I.3.3)

where C = B̃Ã^tT is the (d − r) × (d − k) – matrix. Due to (I.3.3) its columns c_1, . . . , c_{d−k} can be regarded as orthogonal vectors in R^{d−r} such that < c_i, c_j >= δ_{ij} cos β_i, i, j = 1, . . . , d − k. Then there exists a rotation D ∈ SO(d − r) such that C = DE_β (I.3.4)

where E_β is the (d − r) × (d − k) – matrix of the form

cos β_1 0 0 . . . 0 0 cos β_2 0 . . . 0 . . . . . . . . . . . . . . . 0 0 . . . 0 cos β_{d−k} 0 0 . . . . . . 0 . . . . . . . . . . . . . . . 0 0 . . . . . . 0

.

We get from (I.3.4) that

E_β = D^tC = D^tB̃Ã^tT = D^tB̃ ( T^tÃ )_t = BA^t where B = D^tB̃, A = T^tÃ, and D ∈ SO(d − r), T ∈ SO(d − k). Let a_1, . . . , a_{d−k} and b_1, . . . , b_{d−r} be the vectors with lines of A and B as coordinates, respectively. By construction these vectors form the orthonormal bases in ξ^⊥ and η^⊥ with the required property (I.3.2) (cf. the equality E_β = BA^t).

Proposition I.3.1. For any two subspaces ξ ∈ G(k, d), η ∈ G(r, d) with dimensions k and r such that r ⩽ k, k ⩾ d/2, k + r ⩾ d and critical angles β_1, . . . , β_{d−k} the following identity is valid:

[ξ, η] = sin β_1 . . . sin β_{d−k} = √ (1 − y_1) . . . (1 − y_{d−k}) (I.3.5) where y_n = cos^2 β_n, n = 1, . . . , d − k.

Proof. By lemma I.3.1 there exist orthonormal bases a_1, . . . , a_{d−k} in ξ^⊥ and b_1, . . . , b_{d−r} in η^⊥ such that < a_n, b_m >= δ_{nm} cos β_n for all n and m. By definition [ξ, η] is equal to V ol(a_1, . . . , a_{d−k}, b_1, . . . , b_{d−r}). Let us prove the statement of the proposition for fixed d and any r such that r ⩽ k, k + r ⩾ d by induction on k. The base of induction (k = d − 1) follows immediately from the definition of the volume of the parallelepiped. Let now the conjecture be true for k = j. One has to show that it holds also for k = j − 1.

Let P r_ζ (·) denote the operator of orthogonal projection onto the plane ζ. We have V ol(a_1, . . . , a_{d−j+1}, b_1, . . . , b_{d−r}) = |P r_ζ⊥ (a_{d−j+1})|× ×V ol(a_1, . . . , a_{d−j} , b_1, . . . , b_{d−r}) by the properties of the volume of the parallelepiped where ζ =< a_1, . . . , a_{d−j} , b_1, . . . , b_{d−r} > . By Pythagorean theorem |P r_ζ⊥ (a_{d−j+1})| = √ 1 − |P r_ζ (a_{d−j+1})|^2. Let us prove that |P r_ζ (a_{d−j+1})| = cos β_{d−j+1}. Orthogonalize the basis a_1, . . . , a_{d−j} , b_1, . . . , b_{d−r} in ζ: we get the orthonormal system of vectors a_1, . . . , a_{d−j} , b_{d−j+1}, . . . , b_{d−r}, b_1 − cos β_1a_1 |b_1 − cos β_1a_1| , . . . , b_{d−j} − cos β_{d−j} a_{d−j} |b_{d−j} − cos β_{d−j} a_{d−j} | by the properties of a_i and b_i. Then by definition of the orthogonal projection we get

P r_ζ (a_{d−j+1}) = d−j∑ i=1 <a_i, a_{d−j+1} > a_i+ d−j∑ i=1 <b_i − cos β_ia_i, a_{d−j+1} > |b_i − cos β_ia_i|^2

(b_i − cos β_ia_i) + d−r∑ i=d−j+1 <b_i, a_{d−j+1} > b_i =<b_{d−j+1}, a_{d−j+1} > b_{d−j+1} = cos β_{d−j+1}b_{d−j+1}. Thus |P r_ζ⊥ (a_{d−j+1})| = √ 1 − cos^2 β_{d−j+1} = sin β_{d−j+1}, and the application of the induction step to V ol(a_1, . . . , a_{d−j} , b_1, . . . , b_{d−r}) completes the proof.

3.3 Mixed volumes

Let us mention here one more interesting relation for [ξ, η] to be found in [18]:

[ξ, η] = ( d r )

k_r k_{d−r} V (B_ξ, . . . , B_ξ d−r , B_η , . . . , B_η r ) (I.3.6)

for ξ ∈ G(k, d), η ∈ G(r, d), k + r ⩾ d where B_ζ is the i–dimensional unit ball in ζ ∈ G(i, d) and V (·, . . . , ·) is the mixed volume of its arguments (cf. [73]). See remark II.5.3 for further discussion.

Chapter II

Variational problems for stationary flat processes

1 Intersection density and isoperimetric problems

One of the so–called isoperimetric problems that could be stated for the intersection processes of order 2 is to maximize their intersection density, i.e. for given λ find the set L_0 of such extremal directional distributions θ_0 that λ_{X2(Φ}d_{k )} attains its maximal value c_{max}: C(λ, θ) = λ^2 2 ∫ G(k,d) ∫ G(k,d) [ξ_1, ξ_2] θ(dξ_1)θ(dξ_2) −→ max . (II.1.1)

The maximum of the functional C is attained on the set L of all probability measures on G(k, d) because this set is compact in the topology of weak convergence (cf. remark 3.3 of [62], it follows also from Prokhorov’s theorem in [3], since all probability measures on the compact space are dense) and the functional is continuous on it: since C is Fréchet differentiable (cf. section 4), it is also continuous in the topology of convergence in total variation. But this convergence implies the weak convergence for the measures on the compact space G(k, d). Thus the functional C is also continuous on the compact L in the sense of weak convergence, and hence it attains its extremal values.

The exact value of c_{max} is also of interest to us:

c_{max} = max_{θ∈L} C(λ, θ). (II.1.2)

In section 4, C(λ, θ) will be extended to a non–linear functional on the Banach space M̃ (G(k, d)) of all signed measures with finite total variation on G(k, d). Then we shall use variational methods of section 3 to describe the extremal class L_0. The appropriate necessary conditions of extremum will be found. It will be clear that the rose of intersections plays an important role in the given characterization. The obtained conditions are very weak and do not lead to the general solution of the variational problem (II.1.1) (see also the discussion in section 5). Nevertheless, they systemize the earlier results listed in section 2. Thus the common properties of the known solutions of (II.1.1) can be understood better.

Problem (II.1.1) owes its name ”isoperimetric” to the deep connection between the above setting and classical isoperimetric problems for centrally symmetric convex bodies. To outline them we need some facts from convex geometry.

The support function of a convex body K ⊂ R^d is by definition h_K (x) = sup_{u∈K} <u, x>, x ∈ R^d . The following property of zonoids that are limits of zonotopes in the Hausdorff metric can be taken as definition (cf. [22], [73], [89]):

Definition II.1.1. A centrally symmetric convex body K with the center at 0 ∈ R^d is called a (generalized) zonoid if its support function h_K has the representation

h_K (x) = ∫ S^{d−1} |<x, u>| θ_K (du), x ∈ R^d

for some finite even (signed) measure θ_K on S^{d−1} that is called generating for K.

For some integer k ⩾ 1 introduce the so–called projection generating measure ρ_k(K, · ) of the zonoid K with generating measure θ_K : it is the measure on the Borel subsets A of G(k, d) defined by the relation ρ_k(K, A) = ∫ S^{d−1} . . . ∫ S^{d−1} V ol(u_1, . . . , u_k)I_{{<u1,...,uk>∈A}}(u_1, . . . , u_k) θ_K (du_1) . . . θ_K (du_k)

(cf. [22]). If d = 2k, k ⩾ 1 one has for a zonoid K the following relations between its mixed volume V (K, . . . , K), mixed functional Φ^{(0)}_{k,k}(K, K) and integral representation (II.1.1) (cf. [21]): ( d k ) ν_d(K) = ( d k ) V (K, . . . , K) = Φ^{(0)}_{k,k}(K, K) = ∫ G(k,d) ∫ G(k,d) [ξ_1, ξ_2] ρ_k(K, dξ_1)ρ_k(K, dξ_2).

2. SOME HISTORICAL NOTES 17

We preserve here the notation of [21] for the mixed functional, which, as we hope, will not confuse the reader by its closeness to our notation Φ^d_k of the k–flat processes. If we allow measures θ in (II.1.1) to be chosen from the smaller class of projection generating measures of zonoids in R^d for d = 2k then problem (II.1.1) rewrites (up to a constant factor) as follows: find zonoids K of maximal volume ν_d(K) provided that the total mass of their projection generating measure is λ, i.e. ρ_k (K, G(k, d)) = λ.

If k = 1 then ρ_k(K, · ) is obviously equal to θ_K (·). Recalling the fact that in two–dimensional space the class of zonoids coincides with the class of all centrally symmetric convex bodies, one gets that problem (II.1.1) in R^2 has the following isoperimetric meaning without any further constraints on probability measure θ: find a centrally symmetric convex body K ⊂ R^2 with maximal volume ν_2(K) provided that its generating measure θ_K has total mass λ. It is not difficult to show that the perimeter p(K) of the zonoid K ⊂ R^2 is equal to 4 θ_K (S^1): by [27] p(K) = πw̄(K) where w̄(L) is the mean width functional of the convex body L ⊂ R^d : w̄(L)^{def}= 1 ω_d ∫ S^{d−1} (h_L(u) + h_L(−u)) ω_d(du).

Then by [59], p. 108 (cf. also [84], remark 1) w̄(K) =^4_π θ_K (S^1). Hence p(K) = 4λ. The zonoid K with generating measure proportional to the rose of directions of a stationary line process Φ^2_1 is called the Steiner compact of Φ^2_1 (cf. [51]). Thus setting (II.1.1) is a classical isoperimetric problem for Steiner compacts of Φ^2_1, see also [84] for generalizations of these ideas to hyperplane processes Φ^d_{−1} in arbitrary dimensions d.

The case d = 2k, k > 1 will be considered more detailed in section 5 of this chapter.

2 Some historical notes

The following is an outline of the results known for the problem (II.1.1) – (II.1.2). The involved mathematical apparatus as well as the solutions themselves depend to a great extent on dimensions d and k:

• d ⩾ 2, k = d − 1: L_0 = {ω_d(·)/ω_d}, c_{max} =^{λ2Γ2( d2 )}_{2Γ( d+12 )Γ( d−12 )} where

ω_d(·)/ω_d is the uniform distribution of directions on S^{d−1} coinciding with the Haar probability measure on G(d − 1, d). The case of a line process on the plane (d = 2, k = 1) was considered in the pioneering paper of R. Davidson (1974) [4]. J. Janson and O. Kallenberg (1981) [40] investigated the general case using spherical harmonics, while C. Thomas (1984) [84] employed the isoperimetric inequalities for Minkowski functionals.

• k < d − 1: J. Mecke and C. Thomas (1986) [60] proved that the Haar measure is not extremal. Further developments can be found in [54], [57] and [74].

– d = 2k, k > 2: J. Mecke (1988) [56] showed that c_{max} =^{λ2}_4 and

L_0 = { θ_0(·) = 1 2 ( δ_ξ(·) + δ_ξ⊥ (·) ) : ξ ∈ G(k, d) }

where δ_ξ(·) is the Dirac measure concentrated in ξ.

– d = 4, k = 2: the value c_{max} is the same as above the but the class L_0 is essentially larger as in the previous case (cf. J. Mecke (1988) [55]).

– d − k | d, i.e. d − k divides d, k < d − 2: J. Keutel (1992) [44] proved that c_{max} =^{λ2}_2^k_d and the class L_0 consists of measures

θ_0(·) = d − k d ( δ_{ξ1} (·) + . . . + δ_{ξ dd−k} (·) )

for ξ_i ∈ G(k, d), ξ^⊥_i ⊥ ξ^⊥_j , i ≠ j. – d−k | d, k = d−2: c_{max} remains the same as in the previous case, the class L_0 is larger but not yet completely known (cf. [44]).

– d − k does not divide d, k < d − 1 : the problem is still open. In [44] some bounds for c_{max} are given.

The necessary conditions of maximum (cf. section 4) bring unification in this variety of results whose form depends heavily on the dimension k: it appears that for any directional distribution θ_0 from L_0 its rose of intersections with k–flats T_{kk}θ_0 should be θ_0–almost surely constant.

3 Variational calculus on the space of signed measures

In what follows we make use of the papers [64], [62], [61] in order to state results that will be instrumental for us in obtaining the necessary conditions of extremum in section 4.

Let X be a measurable Polish locally compact space, and let M̃(X) be the Banach space of all signed measures on X with finite total variation norm: for μ ∈ M̃(X)

‖μ‖ = sup_{|ϕ(ω)|⩽1} | | | | ∫ X ϕ(ω)μ(dω) | | | | < ∞ where the supremum is taken over all measurable functions ϕ : X → R with the absolute value bounded from above by unity. Let M(X) ⊂ M̃(X) be the cone of all non–negative finite measures equipped with convergence in total variation. Let functionals F : M̃(X) → R, H : M̃(X) → R be continuous and Fréchet differentiable (cf. [48]) on a closed convex subset A of M(X). We shall tackle the following optimization problem with equality constraints: F (μ) −→ inf, μ ∈ A, H(μ) = 0

(II.3.1)

where the first Fréchet derivative of the constraint function H at μ does not depend on μ and has the form

H^′(μ)[η] = ∫ X h dη (II.3.2)

for some measurable function h : X → R.

Now let us cite the necessary conditions of infimum in the problem (II.3.1) with one equality constraint H(μ) = 0 (cf. theorem 3.5 and remark 3.3 [64]):

Theorem II.3.1. Let functionals F and H be twice Fréchet differentiable at any measure μ satisfying constraints in (II.3.1) and (II.3.2). Assume that there exists a measurable function f : X → R such that

F^′(μ)[η] = ∫ X f dη, η ∈ M̃(X). (II.3.3)

Let μ_0 be a local minimum point in the optimization problem (II.3.1). Let there exist positive ε such that

(i) (1 ± ε)μ_0 ∈ A,

(ii) μ_0 + tδ_x ∈ A for all x ∈ X and 0 < t ⩽ ε.

Then there exists a real u such that f(x) ⩾ u · h(x) for all x ∈ X and f(x) = u · h(x) μ_0–a.e.

Necessary conditions of supremum can be deduced from theorem II.3.1 by replacing F by −F .

4 Necessary conditions of maximum

Express now the isoperimetric problem (II.1.1) in terms of variational calculus. In this case X = G(k, d) (it is a compact Polish space) and

A = M (G(k, d)). According to (II.3.1), we shall write F (θ) = C(1, θ) (the intensity λ is supposed to be fixed, we put λ = 1 without loss of generality), H(θ) = θ (G(k, d)) − 1. Thus the problem (II.1.1) rewrites in the following optimization setting:

F (θ) =^1_2 ∫ G(k,d) ∫ G(k,d) [ξ_1, ξ_2] θ(dξ_1)θ(dξ_2) −→ max, θ ∈ M (G(k, d)) , H(θ) = θ (G(k, d)) − 1 = 0. (II.4.1)

Now we are ready to prove the following result:

Theorem II.4.1. Let θ_0 be a directional distribution on G(k, d) that maximizes the intersection density of order 2 of the stationary k–flat process Φ^d_k. Let c_{max} be its maximal value. Then its rose of intersections T_{kk}θ_0 satisfies the following necessary conditions:

(i) (T_{kk}θ_0) (η) = ∫ G(k,d) [ξ, η] θ_0(dξ) = 2c_{max} θ_0–a.e.;

(ii) (T_{kk}θ_0) (η) ⩽ 2c_{max} for all η ∈ G(k, d).

Proof. First we check the conditions of theorem II.3.1. Due to the fact that A = M (G(k, d)), any finite positive measure θ_0 ∈ A satisfies assumptions (i) and (ii) of theorem II.3.1. We shall prove now that functionals F and H are twice Fréchet differentiable at any μ ∈ M (G(k, d)) and

F^′(μ)[ν] = ∫ G(k,d) ∫ G(k,d) [ξ, η] μ(dξ)ν(dη), (II.4.2)

F^{′′}(μ)[ν, ν] = 2F (ν), H^′(μ)[ν] = ν (G(k, d)) , H^{′′}(μ)[ν, ν] ≡ 0. Consider the difference

F (μ + ν) − F (μ) = (II.4.3) ∫ G(k,d) ∫ G(k,d) [ξ, η] μ(dξ)ν(dη) + 1 2 ∫ G(k,d) ∫ G(k,d) [ξ, η] ν(dξ)ν(dη)

for an arbitrary ν ∈ M̃ (G(k, d)). It can be easily seen that the second term in the right–hand side of (II.4.3) is o (‖ν‖) as ‖ν‖ → 0: due to the inequality [ξ, η] ⩽ 1 one can prove that | | | | ∫ G(k,d) ∫ G(k,d) [ξ, η] ν(dξ)ν(dη) | | | | ⩽ ‖ν‖^2.

The first term in the right–hand side of (II.4.3) is a linear functional on ν, it is also bounded: its operator norm is not greater than |μ (G(k, d))| < ∞. Then it is continuous, and the first Fréchet derivative of F exists and is equal to (II.4.2).

Analogously to the considerations above F^′(μ + ν)[τ] − F^′(μ)[τ] = ∫ G(k,d) ∫ G(k,d) [ξ, η] ν(dξ)τ(dη) = F^{′′}(μ)[ν, τ]

for all τ ∈ M̃ (G(k, d)). This bilinear form does not depend on μ.

Then we find the derivative of H: it is H(μ + ν) − H(μ) = ν (G(k, d)) = H^′(μ)[ν], this difference does not depend on μ, which yields H^{′′}(μ)[·, ·] = 0.

Furthermore, F^′(μ) has representation (II.3.3) with f(η) = ∫ G(k,d) [ξ, η] μ(dξ) = (T_{kk}θ_0) (η)

(see (II.4.2)). The functional H satisfies (II.3.2) with h(·) ≡ 1. Take a probability measure θ_0 on G(k, d) to be the local maximum point of (II.4.1). Then by theorem II.3.1 there exists a constant u such that (T_{kk}θ_0) (η) = ∫ G(k,d) [ξ, η] θ_0(dξ) = u θ_0–a.e., (T_{kk}θ_0) (η) ⩽ u for all η ∈ G(k, d), and since c_{max} =^1_2 ∫ G(k,d) T_{kk}θ_0(η) θ_0(dη) we conclude that u = 2c_{max}.

Let us illustrate this theorem by the following Example II.4.1. The measures that are proved to be maximal in (II.1.1) can be verified to satisfy the above necessary conditions. We consider for convenience just the simplest cases:

1) Hyperplane case k = d − 1: it can be shown (cf. corollary III.3.3) that (T_{d−1,d−1}1) (η) = Γ^2 (_d 2 ) Γ (_{d+1} 2 ) Γ (_{d−1} 2 ) for all η.

2) Suppose that the maximal directional distribution θ_0 is discrete: θ_0 = p_1δ_{ξ1} + . . . + p_nδ_{ξn} , p_1 + . . . + p_n = 1, for some {ξ_i}^n_{i=1} ⊂ G(k, d). Then due to condition (i) of theorem II.4.1 n∑ j=1 p_j[ξ_i, ξ_j ] = 2c_{max}

for each i. In case d − k | d we have ξ^⊥_i ⊥ ξ^⊥_j for i ≠ j, p_i = 1/n with n = d/(d − k), which yields c_{max} = k/(2d).

Now consider the class A of all absolutely continuous measures with respect to the Haar measure on G(k, d).

Proposition II.4.1. Let θ_0 be a directional distribution on G(k, d) that maximizes the intersection density of order 2 of the stationary k–flat process Φ^d_k. Let c_{max} be its maximal value. If θ_0 is absolutely continuous with respect to the Haar measure on G(k, d) then the following necessary conditions hold for its rose of intersections T_{kk}θ_0:

(i) (T_{kk}θ_0) (η) = 2c_{max} a.e.;

(ii) inf_{E∈N} sup_{G(k,d)\E} (T_{kk}θ_0) (η) ⩽ 2c_{max} where N is the ensemble of all sets

from G with zero Haar measure.

Proof. Here we have again an optimization problem of the type (II.4.1). The proof is conducted analogously to theorem II.4.1 using theorem 4.1 of [64].

5 Remarks and open problems

The necessary conditions of extremum for the isoperimetric problem (II.1.1) proven above can not be essentially improved by means of variational calculus: they do not depend on dimensions d and k, while the class L_0 of extremal directional distributions depends heavily on them. Although these conditions do not solve the problem in general due to the reasons below, they enable reproducing of the result of [84] in the case k = d − 1. That is based, in part, on the fact that the directional distribution of Φ^d_k can be uniquely restored from its rose of intersections. For all k different from d − 1 there is no uniqueness (cf. section 1 of chapter IV). So even if we knew that the rose of intersections was constant (not only θ_0–a.e.) we could not make profit from this knowledge.

Nevertheless, the description of the class of directional distributions that correspond to the same rose of intersections is sometimes possible, e.g. for d = 4, k = 2 (cf. section 5 of chapter IV).

Now we outline some other approaches that might be helpful in solving (II.1.1) and mention the difficulties that one faces there.

5. REMARKS AND OPEN PROBLEMS 23

Remark II.5.1 (Fourier expansions). R. Davidson [4] proved that the isotropic stationary process Φ^2_1 has the maximal intersection density by using the Fourier decomposition of the integral kernel |sin(α − β)| of T_{11}. The first Fourier coefficient corresponding to the Haar measure was positive and all other coefficients were negative, which immediately yields the solution.

One can think of doing the same in higher dimensions. Indeed, the kernel [ξ, η] as a simple function of the squares of critical angles y_i (cf. proposition I.3.1) can be expanded into the complete orthonormal system of the so–called generalized Jacobi polynomials, although the calculations are not trivial there since the exact form of these polynomials is not known (see also the discussion in section 6 of chapter IV). But even in the solved case d = 4, k = 2 there is an infinite number of positive and negative multipliers of [ξ, η] in its expansion in spherical harmonics (see §5.6 of chapter IV), so that the structure of extremal measures is not clear.

We believe that in the general case the same difficulties arise. So the advantages of this approach are vague.

Remark II.5.2 (Potential theory). The problem (II.1.1) can be set in terms of the potential theory. Namely, the double integral in (II.1.1) is the energy for the potential T_{kk}θ (see [49]). Unfortunately, the general potential theory expects the integral kernel k(x, y) of the potential ∫ X k(x, y) μ(dx) to have a singularity at x = y, which is not true in our case: [ξ, η] = 0 for ξ = η. So the direct application of the results of the potential theory is not possible.

Remark II.5.3 (Mixed volumes). According to the representation (I.3.6), the kernel [ξ, η] is a mixed volume of some lower dimensional balls lying in ξ and η. This can lead us to the idea to use the Brunn–Minkowski theory to investigate the open cases of (II.1.1). The theorem 4.1.6 of [73] can help us to express the mixed volume in (I.3.6) through the usual volume of the Minkowski sum αB_ξ + (1 − α)B_η , 0 < α < 1. Then some inequalities that would give sharp upper bounds for this volume are required. The interesting open problem here is to construct such inequalities.

The last remark of this section gives the simple stochastic meaning to the projection generating measures introduced in section 1 of this chapter.

Remark II.5.4. We mentioned on page 16 that the problem (II.1.1) can have an isoperimetric meaning if the directional distributions of the processes Φ^d_k for d = 2k, k > 1 are chosen from the class of projection generating measures ρ_k(K, · ) of zonoids K with generating measure θ_K (·). Now we shall give a simple description of this class of measures. Let the process

X_k(Φ^d_{−1}) = {ξ_1 ∩ . . . ∩ ξ_k : ξ_i ∈ Φ^d_{−1}, k⋂ i=1 ξ_i ≠ ø} be generated by all intersections of any k hyperplanes of some stationary process Φ^d_{−1} with directional distribution θ_K . Then one can show by means of lemmas 2.1, 2.2 of [7] that the directional distribution of X_k(Φ^d_{−1}) is equal to ρ_k(K, · )/ρ_k (K, G(k, d)). Then the intersection density of order 2 of the original process Φ^d_k is proportional to the intensity of X_{2k}(Φ^d_{−1}), that is, to the intersection density of order 2k of Φ^d_{−1}. Thomas [84] showed that it is maximal for θ_K being the Haar measure on G(d − 1, d). It means that the measure θ that maximizes the intersection density of order 2 of Φ^d_k in the class of directional distributions of the form ρ_k(K, · ) is equal to the measure ρ_k(B, · )/ρ_k(B, G(k, d)) where B is the ball in R^d , i.e. θ_B (·) is proportional to ω_d(·).

Chapter III

Integral transforms

In this chapter we introduce generalized cosine and Radon transforms (sections 1 and 2) that are necessary to prove certain integral formulae of Cauchy–Kubota type (section 3). They will enable us to solve the inverse problem of retrieving the directional distribution of a stationary k–flat process from its rose of intersections in chapter IV.

1 Generalized cosine transforms

Denote by C(X) the space of all continuous functions on X. Introduce for i + j ⩾ d the generalized cosine transform T_{ij} : M̃ (G(i, d)) → C (G(j, d)) , (T_{ij}θ) (ξ) = ∫ G(i,d) [ξ, η] θ(dη), (III.1.1)

where θ ∈ M̃ (G(i, d)), ξ ∈ G(j, d). We use here the same notation T_{ij} as for the rose of intersections of Φ^d_i because these objects are identical (up to a constant factor λ in (I.1.3) which we suppose later on to be equal to one without loss of generality). We shall consider also transforms T_{ij} of integrable functions f on G(i, d) meaning that the transform (III.1.1) is applied to the measure f(η)dη where dη denotes the integration with respect to the Haar measure on the corresponding Grassmannian normalized by unity. See section 1 of chapter IV about the injectivity of T_{ij} .

1.1 Spherical cosine and sine transforms

Transforms (III.1.1) generalize the well–known notion of the spherical cosine transform (cf. [26] for other generalizations): T θ(u) = ∫ S^{d−1} |<u, v >| θ(dv) = ( T_{d−1,1}θ^⊥ ) (u), u ∈ S^{d−1} for θ ∈ M̃(S^{d−1}) where θ^⊥ denotes the measure θ^⊥(dξ) = θ(dξ^⊥) on the Grassmannian G(d − 1, d) (see §2.1 of chapter I). There exists exhaustive literature on spherical cosine transforms and their use in geometry (see e.g. [76], [77], [6], [8], [20]).

The sine transform of a signed measure θ ∈ M̃(S^{d−1}) is by definition Kθ(u) = ∫ S^{d−1} √ 1− <u, v >^2 θ(dv) = ( T_{d−1,d−1}θ^⊥ ) (u^⊥), u ∈ S^{d−1}. The cosine and sine transforms can be also defined on integrable functions g on the sphere: T g(u) = ∫ S^{d−1} |<u, v >| g(v) ω_d(dv) = ω_d ( T_{d−1,1}g^⊥ ) (u), (III.1.2)

Kg(u) = ∫ S^{d−1} √ 1− <u, v >^2 g(v) ω_d(dv) = ω_d ( T_{d−1,d−1}g^⊥ ) (u^⊥) (III.1.3)

where g^⊥ stands for the function g^⊥(ξ) = g(ξ^⊥), ξ ∈ G(d − 1, d).

Denote by C^p_e (S^{d−1}), p ∈ N ∪ {∞} the space of all p times continuously differentiable even functions on S^{d−1}; let C_e(S^{d−1}) be the space of all continuous even functions on S^{d−1}. It is known that cosine and sine transforms are injective on C^∞_e (S^{d−1}).

1.2 Operator families {T^α_{ij} } and {T̃^α_{ij} }

Introduce the new families of operators {T^α_{ij} }, {T̃^α_{ij} } parameterized by α > 0: T^α_{ij} , T̃^α_{ij} : M̃ (G(i, d)) → C (G(j, d)) , ( T^α_{ij} θ ) (ξ) = ∫ G(i,d) [ξ, η]^α θ(dη) for i + j ⩾ d, ( T̃^α_{ij} θ ) (ξ) = ∫ G(i,d) [ξ, η^⊥]^α θ(dη) for j ⩾ i. The above transforms on integrable functions can be introduced as before. Evidently, these families comprise generalized cosine (T^1_{ij} ) transforms. It is also clear that ( T̃^α_{ij} θ ) (ξ) = ( T^α_{d−i,j}θ^⊥ ) (ξ). (III.1.4)

The consideration of such operator families will enable us to obtain some integral formulae for them which will be used in chapter IV for α = 1. Although these formulae do not find practical applications for α ≠ 1, they give interesting relations between the moments of order α of the typical angles in intersection of a stationary process Φ^d_k with r–flats (see the next paragraph).

1. GENERALIZED COSINE TRANSFORMS 27

1.3 Connection to convex and stochastic geometry

The generalized cosine transforms find important applications in convex and stochastic geometry.

Thus, (T_{ij} θ) (η) evidently coincides with the rose of intersections of the stationary i–flat process Φ^d_i in R^d with unit intensity and directional distribution θ with an j–dimensional flat η through the origin.

Then ( T^α_{ij} θ ) (ξ) = ∫ G(i,d) [ξ, η]^α θ(dη) = E ( [ξ, η]^α|η ∈ Φ^d_i )

is the moment of order α of the ”sine of the angle” between the typical (chosen at random) i–flat of the process Φ^d_i and a fixed test flat ξ ∈ G(j, d) with respect to the directional distribution θ. Indeed, [ξ, η] is the natural generalization of the notion of the sine of the angle between two hyperplanes to the cases of flats of lower dimensions (cf. §3.2 of chapter I).

One can also find another interpretation for T^α_{ij} at least in R^2 and R^3 which can be extended analogously to arbitrary dimensions d. It can be shown (see [82], p. 286–303) that the measure

A → ∫ A [ξ, η] θ(dη) ∫ G(i,d) [ξ, η] θ(dη) , A ∈ G

is the distribution of the typical angle in intersection between the test hyperplane (or line) ξ and Φ^d_i (d = 2 or d = 3). Then if we rewrite T^α_{ij} in the form

c · ∫ G(i,d) [ξ, η]^{α−1}[ξ, η] θ(dη) (T_{ij} θ) (ξ) = c · E ( [ξ, η]^{α−1}|η ∈ Φ^d_i , η ∩ ξ ≠ ∅ )

where c = (T_{ij} θ) (ξ) we get that ( T^α_{ij} θ ) (ξ) is proportional to the moment of order α − 1 of the absolute value of the sine of the difference between the typical angle in intersection of Φ^d_i with a fixed test flat (line) ξ and the angle attributed to this test plane (line) by appropriate parameterization.

The meaning of ( T̃ 1_{ij}θ ) (ξ) becomes to be transparent due to relation (III.1.4): it is the rose of intersections of a stationary d − i–flat process with directional distribution θ^⊥ and unit intensity with a j–flat ξ.

In convex geometry the ith projection function v_i(K; η) of a zonoid K, i.e. the i–dimensional volume of P r_η(K) for η ∈ G(i, d), is the generalized cosine transform of the projection generating measure ρ_i(K, · ): v_i(K, η) = (T_{i,d−i}ρ_i(K, ·)) (η^⊥), η ∈ G(i, d) (cf. [22]).

2 Radon transforms

In this section we outline some facts about Radon integral transforms on Grassmannians and on the sphere (cf. [32], [34], [10], [8]).

2.1 Radon transforms on Grassmannians

Let L^p(X) be the space of all functions f such that |f|^p is integrable on X. Introduce the Radon transform on Grassmannians and its dual following the paper of Grinberg [25]: for 1 ⩽ i < j ⩽ d − 1

(R_{ij}f) (ξ) = ∫ η∈G(i,d): η⊂ξ f(η) σ(dη),

(R_{ji}g) (η) = ∫ ξ∈G(j,d): ξ⊃η g(ξ) σ(dξ)

where f ∈ L^1 (G(i, d)), g ∈ L^1 (G(j, d)), ξ ∈ G(j, d), η ∈ G(i, d), and σ(·) is the unique rotation invariant measure on the appropriate integration space with total mass 1. Such Radon transforms find numerous applications in convex geometry, see e.g. [19], [22], [12], [13], [23].

It is known that R_{ij} is injective on the space C^∞ (G(i, d)) of all infinitely differentiable functions on G(i, d) if and only if i + j ⩽ d, i < j or i + j ⩾ d, i > j (cf. [9], [25]).

2.2 Spherical Radon transforms and their inversion

An important particular case of R_{ij} form the so–called spherical Radon transforms. For η ∈ G(r, d), 1 ⩽ r ⩽ d − 1 denote by S^{r−1}_η the totally geodesic submanifold S^{d−1} ∩η of S^{d−1}, dim(S^{r−1}_η ) = r−1. For any integrable function g on S^{d−1} introduce the spherical Radon transform of order r:

(R_rg) (η) = 1 ω_r ∫ S^{r−1}_η g(u) ω^η_r (du) = (R_{1r} g) (η) (III.2.1)

where ω^η_r (·) is the surface area measure on the subsphere S^{r−1}_η . If r = d − 1 we shall write R = R_{d−1} and call it simply the spherical Radon transform: identifying η ∈ G(d − 1, d) with the direction unit vector v of the line η^⊥ we have Rg(v) = 1 ω_{d−1} ∫ <u,v>=0 g(u) ω^{v⊥}_{d−1}(du) = (R_{1,d−1} g) (v^⊥). (III.2.2)

2. RADON TRANSFORMS 29

Radon transforms R_r are injective on C^∞_e (S^{d−1}). The following inversion formulae being true for all d ⩾ 3 follow from the general results of S. Helgason in [33] and [34], p. 54: for any g ∈ C_e(S^{d−1}), η ∈ G(r, d)

g(v) = c_R× (III.2.3) × ( d d(x^2) )_{r−1} x∫ 0 y^{r−1}(x^2 − y^2)^{r−32} ∫ d(S^{r−1}_η , v)=arccos y (R_rg)(η) σ(dη) dy | | | | x=1 where d(·, ·) is the geodesic distance on S^{d−1} and

c_R =

2^r (r − 2)!

; (III.2.4)

g(v) = c^1_R ( d d(x^2) )_{d−2} x∫ 0 (x^2 − y^2)^{d2 −2} ∫ <u,v>^2=1−y^2 Rg(u) ω^{v⊥,y}_{d−1} (du) dy | | | |_{x=1} (III.2.5)

where ω^{v⊥,y}_{d−1} (·) is the surface area measure on the pair of subspheres {u ∈ S^{d−1} :<u, v >^2= 1 − y^2} of S^{d−1} and

c^1_R = 2^{d−3} (d − 3)! ω_{d−1} . (III.2.6)

We shall find now a more compact form of (III.2.5) and will use it in the proofs later on; nevertheless, (III.2.5) can be also used instead. In our opinion, formula (III.2.7) below with its integration over the part of a sphere gives a reader more geometrical clearness and agrees with the earlier results of Pogorelov (see remark III.2.1).

Lemma III.2.1 (Modified inversion formula for the Radon transform).

For any g ∈ C_e(S^{d−1}) and d ⩾ 3 the following inversion formula holds:

g(v) = c^2_R ( d d(μ^2) )_{d−2} ∫ <u,v>^2>μ^2 Rg(u) |<u, v >| (<u, v >^2 −μ^2)^{2− d}2 ω_d(du) | | | | μ=0 (III.2.7)

where

c^2_R =

(−1)^{d−2}2^{d−3} (d − 3)! ω_{d−1} . (III.2.8)

Proof. Applying to (III.2.5) subsequently the following changes of variables:

y^2 = 1 − t^2, μ^2 = 1 − x^2

we get

g(v) = c^1_R(−1)^{d−2} ( d d(μ^2) )_{d−2} 1∫ μ t(t^2 − μ^2)^d2^{−2} √ 1 − t^2 ∫ <u,v>^2=t^2 Rg(u) ω^{v⊥,t}_{d−1} (du) dt | | | | |_{μ=0} .

Then using <u, v >= t the result follows from Fubini’s theorem.

Remark III.2.1. A. V. Pogorelov gives another proof of (III.2.7) for the case d = 3 (cf. [67]) that does not depend on inversion formula (III.2.5). See the detailed discussion in [79].

2.3 Useful integral and differential relations

Introduce the differential operator □ = 1 2ω_{d−1} (△_0 + d − 1) (III.2.9)

where △_0 is the Beltrami – Laplace operator on S^{d−1}:

△_0g(x) = ( △g ( x | x | )) | | |_{Sd−1} . Here △ denotes the standard Laplace operator. It can be shown (cf. [22]) that □T = R, (III.2.10) K = ω_{d−1} 2k_{d−2} RT (III.2.11)

on C_e(S^{d−1}), or equivalently to (III.2.11), T = 2k_{d−2} ω_{d−1} R^{−1}K, (III.2.12)

as R is invertible. As for relation (III.2.11) we shall prove it in more general form for the Radon transforms on Grassmannians and operators T^α_{ij} in proposition III.3.2 (see also corollary III.3.1).

3 Integral formulae

In this section some integral relations for T^α_{ij} , T̃^α_{ij} and R_{ij} will be obtained that enable the inversion of T_{ij} in cases of its injectivity (see chapter IV). The main technical result is proved in §3.1. Its important corollaries are given in §3.3 and §3.4. Finally, §3.5 yields the bounds for the weighted images of Radon transform R_{ij} and its dual.

3.1 Radon transforms of the power of the volume

Let e_1, . . . , e_d be the Cartesian unit basis vectors in R^d and ζ_0 =< e_1, . . . , e_k > for some k < d. The aim of this paragraph is to investigate the action of Radon transforms R_{ij} on functions g(η) = [η, ζ_0]^α for α > 0. One partial result of that kind for the dual Radon transform with α = 1 and dimension k = j can be found in lemma 4.1 of [21]. The argument there uses connection between volumes [·, ·], mixed volumes and projection functions. Then one applies the following Cauchy–Kubota–type formula (equation (2.3) of [21]) to the latter:

R_{ij} (v_i(K; ·)) (ξ) = i!k_i(j − i)!k_{j−i} j!k_j V_i (P r_ξ(K)) (III.3.1)

for a convex body K and all ξ ∈ G(j, d) where i < j < d and V_i(K) is the ith intrinsic volume (cf. [73]) of K.

Our approach differs from the described above that allows us to gain more generality in dimensions of involved linear subspaces and real positive powers of the volume.

Let V ol(ξ) be the non–oriented volume of the parallelepiped spanned by the basis vectors of a k–flat ξ (the choice of the basis will be clear from the context). Denote by b(ξ) a set of the orthonormal basis vectors a_1, . . . , a_k such that ξ =<a_1, . . . , a_k > for ξ ∈ G(k, d). We shall prove the following

Theorem III.3.1. Let ξ ∈ G(j, d), i < j, i + k ⩾ d, d ⩾ 3, α > 0. Then

(R_{ij}[ ·, ζ_0]^α) (ξ) = ∫ η∈G(i,d): η⊂ξ [η, ζ_0]^α σ(dη) = c(α)[ξ, ζ_0]^α (III.3.2)

where c(α) = d−k−1∏

l=0 Γ (_{j−l} 2 ) Γ (_{i−l+α} 2 ) Γ (_{i−l} 2 ) Γ (_{j−l+α} 2 ). (III.3.3)

Proof. Let us fix an orthonormal basis ξ_1, . . . , ξ_j of ξ ∈ G(j, d) so that ξ_1, . . . , ξ_i is an orthonormal basis of η ∈ G(i, d), i < j. Let

(η)^⊥_ξ =< ξ_{i+1}, . . . , ξ_j > (III.3.4)

be the orthogonal complement of η in ξ. We denote by ξ_{j+1}, . . . , ξ_d a certain orthonormal basis of ξ^⊥. Then vectors ξ_{i+1}, . . . , ξ_d form an orthonormal basis in η^⊥. If [ξ, ζ_0] = 0, i.e. dim ( ξ^⊥ ∩ ζ^⊥_0 ) > 0, then [η, ζ_0] = 0 for all η ⊂ ξ since ξ^⊥ ⊂ η^⊥ and dim ( η^⊥ ∩ ζ^⊥_0 ) > 0. Hence formula (III.3.2) holds automatically. It means that in the following it suffices to prove (III.3.2) for the case [ξ, ζ_0] ≠ 0, i.e.

ξ^⊥∩ < e_{k+1}, . . . , e_d >= {0}. (III.3.5)

The following relation holds: [η, ζ_0] ≡ V ol(ξ_{i+1}, . . . , ξ_d, e_{k+1}, . . . , e_d) = V ol(ξ_{j+1}, . . . , ξ_d, e_{k+1}, . . . , e_d) · V ol ( P r_{<ξj+1,...,ξd,ek+1,...,ed>}⊥ {ξ_{i+1}, . . . , ξ_j } ) , or briefly, [η, ζ_0] = [ξ, ζ_0]Q(ξ, η) (III.3.6)

where Q(ξ, η) denotes the (j − i)–dimensional volume of the parallelepiped spanned by projections of ξ_{i+1}, . . . , ξ_j (cf. (III.3.4)) onto the plane

< ξ_{j+1}, . . . , ξ_d, e_{k+1}, . . . , e_d >^⊥=<ξ^⊥, ζ^⊥_0 >^⊥ . (III.3.7)

Thus by (III.3.6) ∫ η∈G(i,d): η⊂ξ [η, ζ_0]^ασ(dη) = c_α(ξ)[ξ, ζ_0]^α,

c_α(ξ) = ∫ η∈G(i,d): η⊂ξ Q(ξ, η)^ασ(dη). (III.3.8)

Let us write Q(ξ, η) in a different form. First we give another representation to the plane (III.3.7):

<ξ^⊥, ζ^⊥_0 >^⊥= ξ ∩ ζ_0. (III.3.9)

Indeed, if τ ∈< ξ^⊥, ζ^⊥_0 >^⊥ then τ ⊥ {ξ_{j+1}, . . . , ξ_d} and τ ⊥ {e_{k+1}, . . . , e_d}. Hence τ ∈< ξ_{j+1}, . . . , ξ_d >^⊥= ξ, τ ∈< e_{k+1}, . . . , e_d >^⊥= ζ_0, or τ ∈ ξ ∩ ζ_0. Thus, <ξ^⊥, ζ^⊥_0 >^⊥⊆ ξ ∩ζ_0. Since dim ( <ξ^⊥, ζ^⊥_0 >^⊥ ) = dim(ξ ∩ζ_0) by (I.1.4) the relation (III.3.9) is proved.

Let us now show that Q(ξ, η) = V ol ( ξ_{j+1}, . . . , ξ_d, b ( (ξ ∩ ζ_0)^⊥_ξ ))_{def} = [ξ ∩ ζ_0, η]_ξ . (III.3.10)

By definition of Q(ξ, η), owing to (III.3.9) one can write Q(ξ, η) = V ol ( P r_{ξ∩ζ0} ( (η)^⊥_ξ )) . (III.3.11)

The following formula holds for any flats a, c in arbitrary ambient space: [a^⊥, c]^{def}= V ol ( b(a), b(c^⊥) ) = V ol (P r_c(a)) = V ol ( P r_a⊥ ( c^⊥ )) . Hence (III.3.11) yields Q(ξ, η) = V ol ( P r_{ξ∩ζ0} ( (η)^⊥_ξ )) = V ol ( P r_η ( (ξ ∩ ζ_0)^⊥_ξ )) = [ξ ∩ ζ_0, η]_ξ

(here the ambient space is ξ). Thus, relation (III.3.10) is proved and (III.3.8) gives c_α(ξ) = ∫ η∈G(i,d): η⊂ξ [ξ ∩ ζ_0, η]^α_ξ σ(dη).

Let us prove that c_α(ξ) does not depend on ξ. According to (III.3.5) it is sufficient to consider only the case ξ^⊥ ∩ ζ^⊥_0 = {0}. (III.3.12) For any ξ ∈ G(j, d) there exists a rotation γ ∈ SO(d) such that ξ = γξ_0, ξ_0 =< e_1, . . . , e_j >. Then

c_α(ξ) = ∫ η∈G(i,d): η⊂ξ_0 [γξ_0∩ζ_0, γη]^α_{γξ0} σ(dη) = ∫ η∈G(i,d): η⊂ξ_0 [ξ_0∩γ^{−1}ζ_0, η]^α_{ξ0} σ(dη),

and (III.3.12) has the form (γξ_0)^⊥ ∩ ζ^⊥_0 = γξ^⊥_0 ∩ ζ^⊥_0 = ξ^⊥_0 ∩ γ^{−1}ζ^⊥_0 = {0}.

Without loss of generality one can substitute γ by γ^{−1}. Thus we should show that c̃_α(γ)^{def}= ∫ η∈G(i,d): η⊂ξ_0 [ξ_0 ∩ γζ_0, η]^α_{ξ0} σ(dη) (III.3.13)

is constant on the set G_{jk} = { γ ∈ SO(d) : ξ^⊥_0 ∩ γζ^⊥_0 = {0} } . (III.3.14) First let us prove that dim(ξ_0 ∩ γζ_0) = j + k − d for any γ ∈ G_{jk}. By (I.1.4) the dimension of ξ_0 ∩ γζ_0 can not be less then j +k−d. Let us prove that it can not be also greater then j +k−d. Suppose, ex adverso, that dim(ξ_0 ∩ γζ_0) = m > j + k − d. Let τ_1, . . . , τ_m be the basis in ξ_0 ∩ γζ_0. Amplify it to the bases in ξ_0 and γζ_0: ξ_0 =< τ_1, . . . , τ_m, τ_{m+1}, . . . , τ_j >, γζ_0 =< τ_1, . . . , τ_m, τ̃_{m+1}, . . . , τ̃_k > . The number of different unit vectors in ξ_0, γζ_0 is evidently equal to j +k−m. Then, as m > j +k −d, this number is less then d. It means that there exists at least one unit vector x ∈ R^d that does not belong to the linear hull of the bases in ξ_0 and γζ_0. Then x ∈ ξ^⊥_0 ∩ (γζ_0)^⊥. We arrived at the contradiction with (III.3.14).

Thus we proved that any transform γ ∈ G_{jk} preserves the dimension of β^{def}= ξ_0 ∩ γζ_0 ⊂ ξ_0. Identifying ξ_0 with R^j we can rewrite the relation (III.3.13) as follows:

c̄_α(β) = ∫ η∈G(i,d): η⊂R^j [β, η]^α_Rj σ(dη) = ∫ G(i,j) [β, η]^α_Rj dη

for β ⊂ ξ_0, dim(β) = j + k − d. Let us prove that c̄_α(β) does not depend on β ∈ G(j + k − d, j). Indeed, we have by rotation invariance (since dim(β) does not depend on γ ⊂ G_{jk}) that

c̄_α(β) = c̄_α(β_0), β_0 =< e_1, . . . , e_{j+k−d} > .

Thus we have proved that c(α) = ∫ G(i,j) [β_0, η]^α_Rj dη

is a constant, β_0 =< e_1, . . . , e_{j+k−d} >∈ G(j + k − d, j). Now our aim is to calculate c(α). Introduce the notation b_α(n, m, r) = ∫ G(n,m) [β_0, η]^α_Rm dη

for n + r ⩾ m, β_0 =< e_1, . . . , e_r >. Then c(α) = b_α(i, j, j + k − d). Let us calculate b_α(n, m, r) for all n, m, r such that n + r ⩾ m ⩾ 2. At the first step, let us prove that b_α(k, d, i) = b_α(i, j, i + j − d) · b_α(k, d, j) (III.3.15) for i + k ⩾ d, i < j, i ⩾ d/2, d ⩾ 2. Integrate with respect to ζ the equality ∫ η∈G(i,d): η⊂ξ [η, ζ]^α σ(dη) = c(α)[ξ, ζ]^α (III.3.16)

where ζ ∈ G(k, d) and ξ ∈ G(j, d). Relation (III.3.16) follows from (III.3.2) by rotation invariance. One gets by Fubini’s theorem that ∫ η∈G(i,d): η⊂ξ ∫ G(k,d) [η, ζ]^α dζ σ(dη) = c(α) ∫ G(k,d) [ξ, ζ]^α dζ.

Since the integrand in parentheses in the left–hand side of the above relation does not depend on η because of the rotation invariance and is equal to b_α(k, d, i) we can write b_α(k, d, i) ∫ η∈G(i,d): η⊂ξ σ(dη) = c(α)b_α(k, d, j).

Then, as the total mass of the measure σ is one, the above relation completes the proof of (III.3.15).

By lemma 2.2 (a) of [70] (one should apply operators A and A^∗ to a constant function there) b_α(d − 1, d, d − k) = b_α(d − k, d, d − 1) = ω_{d−k}ω_k ω_d 1∫ 0 (1 − t^2)^{(k−2)/2}t^{d−k−1+α}dt. (III.3.17)

The integral in the right-hand side of (III.3.17) is equal to

1/2 1∫ 0 (1 − u)^{k/2−1}u^{d−k+α2 −1}du = 1 2 Γ (_k 2 ) Γ (_{d+α−k} 2 ) Γ (_{d+α} 2 ) .

Then by (III.3.17) b_α(d − 1, d, d − k) = 1 2 ω_{d−k}ω_k ω_d Γ (_k 2 ) Γ (_{d+α−k} 2 ) Γ (_{d+α} 2 ) = Γ (_d 2 ) Γ (_{d+α−k} 2 ) Γ (_{d−k} 2 ) Γ (_{d+α} 2 ). Thus we have proved that b_α(d − 1, d, d − k) = b_α(d − k, d, d − 1) = Γ (_d 2 ) Γ (_{d+α−k} 2 ) Γ (_{d−k} 2 ) Γ (_{d+α} 2 ). (III.3.18)

Let us prove that for all k b_α(d − k, d, k) = b_α(k, d, d − k). By definition, one can write for some η ∈ G(k, d) b_α(d − k, d, k) = ∫ G(d−k,d) [β_0, η]^α dη = ∫ G(d−k,d) [β^⊥_0 , η^⊥]^α dη = ∫ G(k,d) [β^⊥_0 , η^⊥]^α dη^⊥ = ∫ G(k,d) [β^⊥_0 , ν]^α dν = b_α(k, d, d − k).

The said above is true since [β, η] = [β^⊥, η^⊥] for all β ∈ G(d − k, d), η ∈ G(k, d).

Furthermore, by (III.3.18) we have for all 1 ⩽ r ⩽ d − 1 b_α(d − 1, d, r) = b_α(r, d, d − 1) = Γ (_d 2 ) Γ (_{r+α} 2 ) Γ (_r 2 ) Γ (_{d+α} 2 ). (III.3.19)

By (III.3.15) and (III.3.19) the following equality is true: b_α(k, d, d − 2) = b_α(d − 2, d − 1, k − 1) · b_α(k, d, d − 1) = Γ (_d 2 ) Γ (_{k+α} 2 ) Γ (_k 2 ) Γ (_{d+α} 2 ) · Γ (_{d−1} 2 ) Γ (_{k−1+α} 2 ) Γ (_{k−1} 2 ) Γ (_{d−1+α} 2 ). One can prove in the same way by induction on r that for α > 0 b_α(k, d, d − r) = r−1∏ l=0 Γ (_{d−l} 2 ) Γ (_{k−l+α} 2 ) Γ (_{k−l} 2 ) Γ (_{d−l+α} 2 ), or, more generally, b_α(k, d, r) = d−r−1∏

l=0 Γ (_{d−l} 2 ) Γ (_{k−l+α} 2 ) Γ (_{k−l} 2 ) Γ (_{d−l+α} 2 ), k + r ⩾ d. (III.3.20)

Then as c(α) = b_α(i, j, j + k − d) and by (III.3.20) we get that relation (III.3.3) holds, and the theorem is proved.

3.2 Dual Radon transforms of the power of the volume Now it will be of interest to us to consider the action of the dual Radon transform on functions g(η) = [η^⊥, ζ_0]^α for α > 0.

Proposition III.3.1. Let i < j ⩽ k < d, d ⩾ 3. Then for α > 0 the following relation holds:

(R_{ji}[·^⊥, ζ_0]^α)(η) = c^∗(α)[η^⊥, ζ_0]^α (III.3.21) where η ∈ G(i, d),

c^∗(α) = d−k−1∏

l=0 Γ (_{d−i−l} 2 ) Γ (_{d−j−l+α} 2 ) Γ (_{d−j−l} 2 ) Γ (_{d−i−l+α} 2 ). (III.3.22)

Proof. Let η ⊂ ξ ∈ G(j, d). Then ξ^⊥ ⊂ η^⊥, and using the duality relation (2.3) of [19] for the Radon transform one can write (R_{ji}[·^⊥, ζ_0]^α)(η) = (R_{d−j,d−i}[·, ζ_0]^α) (η^⊥).

Here d − j < d − i, η^⊥ ∈ G(d − i, d), so we can use the result of theorem III.3.1:

(R_{d−j,d−i}[·, ζ_0]^α) (η^⊥) = c^∗(α)[η^⊥, ζ_0]^α where c^∗(α) = b_α(d − j, d − i, d − i + k − d) = b_α(d − j, d − i, k − i) (cf. proof of theorem III.3.1). Then by (III.3.20)

c^∗(α) = d−k−1∏

l=0 Γ (_{d−i−l} 2 ) Γ (_{d−j−l+α} 2 ) Γ (_{d−j−l} 2 ) Γ (_{d−i−l+α} 2 ), and the assertion is proved.

3.3 Cauchy – Kubota – type formulae for the generalized cosine transforms

First let us prove the following

Proposition III.3.2. For any α > 0 and dimensions i, j, k with i + k ⩾ d, i < j the following integral relation is valid on the space M̃ (G(k, d)): R_{ij} T^α_{ki} = c(α)T^α_{kj} where the constant c(α) is defined in (III.3.3).

Proof. Integrate both sides of equality (III.3.16) with respect to some measure θ ∈ M̃ (G(k, d)) and use Fubini’s theorem: ∫ η∈G(i,d): η⊂ξ ∫ G(k,d) [η, ζ]^α θ(dζ)σ(dη) = c(α) ∫ G(k,d) [ξ, ζ]^α θ(dζ).

The comparison of both sides of the above equation with the expression for T^α_{ij} completes the proof.

The following corollary is an easy consequence of proposition III.3.2 for α = 1:

Corollary III.3.1. For any i, j, k with i + k ⩾ d, i < j the following relation holds: R_{ij}T_{ki} = ω_{i+1−d+k}ω_{j+1} ω_{j+1−d+k}ω_{i+1} T_{kj}. The case i = 1, j = r, k = d − 1 will be of importance to us:

Corollary III.3.2. For any d ⩾ 3, 1 < r ⩽ d − 1, η ∈ G(d, r), and signed measure θ ∈ M̃(S^{d−1}) the following integral relation holds: ( T_{d−1,r}θ^⊥ ) (η) = ω_r 2k_{r−1} (R_rT θ) (η). (III.3.23)

Remark III.3.1. If r = d − 1 then equation (III.3.23) coincides with (III.2.11). Thus proposition III.3.2 is a generalization of the classical relation (III.2.11).

The above connection between generalized cosine transforms of different orders can be used in practice. For example, in tomography and stereology there is often a need to estimate the statistical parameters of the shape of some geometric structure under consideration (e.g. porous media, microscopic shots of tissues, fiber collections, etc.) from the experimental data gained by sections of examined patterns, or in our terms, by intersections of patterns with flats of different dimensions. The above mentioned patterns are sometimes modeled as k–dimensional manifold processes in R^d which can be seen locally as k–flat processes with directional distribution θ if one considers all k–flats tangent to the pieces of k–manifolds in the corresponding neighborhood. The characteristics known from their intersections with i–flats will be in this case often their roses of intersections T_{ki}θ (or the corresponding moments T^α_{ki}θ). Proposition III.3.2 states that from the knowledge of the characteristics of the lower–dimensional sections of the pattern (T^α_{ki}θ) conclusions about the same characteristics in higher–dimensional sections (T^α_{kj} θ, j > i) can be obtained by simple integration (R_{ij} ).

The proof of the theorem III.3.1 yields the well–known result below (cf. formula (III.3.20) with α = 1) that we would like to emphasize: it is the value of the rose of intersections of the stationary isotropic (i.e. with the uniform distribution of directions) Poisson k–flat process (cf. [82]) with arbitrary r–flats (T_{kr}1). It coincides with the rose of intersections of the stationary isotropic Poisson r–flat process with k–planes:

Corollary III.3.3. For any k, r such that k + r ⩾ d

T_{kr}1 = T_{rk}1 = Γ (_{k+1} 2 ) Γ (_{r+1} 2 ) Γ (_{d+1} 2 ) Γ (_{k+r−d+1} 2 ) = ω_{d+1}ω_{k+r−d+1} ω_{k+1}ω_{r+1} .

3.4 Double fibration for {T^α_{ij} } and {T̃^α_{ij} }

The following double fibration relation (cf. [32], p. 168) for R_{ij} takes place for all absolute integrable f ∈ L^1 (G(i, d)), φ ∈ L^1 (G(j, d)): ∫ G(j,d) (R_{ij} f) (ξ)φ(ξ) dξ = ∫ G(i,d) f(η) (R_{ji}φ) (η) dη. (III.3.24)

Here R_{ji} is dual to the transform R_{ij}. Let us investigate now the behaviour of this relation on functions f(η) = [η, ζ_0]^α, η ∈ G(i, d), i < j. By theorem III.3.1 one gets from (III.3.24) that c(α) ∫ G(j,d) [ξ, ζ_0]^αφ(ξ) dξ = ∫ G(i,d) [η, ζ_0]^α (R_{ji}φ) (η) dη, (III.3.25)

and using the rotation invariance of the above equation we obtain the following result:

Proposition III.3.3. For all i < j, i + k ⩾ d, α > 0 and all absolute integrable functions φ ∈ L^1 (G(j, d)) ( T^α_{jk}φ ) (ζ) = c^{−1}(α)T^α_{ik} (R_{ji}φ) (ζ), ζ ∈ G(k, d) (III.3.26)

where c(α) is given by (III.3.3).

It would be of some interest to illustrate the usage of the above proposition in stochastic geometry. Namely, for the values α = 1, d = 3, i = 1, j = 2 and k = 2 we have the equality

(T_{22}φ) (ζ) = π 2 T_{12} (R_{21}φ) (ζ), ζ ∈ G(2, 3). (III.3.27)

The transform (T_{22}φ) (ζ) is the rose of intersections of the stationary process of planes Φ^3_2 in three dimensions with a test plane ζ. The process Φ^3_2 has the unit intensity and the directional distribution with density φ. This rose of intersections is equal by (III.3.27) to the rose of intersections T_{12} of the process Φ^3_1 of lines with the same test plane ζ where this new process Φ^3_1 has the unit intensity and directional distribution density R_{21}φ obtained from φ by integration.

Proposition III.3.4. The adjoint operator of T^α_{ij} on L^1 (G(i, d)) is operator T^α_{ji} on L^1 (G(j, d)): ( T^α_{ij} )_∗ = T^α_{ji}. Proof. The desired relation ∫ G(i,d) f(η) ( T^α_{ji}φ ) (η) dη = ∫ G(j,d) ( T^α_{ij} f ) (ξ)φ(ξ) dξ

for f ∈ L^1 (G(i, d)) and φ ∈ L^1 (G(j, d)) follows easily from the more general relation ∫ G(i,d) ( T^α_{ji}θ ) (η) μ(dη) = ∫ G(j,d) ( T^α_{ij} μ ) (ξ) θ(dξ)

for any θ ∈ M̃ (G(j, d)), μ ∈ M̃ (G(i, d)) which can be seen directly by Fubini’s theorem.

Let us state now the result for the dual Radon transform similar to the proposition III.3.3:

Proposition III.3.5. For all i < j ⩽ k < d, α > 0, and all absolute integrable functions g ∈ L^1 (G(i, d)) ( T̃^α_{ik}g ) (ζ) = (c^∗(α))^{−1} T̃^α_{jk} (R_{ij}g) (ζ), ζ ∈ G(k, d) (III.3.28)

where c^∗(α) is given by (III.3.22).

Proof. First it is worth mentioning that the assertion of proposition III.3.1 is also true for any ζ ∈ G(k, d) instead of ζ_0 by rotation invariance. One can write by (III.3.24) and (III.3.21) that c^∗(α) ∫ G(i,d) [η^⊥, ζ]^αg(η) dη = ∫ G(j,d) [ξ^⊥, ζ]^α (R_{ij} g) (ξ) dξ, (III.3.29)

which together with the definition of T̃^α_{ij} completes the proof.

3.5 Bounds for the weighted images of Radon transforms

For α > 0 introduce the following functionals on the space of absolute integrable functions g on G(i, d) and φ on G(j, d):

‖g‖_{(α)}^{def}= | | | | ∫ G(i,d) g(η)[η, ζ_0]^α dη | | | | ,

‖φ‖^⊥_{(α)}^{def}= | | | | | ∫ G(j,d) φ(ξ)[ξ^⊥, ζ_0]^α dξ | | | | | . Let ‖ · ‖_p denote the usual norm in L^p–spaces. This paragraph will be devoted to the construction of the inequalities that would bound the weighted images of Radon transforms and their duals from above.

Proposition III.3.6. Choose the numbers p, q > 1 such that 1/p+1/q = 1.

1) Let i < j, i + k ⩾ d, α > 0, and φ ∈ L^p (G(j, d)). Then ‖R_{ji}φ‖_{(α)} ⩽ d(α, q)‖φ‖_p (III.3.30) where d(α, q) = c(α) · d−k−1∏

l=0 Γ (_{d−l} 2 ) Γ (_{j−l+α+q} 2 ) Γ (_{j−l} 2 ) Γ (_{d−l+α+q} 2 ) 1/q (III.3.31)

and c(α) is defined by (III.3.3);

2) Let i < j ⩽ k < d, α > 0, and g ∈ L^p (G(i, d)). Then

‖R_{ij} g‖^⊥_{(α)} ⩽ d^∗(α, q)‖g‖_p (III.3.32)

where d^∗(α, q) = c^∗(α) · d−k−1∏

l=0 Γ (_{d−l} 2 ) Γ (_{d−i−l+α+q} 2 ) Γ (_{d−i−l} 2 ) Γ (_{d−l+α+q} 2 ) 1/q (III.3.33)

and c^∗(α) is defined by (III.3.22).

Proof. First let us prove the upper bound for the image of the dual Radon transform: we have by (III.3.25) that ‖R_{ji}φ‖_{(α)} ⩽ c(α) · ‖|φ|‖_{(α)}. Then applying Hölder’s inequality one gets

‖|φ|‖_{(α)} ⩽ ∫ G(j,d) |φ(ξ)|^p dξ 1/p ∫ G(j,d) [ξ, ζ_0]^{α+q} dξ 1/q = ‖φ‖_p·b^{1/q}_{α+q}(j, d, k), while by (III.3.20)

b^{1/q}_{α+q}(j, d, k) = d−k−1∏

l=0 Γ (_{d−l} 2 ) Γ (_{j−l+α+q} 2 ) Γ (_{j−l} 2 ) Γ (_{d−l+α+q} 2 ) 1/q . The proof of the second statement of the proposition is conducted analogously: by relation (III.3.29) ‖R_{ij} g‖^⊥_{(α)} ⩽ c^∗(α) · ‖|g|‖^⊥_{(α)} . By Hölder’s inequality

‖|g|‖^⊥_{(α)} ⩽ ∫ G(i,d) |g(η)|^p dη 1/p ∫ G(i,d) [η^⊥, ζ_0]^{α+q} dη 1/q =

‖g‖_p ∫ G(d−i,d) [ν, ζ_0]^{α+q} dν 1/q = ‖g‖_p · b^{1/q}_{α+q}(d − i, d, k), where by (III.3.20)

b^{1/q}_{α+q}(d − i, d, k) = d−k−1∏

l=0 Γ (_{d−l} 2 ) Γ (_{d−i−l+α+q} 2 ) Γ (_{d−i−l} 2 ) Γ (_{d−l+α+q} 2 ) 1/q .

Remark III.3.2. All results of section 3 can be reformulated for complex α. But several technical difficulties arise here because of the singularities of the kernel [ξ, η]^α for Reα < 0. Indeed, one needs to prove even the existence of operators T^α_{ij} , which seems to be not trivial. It is very likely that for complex α the integral formulae of this section could be proved only for measures θ that are absolutely continuous with respect to the Haar measure on the appropriate Grassmannian. A proper normalization of operators T^α_{ij} by some complex coefficients depending on the gamma functions of α will be necessary to make this family of operators analytic on α. To avoid these complications we consider only real positive α here.

42 CHAPTER III. INTEGRAL TRANSFORMS

Chapter IV

An inverse problem for the roses of intersections

Suppose Φ^d_k is a stationary k–flat process with unit intensity intersected with any r–flat η, r = d − k + j. In this chapter we prove the formulae that yield its directional distribution θ from the rose of intersections T_{kr}θ.

1 The rose of intersections and the directional distribution

First of all, the following natural question is to be answered: does the rose of intersections T_{k,d−k+j}θ of Φ^d_k determine the directional distribution θ uniquely? In other words, for which k and j the generalized cosine transform T_{k,d−k+j} is injective on L? Introduce the set V_f (d, k, j) of all probability measures θ_0 on G such that (T_{k,d−k+j}θ_0) (η) = f(η) for all η. Then the uniqueness would imply | V_f (d, k, j) |= 1. One can distinguish the following particular cases for any dimension d:

• j = 0 (Φ^d_k ∩ η is an ordinary point process):

– k = d − 1 or 1: | V_f (d, k, j) |= 1 (G. Matheron, 1975, cf. [51]).

– 2 ⩽ k ⩽ d − 2: V_f (d, k, j) is infinite dimensional (P. Goodey, R. Howard, 1990, cf. [14], [15]).

• 1 ⩽ j < k ⩽ d − 1 (P. Goodey, R. Howard, 1990):

– k < d − 1: V_f (d, k, j) is infinite dimensional.

– k = d − 1: | V_f (d, k, j) |= 1.

See also [23] for the description of the subspaces of injectivity of T_{kr} for k < d − 1.

As θ(A) = ∫ G(k,d) I_A(ξ) θ(dξ) for any A ∈ G and I_A(·) can be approximated

by smooth functions one can easily see that any measure θ is uniquely determined by all integrals ∫

G(k,d) g(ξ) θ(dξ) (IV.1.1)

where g belongs to some sufficiently large class of functions, say C^p(G(k, d)), p ∈ N ∪ {∞} or C(G(k, d)). J. Mecke [52] provides an easy integral retrieval formula for fiber processes on the plane (d = 2, k = r = 1) that expresses (IV.1.1) through the integrals of T_{11}θ, while J. Mecke and W. Nagel [58] obtain a sort of expansion formula in spherical harmonics for the case d = 3, k = 1, r = 2. In both cases T_{kr}θ is injective.

In what follows we shall generalize these results (k = d − 1) for arbitrary dimensions d and r and also consider one case of non–uniqueness d = 4, k = r = 2. Here the whole set V_f (4, 2, 0) will be described. The choice of parameters k and r could be explained by the fact that only in these cases the appropriate Grassmannian G(k, d) is isomorphic to a sphere (or a product of spheres) (see section 2 of chapter I), and by this means the standard methods of harmonic analysis on the sphere are applicable. All other cases of non–uniqueness remain still open.

2 Inversion formulae for k = d − 1, r = 1

Let Φ^d_{−1} be a stationary hyperplane process with unit intensity, directional distribution θ and rose of intersections with lines T_{d−1,1}θ = f.

Proposition IV.2.1. If θ^⊥(·) is absolutely continuous with respect to ω_d(·) with density γ ∈ C_e(S^{d−1}) then

γ(v) = c^2_R ( d d(μ^2) )_{d−2} ∫ <u,v>^2>μ^2 □f(u) |<u, v >| (<u, v >^2 −μ^2)^{2− d}2 ω_d(du) | | | | μ=0 (IV.2.1)

where c^2_R is given by (III.2.8).

Proof. We apply formula (III.2.7) for g = γ and then note that in view of (III.2.10) and provided that f = T γ we get the above result.

Relation (IV.2.1) in three dimensions can be found in the book of A. V. Pogorelov [67].

Theorem IV.2.1. Let Φ^d_{−1} be a stationary hyperplane process with arbitrary directional distribution measure θ and rose of intersections with lines

INVERSION FORMULAE FOR k = d − 1, r = 1 45

f. Then for any g ∈ C^m_e ( S^{d−1} ) , m ⩾ (d + 5)/2, and dimension d ⩾ 3 the following formula holds: ∫ S^{d−1} g(v) θ^⊥(dv) = c^2_R×

× ∫ S^{d−1} f(u) □ ( d d(μ^2) )_{d−2} ∫ <u,v>^2>μ^2 g(v) |<u, v >| (<u, v >^2 −μ^2)^{2− d}2 ω_d(dv) | | | |_{μ=0} ωd(du)

where c^2_R is given by (III.2.8).

Proof. By theorem 4.1 in [20], for any g ∈ C^m_e ( S^{d−1} ) there exists an integrable function h on S^{d−1} such that

g = T h. (IV.2.2)

Then by Fubini’s theorem ∫ S^{d−1} g(v) θ^⊥(dv) = ∫ S^{d−1} (T h) (v) θ^⊥(dv) = ∫ S^{d−1} ∫ S^{d−1} |<u, v >|h(u) θ^⊥(dv)ω_d(du) = ∫ S^{d−1} h(u) ( T θ^⊥ ) (u) ω_d(du) = ∫ S^{d−1} h(u)f(u) ω_d(du).

Then as □ and R^{−1} commute and by (III.2.10) we have from (IV.2.2) that h = T^{−1}g = R^{−1}□g = □R^{−1}g. Then using lemma III.2.1 one gets ∫ S^{d−1} g(v) θ^⊥(dv) = ∫ S^{d−1} f(u)□R^{−1}g(u) ω_d(du) =

c^2_R ∫ S^{d−1} f(u) □ ( d d(μ^2) )_{d−2} ∫ <u,v>^2>μ^2 g(v) |<u, v >| (<u, v >^2 −μ^2)^{2− d}2 ω_d(dv) | | | | μ=0 ωd(du),

and we are done.

Remark IV.2.1. A result similar to theorem IV.2.1 was obtained by W. Weil (cf. [88], [22]) in the setting of distributions. Namely, the support function of a generalized zonoid is the cosine transform of a finite signed measure. Weil generalized this idea and introduced the generating distribution for any centrally symmetric compact convex body in R^d . It was shown in [88] how this distribution can be restored from its cosine transform.

Remark IV.2.2 (Case k = 1, r = d − 1). All results of this section can be applied directly to the dual case of a stationary line process Φ^d_1 intersected with hyperplanes: r = d − 1.

Remark IV.2.3. One can also use other inversion formulae for the spherical Radon transform (cf. [31], [32] p. 186–187) in order to prove relations similar to those of proposition IV.2.1 and theorem IV.2.1 (see [79]). These inversion formulae involve certain polynomials of the Beltrami–Laplace operator, if d is even, and for odd dimensions they can be written in terms of fractional integrals and wavelets (cf. [69]–[71]).

3 Inversion formulae for k = d − 1, 1 < r ⩽ d − 1

Consider a stationary hyperplane process Φ^d_{−1} with unit intensity, directional distribution θ and rose of intersections with r–planes T_{d−1,r}θ = f. The results of the previous section allow us to get θ (or the density γ of θ^⊥ on S^{d−1} with respect to ω_d(·)) if we know T θ^⊥ (T γ, respectively). Now let us rewrite these expressions in terms of f. It follows from (III.3.23) that

T θ^⊥ = 2k_{r−1} ω_r R^{−1}_r f. Then applying inversion formula (III.2.3) for the spherical Radon transform of order r one gets ( T θ^⊥ ) (v) = 2k_{r−1}c_R ω_r ×

× ( d d(x^2) )_{r−1} x∫ 0 y^{r−1}(x^2 − y^2)^{r−32} ∫ d(S^{r−1}_η , v)=arccos y f(η) σ(dη) dy | | | |_{x=1} . (IV.3.1)

Now substituting T θ^⊥ from the above relation for f in the results of section 2 we get the same scope of retrieval formulae for the case 1 < r ⩽ d − 1: Theorem IV.3.1. Let Φ^d_{−1} be a stationary hyperplane process with directional distribution θ and rose of intersections with r–planes f, 1 < r ⩽ d−1, d ⩾ 3. Then T θ^⊥ can be determined using (IV.3.1) and we have

1) If θ^⊥ is absolutely continuous with respect to ω_d(·) with density γ ∈ C_e(S^{d−1}) then

γ(v) = c^2_R ( d d(μ^2) )_{d−2} ∫ <u,v>^2>μ^2 □ ( T θ^⊥ ) (u) |<u, v >| (<u, v >^2 −μ^2)^{2− d}2 ω_d(du) | | | | μ=0 ;

4. INVERSION VIA EXPANSIONS IN SPHERICAL HARMONICS 47

2) For arbitrary probability measure θ on G(d−1, d) and any g ∈ C^m_e ( S^{d−1} ) , m ⩾ (d + 5)/2 ∫ S^{d−1} g(v) θ^⊥(dv) = c^2_R×

× ∫ S^{d−1} ( T θ^⊥ ) (u) □ ( d d(μ^2) )_{d−2} ∫ <u,v>^2>μ^2 g(v) |<u, v >| (<u, v >^2 −μ^2)^{2− d}2 ω_d(dv) | | | | |_{μ=0} ω_d(du)

where c^2_R is constant (III.2.8).

Remark IV.3.1. In the case k = r = d − 1 the fact that G(d − 1, d) ∼= S^{d−1}_+ and the Haar measure is just the normalized surface area measure on the sphere makes relation (IV.3.1) simpler (cf. [79]).

4 Inversion via expansions in spherical harmonics

The following section will be devoted to obtaining the inversion formulae for T_{d−1,1} and T_{d−1,d−1} by means of expansions in spherical harmonics. To this end already known results about the eigenvalues of cosine and sine transforms (cf. [28]) will be used.

Introduce the scalar product <g, h>_Sd−1 = ∫ S^{d−1} g(u)h(u) ω_d(du) of any

real functions g and h from L^2(S^{d−1}). Let {S_{n, j} : n ∈ Z_+, j = 1, . . . , N(d, n)} be an orthonormal basis of spherical harmonics on S^{d−1} in the usual norm ‖ · ‖_Sd−1 in L^2(S^{d−1}) (see [65], [5], [27], [28]),

N(d, n) = {_{(2n+d−2)Γ(n+d−2)} Γ(n+1)Γ(d−1) , n ⩾ 1 1, n = 0. (IV.4.1)

For any integrable function g: ∫ S^{d−1} | g(u) | ω_d(du) < ∞ there exists its

expansion in spherical harmonics:

g(u) ∼ ∞∑ n=0

N(d,n)∑

j=1 c_{nj} S_{n, j}(u) (IV.4.2)

where c_{nj} =<g, S_{n, j} >_Sd−1 (IV.4.3)

We know that any measure μ on S^{d−1} is defined by the values of its integrals ∫ S^{d−1} g(u) μ(du) for all g ∈ C^∞_e (S^{d−1}). Let g have expansion (IV.4.2).

Then because of the uniform convergence of this series to g (cf. [28]) we have ∫ S^{d−1} g(u) μ(du) = ∞∑ n=0

N(d,n)∑

j=1 c_{nj} B_{nj}

where B_{nj} = ∫ S^{d−1} S_{n, j} (u) μ(du). (IV.4.4)

Therefore is it sufficient to know all B_{nj} to get a complete description of μ. If μ = θ^⊥ is the directional distribution measure of a hyperplane process and f its rose of intersections with lines or hyperplanes then B_{nj} can be determined from f, i.e. from its expansion coefficients b_{nj} =<f, S_{nj} >_Sd−1 .

The following result is a direct corollary from lemmas 3.4.5, 3.4.7 [28]:

Proposition IV.4.1 (Intersections with lines and hyperplanes). Let Φ^d_{−1} be a stationary hyperplane process with directional distribution θ and rose of intersections with r–planes T_{d−1,r}θ = f (r ∈ {1, d − 1}). Then for any g ∈ C^∞_e (S^{d−1}) with expansion in spherical harmonics (IV.4.2) ∫ S^{d−1} g(u) θ^⊥(du) = ∞∑ n=0

N(d,n)∑

j=1 c_{nj} B_{nj}

where B_{nj} = { 0, n odd <f,S_{nj}>_{Sd−1} ω_{d−1} a_n , n even | | | , j = 1, . . . , N(d, n). The value of a_n is

1) in case of lines (r = 1):

a_n = 2 d−1 , n = 0 2 (d−1)(d+1) , n = 2 2(−1)^{n−2}2^{1·3·...·(n−3)} (d−1)(d+1)...(d+n−1) , for even n ⩾ 4 ,

2) in case of hyperplanes (r = d − 1):

a_n = −

(d − 2)! 2 Γ (_{n+d} 2 ) Γ (_{n−1} 2 ) n! Γ (_{n+d+1} 2 ) (n + d − 2)! (n/2)!

for even n ⩾ 0.

5 Case G(2, 4)

Let us proceed now to the case G(2, 4). Suppose the stationary process Φ^4_2 is intersected by a 2–plane η ∈ G(2, 4). By theorem I.2.1, the isomorphism M (cf. (I.2.5)) maps G(2, 4) onto {(u, v) ∈ S^2 × S^2 : (u, v) ≡ (−u, −v)}. Then for all ξ, η ∈ G(2, 4) ξ → (u, v), η → (ũ, ṽ), where u, v, ũ, ṽ ∈ S^2. If θ is the directional distribution of Φ^4_2 (i.e. a probability measure on G(2, 4)) then one can prove that its image under the isomorphism M is again a probability measure θ̃ on S^2 × S^2. By (I.3.1), the rose of intersections of Φ^4_2 is (T_{22}θ) (η) = f(ũ, ṽ) = 1 2 ∫ S^2×S^2 |<u, ũ > − <v, ṽ >| θ̃ ( d(u, v) ) . (IV.5.1)

It will be shown in the following paragraphs that for absolute continuous measure θ with density g, i.e. when θ(dξ) = g(ξ) dξ, its image θ̃ has the following form: θ̃ ( d(u, v) ) =^1_{16π2} g ( M^{−1}(u, v) ) ω_3(du)ω_3(dv). The key point here is to prove that the Haar measure on L(2, 4) is mapped into the product of surface area measures on S^2 × S^2. Two independent proofs of this fact (see theorem IV.5.1) will be given in §5.2 and §5.5. The idea of the first one belongs to Prof. B. Rubin. The second proof is due to Prof. J. Mecke. Then the inversion formula for T_{22} in its parametric representation (IV.5.1) on S^2 × S^2 will be given in §5.6.

In the sequel we shall use θ instead of θ̃ without abuse of notation.

5.1 The Haar measure on L(2, 4)

In what follows we shall study the structure of the Haar measure on the oriented Grassmannian L(2, 4). Namely, we shall give two proofs of the following result:

Theorem IV.5.1. The image of the normalized Haar measure on L(2, 4) under the homeomorphism L(2, 4) → S^2 × S^2 is the measure 1 16π^2 ω_3(du)ω_3(dv), i.e. the normalized product of the surface area measures on each sphere.

The first proof involves the exact form of the Haar measure on SO(3) given by integration with respect to the Euler angles (cf. [87], p. 11, 23).

5.2 The first proof of the theorem IV.5.1 In this proof we shall find another homeomorphism L(2, 4) → S^2 × S^2 (different to M) such that the assertion of theorem IV.5.1 is true.

Let Stab(ξ) be the stabilizer of subspace ξ ⊂ R^d , i.e. the subgroup of SO(d) such that for any rotation κ ∈ Stab(ξ) κξ = ξ. Denote by e_1, . . . , e_4 the Cartesian orthonormal basis in R^4 . By lemma 2.1 of [70] we have for any smooth function φ on L(2, 4) that ∫ L(2,4) φ(ξ) dξ = 2 π/2∫ 0 sin τ cos τ ∫ Stab(e_4) φ(κg^{−1}_τ ξ_0) dκdτ (IV.5.2)

where ξ_0 =< e_1, e_2 >, Stab(e_4) ∼= SO(3), dκ is the Haar measure on SO(3) normalized by unity, and g^{−1}_τ is the following rotation in the plane < e_2, e_4 >: g^{−1}_τ = ( sin τ − cos τ cos τ sin τ ) . (IV.5.3)

Without loss of generality we can identify φ with φ^⊥ and ξ_0 with ξ^⊥_0 =< e_3, e_4 >. Then by (IV.5.3) κg^{−1}_τ e_3 = κe_3, κg^{−1}_τ e_4 = −κe_2 cos τ + e_4 sin τ, and φ(κg^{−1}_τ ξ_0) = φ(< κe_3, −κe_2 cos τ + e_4 sin τ >).

By [87], p. 23 the Haar measure on SO(3) has the following representation: dκ = 1 8π^2 sin γ dγdβdα in the parameterization by the Euler angles 0 ⩽ α, β < 2π, 0 ⩽ γ < π. Then relation (IV.5.2) rewrites ∫ L(2,4) φ(ξ) dξ = 1 4π^2 π/2∫ 0 2π∫ 0 2π∫ 0 π∫ 0 φ̃(α, β, γ, τ) sin γ sin τ cos τ dγdβdαdτ =

1 16π^2 2π∫ 0 π∫ 0 2π∫ 0 π∫ 0 φ̃(α, β, γ, τ_1/2) sin γ sin τ_1 dγdαdτ_1dβ = 1 16π^2 ∫ S^2×S^2 φ̄(u, v) ω_3(du)ω_3(dv) where φ̃(α, β, γ, τ) = φ(< κ(α, β, γ)e_3, −κ(α, β, γ)e_2 cos τ + e_4 sin τ >) and (α, β, γ) are the Euler angles of the rotation κ, τ_1 = 2τ, and u, v are the vectors from S^2 with spherical coordinates (α, γ) and (β, τ_1), respectively. Here φ̄ is equal to φ̃ as a function of u, v. The proof is complete.

5.3 Quaternions and rotations in R^4 In order to give the second proof of theorem IV.5.1 we need some facts from the theory of quaternions (see [2], [68], [30]). Let

K^4 = {q = q_0 + q_1i + q_2j + q_3k : q_l ∈ R, l = 1, . . . , 4}

be the skew field of all quaternions in R^4 . We shall denote the real (imaginary) part of a q ∈ K^4 by ℜq^{def}= q_0 (ℑq ≡ q̂^{def}= q_1i + q_2j + q_3k) and the set of all purely imaginary quaternions (with ℜq = 0) by ℑ ( K^4 ) . There is an obvious isomorphism between K^4 and the vector space R^4 :

q = q_0 + q_1i + q_2j + q_3k ←→ ⃗q = (q_0, q_1, q_2, q_3).

Later on we shall identify ⃗q and q ∈ K^4 without abuse of notation. It will be clear from the context which interpretation of it we use. Introduce the quaternion product of x, y ∈ K^4 :

x · y = x_0y_0 + x_0ŷ + y_0x̂− <x̂, ŷ > +[x̂, ŷ]_0 (IV.5.4)

where < ·, · > is the usual scalar product in R^d (here d = 3), [·, ·]_0 is the vector product in R^3 , and x̂, ŷ are understood as vectors in R^3 with basis i, j, k. Introduce the conjugate to a quaternion q: q̄^{def}= q_0 − q̂, the absolute value |q| = √ <q, q >, the inverse q^{−1} = q̄/|q|^2 and the subset H = {q ∈ K^4 : |q| = 1}. Then one can prove that <x, y >= 1 2 (x · ȳ + y · x̄), x, y ∈ K^4 . It is also known that every rotation A ∈ SO(4) considered to act on K^4 can be presented in the form

Ax = a · x · b, x ∈ K^4 (IV.5.5)

for some a, b ∈ H . The above representation is unique up to the change of sign of a, b: {a, b} and {−a, −b} form the same rotation. Every rotation B ∈ SO(3) understood to act on the three–dimensional space of imaginary quaternions ℑ ( K^4 ) can be expressed in the form

Bx = b · x · b^{−1}, x ∈ K^4 (IV.5.6)

for some b ∈ H . The above representation is unique up to the change of sign of b.

5.4 Quaternionic coordinates for L(2, 4)

Let us find a good description of any 2–flat from L(2, 4) by means of quaternions. Let a 2–flat ξ ∈ L(2, 4) be spanned over the oriented orthonormal basis {x, y} in R^4 : |x| = |y| = 1, < x, y >= 0. We shall consider x and y as quaternions and write later on ξ = L{x, y}, x, y ∈ H . Let ξ_0 = L{1, i} be the oriented coordinate 2–plane. And as each ξ ∈ L(2, 4) can be obtained from ξ_0 by rotation one can write by (IV.5.5) that ξ = L{ab, aib} for some a, b ∈ H and thus L(2, 4) = {L{ab, aib} : a, b ∈ H } . (IV.5.7) Note that the representation of ξ ∈ L(2, 4) by ξ = L{ab, aib} is not unique. Let us prove the following result:

Proposition IV.5.1. For every 2–plane ξ = L{ab, aib} ∈ L(2, 4), a, b ∈ H , the pair {b̄ib, aiā} does not depend on the special choice of a, b (quaternionic coordinates).

Proof. It is clear that for each 2–flat ξ such coordinates exist, and vice versa, for each pair {b̄ib, aiā} there exists a plane ξ ∈ L(2, 4) with these coordinates. Now it should be shown that the above pair does not depend on the choice of rotation that maps ξ_0 to ξ, i.e., on quaternions a and b. Namely, we shall prove that if ξ = L{ab, aib} = L{cd, cid} for some a, b, c, d ∈ H then aiā = cic̄, b̄ib = d̄id. First let us describe all rotations x → cxd, c, d ∈ H that map L{1, i} to itself preserving orientation. It means that L{1, i} = L{cd, cid}, or that cd, cid lie in L{1, i}. Since cd ⊥ cid and they are the linear combination of 1 and i, then they differ from each other by the factor i: icd = cid (the basis {cd, cid} should have the same orientation as {1, i}). Dividing it by d we have that c and i commute. This means that c_2 and c_3 vanish in c = c_0 + c_1i + c_2j + c_3k, or equivalently, c ∈ L{1, i}. And as cd, c ∈ L{1, i} we have (again by division) that d also belongs to ξ_0.

Now let us return to the initial problem. Namely, let two rotations A : x → axb and B : x → cxd map the same 2–flat ξ_0 in ξ. It means that B^{−1}A : x → c̄axbd̄ maps ξ_0 to itself. In detail, B^{−1}Aξ_0 = L{c̄abd̄, c̄aibd̄} which means that c̄a and bd̄ commute with i: c̄ai = ic̄a, bd̄i = ibd̄. If one multiplies the first of the above equalities by c on the left and by ā on the right and the second equality by b̄ on the left and by d on the right one gets the desired uniqueness of coordinates, and the proposition is proved.

Let us denote the quaternionic coordinates of a flat ξ = L{ab, aib} by u and v: { u = b̄ib, v = aiā. (IV.5.8)

Evidently ū = −u, v̄ = −v, which gives us ℜu = ℜv = 0, or u, v ∈ ℑ ( K^4 ) ∼ = R^3 .

And as u, v ∈ H then considered as vectors in R^3 they belong to S^2. Thus we proved once again (cf. theorem I.2.1) that there exists an isomorphism between L(2, 4) and S^2 × S^2.

Proposition IV.5.2. Let ξ be a 2–plane with quaternionic coordinates u, v spanned by the orthogonal unit vectors x and y. Then the following formulas connecting quaternions u, v and vectors x, y are true: { u =^1_2 (x̄y − ȳx), v =^1_2 (yx̄ − xȳ).

(IV.5.9)

These coordinate relations coincide with (I.2.4) if one supposes {a_i} and {b_i} to be the Cartesian coordinates of the vectors x, y.

Proof. One can write by (IV.5.7) that x = ab, y = aib for some a, b ∈ H . Then u = x̄y = −ȳx, v = yx̄ = −xȳ and (IV.5.9) is proved. In order to verify the second statement of the proposition one should just write down formulas (IV.5.9) in Cartesian coordinates of x and y and then using (IV.5.4) check the stated coincidence.

Now we are ready to give the second proof of theorem IV.5.1.

5.5 Mecke’s proof of theorem IV.5.1

The Haar measure on L(2, 4) is by definition the unique (up to a constant factor) measure on this Grassmannian invariant under the action of the group SO(4). The transformation group SO(4) acting on L(2, 4) generates by means of the mapping of L(2, 4) onto S^2 × S^2 the appropriate transformation group on S^2 × S^2. Let us explore its properties.

Take an arbitrary rotation A ∈ SO(4): x → qxp for some p, q ∈ H . Let ξ be a 2–flat with quaternionic coordinates u, v. There exist quaternions a, b ∈ H such that by (IV.5.8) u = b̄ib, v = aiā. Then ξ = L{ab, aib}. The image Aξ is equal to L{qabp, qaibp} , thus the quaternionic coordinates of Aξ are ũ = p̄up, ṽ = qvq̄. By (IV.5.6) they are images under two rotations on two spheres S^2. Thus we have proved that any rotation A acts on S^2 ×S^2 as a product of two rotations from SO(3). Then the image of the rotation invariant measure on S^2 × S^2 should not change under all rotations on the factor spheres. The measure ω_3(du)ω_3(dv) obviously satisfies this condition.

Then due to the uniqueness (up to a constant factor) of the rotation invariant measure dξ on L(2, 4) the measure

ω_3(du)ω_3(dv) (ω_3)^2

is its image on S^2 × S^2. Theorem IV.5.1 is proved.

Remark IV.5.1. Since by proposition IV.5.2 the quaternionic approach described above coincides coordinatewise with that of §2.2 of chapter I, it preserves the view of the integral kernel [ξ, η]: [ξ, η] = 1/2| < u, ũ > − < v, ṽ > | where {u, v} and {ũ, ṽ} are the quaternionic coordinates of ξ and η.

5.6 The structure of V_f (2, 4, 0) Consider {S_{n, j} : n ∈ Z_+, j = 1, . . . , N(3, n)} — an orthonormal basis of spherical harmonics on S^2, N(3, n) = 2n + 1. The generalized cosine transform of the directional distribution θ of Φ^4_2 (its rose of intersections with 2–flats) (T_{22}θ) (η) = f(ũ, ṽ) can be expanded in this system of S_{n, j} as a function of two independent variables (cf. (IV.5.1)):

f(ũ, ṽ) ∼ ∞∑ n,k=0

2n+1∑

j=1

2k+1∑

i=1 b_{njki} S_{n, j} (ũ)S_{k, i}(ṽ) (IV.5.10)

where b_{njki} = ∫ S^2 ∫ S^2

f(ũ, ṽ)S_{n, j} (ũ)S_{k, i}(ṽ) ω_3(dũ)ω_3(dṽ). (IV.5.11)

One can show that {S_{n, j} ·S_{k, i}}_{n,k,j,i} constitute a basis in L^2(S^2 ×S^2). Again, we are looking for integrals ∫ S^2×S^2 g(u, v) θ ( d(u, v) ) for all g ∈ C^∞_e (S^2 × S^2).

If g(u, v) ∼ ∞∑ n,k=0

2n+1∑

j=1

2k+1∑

i=1 c_{njki} S_{n, j} (u)S_{k, i}(v) (IV.5.12) then ∫

S^2×S^2 g(u, v) θ ( d(u, v) ) = ∞∑ n,k=0

2n+1∑

j=1

2k+1∑

i=1 c_{njki} B_{njki} where B_{njki} = ∫ S^2×S^2 S_{n, j}(u)S_{k, i}(v) θ ( d(u, v) ) . (IV.5.13)

Hence the coefficients B_{njki} define θ completely. By Funk – Hecke’s theorem (cf. [65]) |<u, ũ > − <v, ṽ >|∼ (IV.5.14) ∞∑ n,k=0 4π^2a_{nk} 2n+1∑

j=1

2k+1∑

i=1 S_{n, j}(u)S_{n, j}(ũ)S_{k, i}(v)S_{k, i}(ṽ),

a_{nk} = 1∫ −1 1∫ −1 | t − x | P_n(x)P_k(t) dt dx (IV.5.15) where P_n(t) = 1 2^n n! ( d dt )_n (t^2 − 1)^n (IV.5.16)

are Legendre polynomials in three dimensions (cf. Rodrigues formula in [65]). Namely, P_0(t) = 1, P_1(t) = t, P_2(t) =^3_2 t^2 −^1_2 , etc. Function |<u, ũ> − <v, ṽ >| is continuous on (u, v). Therefore its expansion (IV.5.14) converges to it in the sense of Abel summation (cf. [65]). Moreover, taking into account the explicit expressions for a_{nk} (cf. theorem IV.5.2) one can show that uniform convergence in (IV.5.14) takes place. Then integrating (IV.5.14) with respect to θ and interchanging integration and summation one gets

f(ũ, ṽ) ∼ ∞∑ n,k=0

2n+1∑

j=1

2k+1∑

i=1 2π^2a_{nk} B_{njki} S_{n, j}(ũ)S_{k, i}(ṽ).

Ergo if a_{nk} ≠ 0 then for all i = 1, . . . , 2k + 1, j = 1, . . . , 2n + 1 B_{njki} = b_{njki} 2π^2a_{nk} . (IV.5.17)

As T_{22} is not injective (see section 1) we shall not be able to find all B_{njki}. As proved in [14], p. 102–103, all a_{nk}, |n − k| > 2 are equal to zero that explains the situation.

Theorem IV.5.2. Assume that f : G(2, 4) → R, f = T_{22}θ is the rose of intersections of a stationary 2–flat process in R^4 . Let V_f (2, 4, 0) be the set of all directional distributions of 2–flat processes with rose of intersections f.

Then, the probability measure θ is an element of V_f (2, 4, 0) iff its coefficients (IV.5.13) satisfy the following conditions:

B_{njki} = B_{kinj} for all n, k, (IV.5.18)

B_{njki} = ∫ S2 ∫ S2 f(ũ,ṽ)S_{n, j} (ũ)S_{k, i}(ṽ) ω_3(dũ)ω_3(dṽ) 2π^2a_{nk} , |n − k| ∈ {0, 2}, 0, |n − k| is odd where coefficients a_{nk} defined in (IV.5.15) have the following properties:

a_{nk} = a_{kn} for all n, k,

a_{nk} = 8 3 , n = k = 0, −^{2 (2n)!}

2^{2n} n! (n+1+1/2)! (n−1/2) , n = k ⩾ 1,

−^1_2 a_{mm}, n = m − 1, k = m + 1, −^1_2 a_{mm}, n = m + 1, k = m − 1, 0, otherwise,

(m +^1_2 )!^{def}= (1 +^1_2 )(2 +^1_2 ) · . . . · (m +^1_2 ). Then for any g ∈ C^∞_e (S^2 × S^2) with expansion in spherical harmonics (IV.5.12) ∫ S^2×S^2 g(u, v) θ ( d(u, v) ) = ∞∑ n,k=0

2n+1∑

j=1

2k+1∑

i=1 c_{njki} B_{njki}. (IV.5.19)

Proof. The symmetry of B_{njki} on k, i and n, j is evident from relations (IV.5.13) and (I.2.2): θ(A, B) = θ(B, A) for all spherical Borel sets A and B. Let n + k be odd; making the change of variables u → −u, v → −v in (IV.5.13) we get B_{njki} = (−1)^{n+k}B_{njki} = −B_{njki} by the homogeneity of spherical harmonics. Consequently B_{njki} = 0. Now calculate a_{nk} for even n + k. Clearly a_{nk} = a_{kn} because of the symmetry of (IV.5.15). One can show that a_{nk} ≠ 0 iff |n − k| ∈ {0, 2} (cf. [16], p. 267). It is also a consequence of the lemmas below: due to (IV.5.15), (IV.5.20), the symmetry of a_{nk} on n and k and lemma IV.5.2 a_{nk} ≠ 0 iff n + k is even and { n + k − 2 ⩽ 2k n + k − 2 ⩽ 2n which yields n − 2 ⩽ k ⩽ n + 2, and in view of the fact that n + k is even one gets k = n − 2, n, n + 2. One should note in this regard that the values of B_{njki} are undetermined for those n, k (|n − k| even) that a_{nk} = 0 (cf. (IV.5.17)), i.e. if |n−k| is even and not in {0, 2}. These B_{njki} can be chosen freely as long as their symmetry condition (IV.5.18) holds and by (IV.5.19) a probability measure is obtained. Furthermore, calculating directly we have by (IV.5.15) and (IV.5.16)

a_{00} = 1∫ −1 1∫ −1 |t − x| dt dx = 8 3 , a_{11} = 1∫ −1 1∫ −1 |t − x| tx dt dx = − 8 15 ;

the rest of a_{nk} will be obtained in lemmas IV.5.1, IV.5.2.

Lemma IV.5.1. For any n, k ⩾ 2

a_{nk} = (−1)^n 2^{n+k−1} n! k! 1∫ −1 (x^2 − 1)^n ( d dx )_{n+k−2} (x^2 − 1)^kdx. (IV.5.20)

Proof. First one should prove that for n, k ⩾ 2

a_{nk} = 1 2^{k−1} k! 1∫ −1 P_n(x) ( d dx )_{k−2} (x^2 − 1)^kdx. (IV.5.21)

Then we use lemma 11 on p. 17 of [65]: for all f ∈ C^n[−1, 1] 1∫ −1 f(x)P_n(x) dx = (−1)^n 2^n n! 1∫ −1 (x^2 − 1)^n ( d dx )_n f(x)dx

to get the desired result. Let us now prove (IV.5.21):

a_{nk} = 1∫ −1 x∫ −1 (x − t)P_k(t) dt − 1∫ x (x − t)P_k(t) dt P_n(x) dx = (IV.5.22) 1∫ −1 h(x)P_n(x) dx

where h(x) can be rewritten as

h(x) = x x∫ −1 P_k(t) dt + (−1)^{k+1} −x∫ −1 P_k(t) dt − x∫ −1 tP_k(t) dt + (−1)^k −x∫ −1 tP_k(t) dt .

One can easily see that h(x) is the solution of the following Cauchy problem on [−1, 1] with initial conditions due to the orthogonality of P_k(t), k ⩾ 2 to P_0(t) = 1, P_1(t) = t: h^{′′}(x) = 2P_k(x), x ∈ [−1, 1], h^′(1) = 1∫ −1 P_k(t) dt = 0, h(1) = 1∫ −1 (1 − t)P_k(t) dt = 0. (IV.5.23)

Then solving (IV.5.23) we get h(x) = 1 2^{k−1} k! ( d dx )_{k−2} (x^2 − 1)^k, k ⩾ 2.

Substituting this representation of h into (IV.5.22) we prove (IV.5.21).

The following lemma enables us to get all a_{nk} other than zero for all n, k: Lemma IV.5.2. For all n ⩾ 1 a_{nn} = − 2 (2n)!

2^{2n} n! (n + 1 + 1/2)! (n − 1/2) ,

a_{n n+2} =

(2n)!

2^{2n} n! (n + 2 + 1/2)! . Proof. Case n = 1 can be verified by direct calculation. Suppose now n ⩾ 2. Then by lemma IV.5.1

a_{nn} = (−1)^n 2^{2n−1} (n!)^2 1∫ −1 (t^2 − 1)^n ( d dt )_{2n−2} (t^2 − 1)^n dt =

2(−1)^n 2^{2n} (n!)^2 1∫ −1 (t^2 − 1)^n ( (2n)! 2 t^2 − n(2n − 2)! ) dt =

2(−1)^n 2^{2n} (n!)^2 (2n)! 2 1∫ −1 t^2(t^2 − 1)^n dt − n(2n − 2)! 1∫ −1 (t^2 − 1)^n dt = 2 2^{2n} (n!)^2 ( (2n)! n!

2(n + 1 + 1/2)! − n(2n − 2)! 2n! (n + 1/2)! ) = − 2 (2n)!

2^{2n} n! (n + 1 + 1/2)! (n − 1/2) ,

6. REMARKS AND OPEN PROBLEMS 59

a_{n n+2} = a_{n+2 n} =

(−1)^n 1∫ −1 (t^2 − 1)^{n+2} (_d dt )_{2n} (t^2 − 1)^n dt

2^{2n+1} n! (n + 2)! = (−1)^n (2n)! 1∫ −1 (t^2 − 1)^{n+2} dt

2^{2n+1} n! (n + 2)! = (2n)!

2^{2n} n! (n + 2 + 1/2)! .

Using the formulae of lemma IV.5.2 one can easily show that a_{nn} = −2a_{n−1 n+1}, n ⩾ 2. It could be verified by direct calculations that the above relation holds also for n = 1, 2: a_{02} = a_{20} =^4_{15} , a_{13} = a_{31} =^4_{105} , a_{11} = −^8_{15} , a_{22} = −^8_{105} .

6 Remarks and open problems

Remark IV.6.1. After the submission of the paper [81] containing most of the results of this chapter the preprint [70] appeared, where the main problem considered in sections 2–3 was solved via the inversion of a certain analytic family of functional operators in L^p–spaces that contains both the spherical Radon and the generalized cosine transforms.

Operators of the form (IV.5.1) arise also in another context in the paper of Strichartz [83].

Remark IV.6.2 (Generalized Jacobi polynomials). The problem of the inversion of T_{kr} for values k and r different from those considered in this chapter is still open. Here we outline one approach that might be possibly used to tackle it. By proposition I.3.1 the integral kernel [ξ, η] of T_{kr} (r ⩽ k, k + r ⩾ d, k ⩾ d/2) is equal to a simple symmetric function of the squared cosines y_i, i = 1, . . . , d − k of the critical angles of ξ and η. By [39] (see also [86], p. 313), there exists the system of symmetric polynomials P_{⃗n}(y_1, . . . , y_{d−k}), ⃗n = (n_1, . . . , n_{d−k}) such that

1) P_{⃗0} = 1;

2) P_{⃗n} are orthonormal on {y_1, . . . , y_{d−k} ∈ [0, 1] : 0 ⩽ y_{d−k} ⩽ . . . ⩽ y_1 ⩽ 1} with respect to the invariant measure ω(d⃗y) = c · d−k∏ i=1 y^{−1/2}_i (1 − y_i)^{12 (2k−d−1)} d−k∏ i<j (y_i − y_j) dy_1 . . . dy_{d−k} with constant c chosen so that ∫ 0⩽y_{d−k}⩽...⩽y_1⩽1 ω(d⃗y) = 1

(cf. also [35], [37]).

These P_{⃗n} are called the generalized Jacobi polynomials. Since y_i are the squared cosines of the critical angles of ξ, η one can write P_{⃗n}(⃗y) = P_{⃗n}(ξ, η). These polynomials have the following interesting property: the operator g(ξ) → ∫ G(k,d) P_{⃗n}(ξ, η)g(ξ) dξ

maps one of the invariant subspaces of the irreducible representation of O(d) in C(G(k, d)) into the corresponding invariant subspace of C(G(r, d)), while all other invariant subspaces of C(G(k, d)) are mapped into zero. So if [ξ, η] = √ (1 − y_1) . . . (1 − y_{d−k}) has the decomposition ∑ ⃗n c_{⃗n}P_{⃗n}(⃗y) in the generalized Jacobi polynomials then the coefficients c_{⃗n} equal to zero will give us the description of the kernel Ker(T_{kr}) = {f ∈ C(G(k, d)) : T_{kr}f = 0}. Then the proof of a result similar to theorem IV.5.2 would be possible. The main technical obstacle here is to calculate c_{⃗n}, since the exact form of P_{⃗n} is not known yet (cf. [86], p. 316), although some recurrent relations exist (see [38]) that, formally speaking, make these calculations possible.

Another approach would be to get expansions of T_{kr}θ in the spherical functions on G(k, d) that are the analogs of the spherical harmonics on S^{d−1} (cf. [50], [36]).

Remark IV.6.3 (Manifold processes). Inversion formulae of sections 2 – 5 of this chapter could be generalized to a wider class of point processes on abstract spaces, namely, to fiber and hypersurface processes in R^d or, more generally, to processes of manifolds in R^d . This kind of processes was extensively studied in a large number of papers by J. Mecke, W. Nagel, I. Molchanov, D. Stoyan, M. Zähle, etc. ([52], [58], [53], [63], see [82], chapter 9 for more references). In this case the rose of intersections f(η) of a stationary process Σ^d_k of k–dimensional manifolds with an r–flat η is the mean total surface area of Σ^d_k ∩ B for a unit test window B ⊂ η. It can be shown that f(η) is well–defined and equal to (I.1.3) for almost all η ∈ G(r, d). Thus the inversion formulae for T_{kr} of this chapter can be applied directly to f.

Chapter V

Related problems

In section 1 of this chapter the range characterization of T_{d−1,1} will be discussed. Section 2 is devoted to the new notion of the rose of neighborhood of Φ^d_k with r–flats, k + r < d, which is the analogue of the rose of intersections for the case k + r ⩾ d.

1 Characteristic properties of the roses of intersections

Suppose a function f : G(1, d) → R is given. The matter of this section is to answer to the following question: is f a rose of intersections? In other words, does there exist a stationary hyperplane process Φ^d_{−1} such that its rose of intersections with lines coincides with f?

1.1 Preliminaries

In two dimensions such characterization result is well–known (cf. [1] §2.11): a function f : S^1 → R is the rose of intersections of a stationary line process Φ^2_1 with lines iff it is a support function of a centrally symmetric convex body in R^2 . It means that f is non–negative and even on S^1, and its radial extension f̂(x)^{def}= ‖x‖f (_x ‖x‖ ) , x ∈ R^2 is subadditive: f̂(x+y) ⩽ f̂(x)+f̂(y) for all x, y ∈ R^2 (cf. [73], p. 26, 38).

Also in the hyperplane case (d ⩾ 3) an elegant characterization criterion was already proved in [51], theorem 4.5.1 and corollary 3:

Theorem V.1.1 (Matheron). A function f ∈ C(S^{d−1}) is the rose of intersections of some stationary hyperplane process Φ^d_{−1} with lines iff the function −f̂(x), x ∈ R^d is conditionally positive definite, i.e. n∑ i,j=1 ω_iω_j ( −f̂(x_i − x_j) ) ⩾ 0 (V.1.1) for all natural n, x_i ∈ R^d and ω_i ∈ R such that^n ∑ i=1 ω_i = 0.

We shall also use Matheron’s idea of the connection between support functions of zonoids and roses of intersections and prove another version of the characterization result (see theorem V.1.2). In addition, various sufficient conditions for a function f to be the rose of intersections of some Φ^d_{−1} with particular directional distribution θ will be found. The unsolved characterization problems for other dimensions k and r will be touched upon in section 3.

1.2 Hyperplane processes intersected with lines

Let us formulate the following assumptions for functions f : S^{d−1} → R that will be required for the theorem below:

(i) f(x) ⩾ 0 for all x ∈ S^{d−1};

(ii) f is even on S^{d−1};

(iii) the radial extension f̂(x) is subadditive.

We say that a subset A of the dual space ( C_e(S^{d−1}) )_∗ of all even signed measures on S^{d−1} with the topology of weak convergence is uniformly dense on the subset of functions D ⊂ C_e(S^{d−1}) if for any even signed measure μ there exists a sequence {μ_n} ⊂ A such that μ_n → μ and this convergence is uniform on D.

Theorem V.1.2. Let a function f : S^{d−1} → R, d ⩾ 3, satisfy the conditions (i)–(iii) above.

1) Suppose A is a dense subset of ( C_e(S^{d−1}) )_∗ which is uniformly dense on the set of the support functions of all centered line segments of length 2 in R^d . The function f is the rose of intersections of a stationary hyperplane process Φ^d_{−1} with lines iff ∫ S^{d−1} f(u) μ(du) ⩾ 0 for all μ from A that satisfy ∫ S^{d−1} |<x, u>| μ(du) ⩾ 0, x ∈ S^{d−1}.

2) The function f ∈ C^k_e (S^{d−1}) is the rose of intersections with lines of a stationary hyperplane process Φ^d_{−1} with directional distribution θ such that θ^⊥ has a density g ∈ C_e(S^{d−1}) with respect to ω_d(·) if k = { d + 2, d even, d + 3, d odd ,

1. CHARACTERIZATION OF THE ROSES OF INTERSECTIONS 63

(−1)^d ( d d(μ^2) )_{d−2} ∫ <u,v>^2>μ^2 □f(u) |<u, v >| (<u, v >^2 −μ^2)^{2− d}2 ω_d(du) | | | | |_{μ=0} ⩾ 0 (V.1.2)

for all v ∈ S^{d−1}.

3) The function f is the rose of intersections with lines of a stationary hyperplane process Φ^d_{−1} with directional distribution θ that is not concentrated on any subset of the sphere lying in S^{d−1} ∩ ξ for some ξ ∈ G(r, d), r < d iff f is strictly positive and −f̂ is conditionally positive definite.

Proof. Any rose of intersections of Φ^d_{−1} with lines is the support function of a zonoid. Hence the necessity of the above conditions follows from the characterization results for zonoids (cf. [20] p. 683–684, [22] theorem 3.3, [17] theorem 3). Let us prove the sufficiency of the assumptions of the theorem. For any f satisfying conditions (i)–(iii) its radial extension f̂ is a support function of a centrally symmetric convex body K. One needs to prove that K is a zonoid in the three cases above:

1) The required property of K follows from [17], theorem 3.

2) By [20], p. 683–684 there exists a function g ∈ C_e(S^{d−1}) such that f(x) = ∫ S^{d−1} |<x, u>| g(u) ω_d(du), x ∈ S^{d−1}.

One needs to prove that g is non–negative which follows from assumption (V.1.2): by proposition IV.2.1 g is proportional to the left–hand side expression in (V.1.2) as the inverse of the cosine transform.

3) Since f is positive the centrally symmetric convex body K has inner points. Then K is a zonoid by theorem 3.3 of [22].

Then there exists an even measure μ(·) on S^{d−1} such that f(x) = ∫ S^{d−1} |<x, u>| μ(du) for x ∈ S^{d−1}.

Let λ = μ(S^{d−1}), θ(·) = μ^⊥(·)/λ. Then for this λ and the probability measure θ construct the measure Λ(·) on F (d − 1, d) by formula (I.1.2). There exists a unique stationary Poisson hyperplane process with intensity measure Λ. By (I.1.3) its rose of intersections is equal to f.

2 Roses of neighborhood

In the previous chapters the main object of our investigations was the rose of intersections T_{kr} of Φ^d_k with r–flats. One inevitable restriction on dimensions k and r was imposed: k +r ⩾ d. Any pair of flats ξ and η in general position of dimensions k and r, k + r < d, do not have any common points: thus a generalization of the intersection process Φ^d_k ∩ η is desirable. In this section we introduce the so called roses of neighborhood of Φ^d_k that will remove the restriction on k and r mentioned above.

R. Schneider introduced in [75] the notion of proximity of Φ^d_k, k < d/2 that generalizes the usual intersection density of order 2 for k ⩾ d/2 (cf. [40] for the similar approach). We shall follow his ideas to construct the process of neighborhood Φ^d_k ⊙ η for k + r < d.

Let the relation ‖̸ mean that the flats ξ and η are in general position, i.e. there does not exist a translation t of R^d such that tξ ⊆ η or tη ⊆ ξ. Let φ be a realization of a stationary Φ^d_k, let η ∈ F (k, d). For any ξ ∈ φ with ξ ‖̸ η there exists a unique point x_ξ ∈ η given by dist(ξ, η) = inf_{y∈ξ, x∈η} ρ(x, y) = inf_{y∈ξ} ρ(x_ξ, y) where ρ(x, y) is the Euclidean distance in R^d . Clearly the collection of all points {x_ξ ∈ η : dist(ξ, η) < a, ξ ∈ Φ^d_k, ξ ‖̸ η} for some a > 0 forms a stationary point process Φ^d_k ⊙ η in η that will be called the a–process of neighborhood (we suppress a in the notation). Its intensity N_{kr}(a, η) will be called the a–rose of neighborhood of Φ^d_k, and in case a = 1 we shall write N_{kr}(η) instead of N_{kr}(1, η) and call it the rose of neighborhood of Φ^d_k. Due to stationarity of Φ^d_k consider only those η ∈ F (r, d) that contain the origin, i.e. η ∈ G(r, d).

For any stationary k–flat process Φ^d_k with intensity λ and directional distribution θ introduce the family of dual processes D(λ, θ): a stationary (d − k)–flat process Φ^d_{−k} belongs to D(λ, θ) iff its intensity is equal to λ and its directional distribution is θ^⊥(dζ) = θ(dζ^⊥) for ζ ∈ G(d − k, d).

Theorem V.2.1. In case k + r < d for the rose of neighborhood N_{kr} of the stationary k–flat process Φ^d_k the following equality holds: N_{kr}(η) = k_{d−k−r} ( T_{d−k,d−r}θ^⊥ ) (η^⊥), η ∈ G(r, d) (V.2.1)

where T_{d−k,d−r}θ^⊥ is the rose of intersections of the dual processes Φ^d_{−k} ∈ D(λ, θ) with (d − r)–flats. By (I.1.3) it is the same for all processes of that family.

2. ROSES OF NEIGHBORHOOD 65

Proof. For any (d − k)–flat ζ and (d − r)–flat β, ζ ‖̸ β, their intersection is not empty since d − k + d − r > d. Therefore, the usual rose of intersections of Φ^d_{−k} ∈ D(λ, θ) with (d − r)–flats is well–defined. The intensity of Φ^d_k ⊙ η is given by the expression N_{kr}(a, η) = 1 k_r E ∑ ζ∈Φ^d_k J_a(ζ) (V.2.2)

where J_a(ζ) = I_{{ζ‖̸η: dist(ζ,η)<a,xζ ∈B1(0)⊂η}}(ζ), B_m(0) is the ball in the appropriate ambient subspace of R^d with radius m and the center in the origin. Determining the expectation in (V.2.2) by means of Campbell’s theorem (cf. [82]) and using (I.1.2) for the intensity measure Λ(·) of Φ^d_k one gets N_{kr}(a, η) = 1 k_r ∫ F (k,d) J_a(ζ) Λ(dζ) = λ k_r ∫ G(k,d) ∫ ξ^⊥ J_a(y + ξ) ν^{ξ⊥}_{d−k}(dy)θ(dξ) = λ k_r ∫ G(d−k,d) ∫ ξ^⊥ J_a(y + ξ) ν^{ξ⊥}_{d−k}(dy)θ^⊥(dξ^⊥). Now prove that ∫ ξ^⊥ J_a(y + ξ) ν^{ξ⊥}_{d−k}(dy) = k_{d−k−r}k_ra^{d−k−r}[ξ^⊥, η^⊥]

for any ξ ∈ G(k, d), ξ ‖̸ η. Using the reasoning similar to that of [75], formulae (7), (8) we get ∫ ξ^⊥ J_a(y + ξ) ν^{ξ⊥}_{d−k}(dy) = [ξ^⊥, η^⊥] ∫ H J_a(z + ξ) ν^H_{d−k}(dz)

where H = (ξ + η)^⊥ + η in the sense of Minkowski summation. We shall show that the integral ∫ H J_a(z + ξ) ν^H_{d−k}(dz) (V.2.3)

is equal to k_{d−k−r}k_ra^{d−k−r}: as H = η⊕(η)^⊥_H , a direct orthogonal sum, where (η)^⊥_H stands for the orthogonal complement of η in H, we have z = x_{y+ξ} + l for any z ∈ H, where x_{y+ξ} ∈ η, l ∈ (η)^⊥_H . Then

J_a(z + ξ) = { 1, x_{y+ξ} ∈ B_1(0) ⊂ η, l ∈ B_a(0) ⊂ (η)^⊥_H , 0, otherwise.

It means that integral (V.2.3) is equal to the desired expression. Thus N_{kr}(a, η) = λ k_r k_rk_{d−k−r}a^{d−k−r} ∫ G(d−k,d) [ξ^⊥, η^⊥] θ^⊥(dξ^⊥) =

k_{d−k−r}a^{d−k−r} ( T_{d−k,d−r}θ^⊥ ) (η^⊥), hence N_{kr}(η) = k_{d−k−r} ( T_{d−k,d−r}θ^⊥ ) (η^⊥).

The above theorem shows that the question of restoring the directional distribution θ of a stationary process Φ^d_k from its rose of neighborhood N_{kr}(η) constructed for r–flats η, k + r < d, can be reduced to the dual problem for any Φ^d_{−k} ∈ D(λ, θ) intersected with (d − r)–planes; its partial solution was already given in chapter IV. Thus, the directional distribution θ of a line process Φ^d_1 can be retrieved in this way from its rose of neighborhood with r–flats, 1 ⩽ r < d − 1. This means, from the stereological and statistical point of view, that in order to estimate θ we can use now just lines as test objects instead of planes, which can possibly find potential statistical applications.

Example V.2.1 (d = 3, k = r = 1). Consider a stationary line process Φ^3_1 with intensity λ and directional distribution θ. Let N_{11}(v) be its rose of neighborhood with lines (v ∈ S^2 is the direction vector of a test line). Then by theorem V.2.1

N_{11}(v) = 2 ( T_{22}θ^⊥ ) (v^⊥) = 2λ ∫ S^2 √ 1− <u, v >^2 θ(du) = 2λKθ(v),

and applying theorem IV.3.1 to invert K one gets that for any g ∈ C^4_e (S^2) ∫ S^2 g(v) θ(dv) = 1 16π^4λ ×

× ∫ S^2

W (u) (Δ_0 + 2) ( d d(μ^2) ) ∫ <u,v>^2>μ^2 g(v) |<u, v >| ω_3(dv) √ <u, v >^2 −μ^2

| | | | μ=0 ω_3(du)

where

W (u) = ( d d(μ^2) ) ∫ <u,t>^2>μ^2 N_{11}(t) |<u, t>| ω_3(dt) √ <u, t>^2 −μ^2

| | | |_{μ=0} .

3 Open problems

The problem of characterizing a rose of intersections of Φ^d_k with r–flats for k = d − 1, 1 < r ⩽ d − 1 and k < d − 1 is still open. In other terms, one should describe the range T_{kr} (M(G(k, d))) of the generalized cosine transform. By formula (III.3.23) and theorem V.1.1 the above problem for k = d−1 can be reduced to the description of the range R_r ( C_e(S^{d−1}) ) of the totally geodesic Radon transform R_r on r–circles of S^{d−1}. Unfortunately, the

3. OPEN PROBLEMS 67

only range description for R_r (see [24], [41], [42]) was obtained for C^∞_e (S^{d−1}) in terms of the solutions of partial differential equations. This corresponds to the case of our setting when the directional distribution of Φ^d_{−1} has a smooth density. Thus the general characterization can be obtained here only if R_r ( C_e(S^{d−1}) ) , or more precisely, R_r ( T ( M(S^{d−1}) )) is known.

Another possible way to state the problem of finding the range T_{kr} (M(G(k, d))) for r = d − k, k < d − 1 is by means of kth projection functions of centrally symmetric convex bodies. In §7, theorem 7.1 of [22] the classes K(k) of centrally symmetric convex bodies are described whose kth projection function v_k(K; η) on η ∈ G(k, d) can be represented as

v_k(K; η) = ∫ G(k,d) [η^⊥, ξ] μ(dξ)

for some positive measure μ on G(k, d). Suppose one can determine whether a given function f : G(k, d) → R is the kth projection function of some centrally symmetric convex body K. Then the criterion cited above yields that f^⊥ is the rose of intersections of a stationary k–flat process Φ^d_k with d−k–flats. Thus the original problem can be reduced to the characterization of projection functions which is not obtained yet.

68 CHAPTER V. RELATED PROBLEMS

Bibliography

[1] Ambartzumian, R. V. (1990). Factorization Calculus and Geometric Probability vol. 33 of Encyclopedia of Mathematics and Its Applications. Cambridge University Press, Cambridge.

[2] Berger, M. (1980). Geometry I. Universitext. Springer.

[3] Billingsley, P. (1999). Convergence of probability measures. Wiley, New York.

[4] Davidson, R. (1974). Line–processes, roads, and fibres. In Stochastic geometry. ed. E. F. Harding and D. G. Kendall. Wiley, London pp. 248– 251.

[5] Erdélyi, A. (1953). Higher Transcendential Functions vol. 2.

McGraw–Hill.

[6] Eskin, G. I. (1981). Boundary value problems for elliptic pseudodifferential equations. Amer. Math. Soc., Providence, RI.

[7] Favis, W. and Weiß, V. (1998). Mean values of weighted cells of stationary Poisson hyperplane tessellations of R^d . Math. Nachr. 193, 37–48.

[8] Gardner, R. J. (1995). Geometric Tomography vol. 58 of Enc. of Mathematics and its Appl. Cambridge University Press.

[9] Gelfand, I. M., Graev, M. I. and Rosu, R. (1984). The problem of integral geometry and intertwining operators for a pair of real Grassmannian manifolds. J. Operator Theory 12, 359–383.

[10] Gelfand, I. M., Graev, M. I. and Shapiro, Z. J. (1970). A problem of integral geometry for a pair of Grassmann manifolds. Dokl. Akad. Nauk SSSR 193, 892–895.

[11] Gluck, H. and Warner, F. W. (1983). Great circle fibrations of the three–sphere. Duke Math. J. 50, 107–132.

[12] Goodey, P. (1997). Applications of representation theory to convex bodies. Serie II Suppl. 50. Rendiconti del Circolo Mathematico di Palermo.

[13] Goodey, P. (1998). Radon transforms of projection functions. Math.

Proc. Cambridge Philos. Soc. 123, 159–168.

[14] Goodey, P. and Howard, R. (1990). Processes of flats induced by higher-dimensional processes. Adv. Math. 80, 92–109.

[15] Goodey, P. and Howard, R. (1990). Processes of flats induced by higher-dimensional processes. In Integral Geometry and Tomography (Arcata, CA, 1989). vol. 113 of Contemp. Math. Amer. Math. Soc., Providence, RI. pp. 111–119.

[16] Goodey, P., Howard, R. and Reeder, M. (1996). Processes of flats induced by higher-dimensional processes. III. Geom. Dedicata 61, 257–269.

[17] Goodey, P., Lutwak, E. and Weil, W. (1996). Functional analytic characterizations of classes of convex bodies. Math. Z. 222, 363–381.

[18] Goodey, P. and Weil, W. (1987). Translative integral formulae for convex bodies. Aequationes Math. 34, 64–77.

[19] Goodey, P. and Weil, W. (1991). Centrally symmetric convex bodies and Radon transforms on higher order Grassmannians. Mathematika 38, 117–133.

[20] Goodey, P. and Weil, W. (1992). Centrally symmetric convex bodies and the spherical Radon transform. J. Differential Geom. 35, 675–688.

[21] Goodey, P. and Weil, W. (1992). Integral geometric formulae for projection functions. Geom. Dedicata 41, 117–126.

[22] Goodey, P. and Weil, W. (1993). Zonoids and generalizations. In Gruber and Wills [29] pp. 1297–1326.

[23] Goodey, P. and Zhang, G. (1998). Inequalities between projection functions of convex bodies. Am. J. of Math. 120, 345–367.

[24] Grinberg, E. (1985). On images of Radon transforms. Duke Math.

J. 52, 939–972.

[25] Grinberg, E. (1986). Radon transforms on higher rank Grassmannians. J. Differential Geom. 24, 53–68.

[26] Grinberg, E. (2000). Cosine and Radon transforms on Grassmannians. Preprint.

[27] Groemer, H. (1993). Fourier series and spherical harmonics in convexity. In Gruber and Wills [29] pp. 1259–1295.

[28] Groemer, H. (1996). Geometric Applications of Fourier Series and Spherical Harmonics. Cambridge University Press, New York.

[29] Gruber, P. M. and Wills, J. M., Eds. (1993). Handbook of Convex Geometry. North-Holland, Amsterdam.

[30] Gürlebeck, K. and Sprössig, W. (1997). Quaternionic and Clifford calculus for physicists and engineers. Wiley.

[31] Helgason, S. (1959). Differential operators on homogeneous spaces.

Acta Math. 102, 239–299.

[32] Helgason, S. (1984). Groups and Geometric Analysis. Academic Press, Orlando.

[33] Helgason, S. (1990). The totally–geodesic Radon transform on constant curvature spaces. Contemp. Math. 113, 141–149.

[34] Helgason, S. (1994). Geometric Analysis on Symmetric Spaces vol. 39 of Math. Surveys and Monographs. AMS.

[35] James, A. T. (1954). Normal multivariate analysis and the orthogonal group. Ann. Math. Statist. 25, 40–75.

[36] James, A. T. (1961). Zonal polynomials of the real positive definite symmetric matrices. Ann. Math. 74, 456–469.

[37] James, A. T. (1964). Distributions of matrix variates and latent roots derived from normal samples. Ann. Math. Statist. 35, 475–501.

[38] James, A. T. (1968). Calculation of zonal polynomial coefficients by use of the Laplace – Beltrami operator. Ann. Math. Statist. 39, 1711– 1718.

[39] James, A. T. and Constantine, A. G. (1974). Generalized Jacobi polynomials as spherical functions of the Grassmann manifold. Proc. London Math. Soc. 29, 174–192.

[40] Janson, S. and Kallenberg, O. (1981). Maximizing the intersection density of fibre process. J. Appl. Probab. 18, 820–828.

[41] Kakehi, T. (1993). Range characterization of Radon transforms on S^n and P^nR. J. Math. Kyoto Univ. 33, 315–328.

[42] Kakehi, T. (1999). Integral geometry on Grassmann manifolds and calculus of invariant differential operators. J. Funct. Anal. 168, 1–45.

[43] Kendall, M. G. (1961). A course in the geometry of n dimensions.

Griffin’s statistical monographs and courses. Griffin, London.

[44] Keutel, J. (1991). Ein Extremalproblem für zufällige Ebenen und für Ebenenprozesse in höherdimensionalen Räumen. PhD thesis. Friedrich– Schiller University Jena.

[45] Klain, D. A. and Rota, G.-C. (1997). Introduction to Geometric Probability. Cambridge University Press, Cambridge.

[46] Klingenberg, W. (1995). Riemannian geometry. De Gruyter, Berlin.

[47] Klingenberg, W. (1996). Grassmannian manifolds in geometry. In Hermann Günther Graßmann (1809-1877): Visionary mathematician, scientist and neohumanist scholar. ed. G. Schubring. Kluwer, Dordrecht pp. 281–284.

[48] Kolmogorov, A. N. and Fomin, S. V. (1975). Reelle Funktionen und Funktionalanalysis. Dt. Verlag der Wiss., Berlin.

[49] Landkof, N. S. (1972). Foundations of modern potential theory vol. 180 of Die Grundlehren der mathematischen Wissenschaften in Einzeldarstellungen. Springer, Berlin.

[50] Maas, H. (1958). Zur Theorie der Kugelfunktionen einer Matrixvariablen. Math. Annalen 135, 391–416.

[51] Matheron, G. (1975). Random Sets and Integral Geometry. Wiley, New York.

[52] Mecke, J. (1981). Formulas for stationary planar fibre processes III – Intersections with fibre systems. Math. Operationsforsch. Statist. Ser. Statistik 12, 201–210.

[53] Mecke, J. (1981). Stereological formulas for manifold processes.

Probab. Math. Statist. 2, 31–35.

[54] Mecke, J. (1986). On some inequalities for Poisson networks. Math.

Nachr. 128, 81–86.

[55] Mecke, J. (1988). An extremal property of random flats. J. Microscopy 151, 205–209.

[56] Mecke, J. (1988). Random r–flats meeting a ball. Arch. Math. 51, 378–384.

[57] Mecke, J. (1991). On the intersection density of flat processes. Math.

Nachr. 151, 69–74.

[58] Mecke, J. and Nagel, W. (1980). Stationäre räumliche Faserprozesse und ihre Schnittzahlrosen. Elektron. Informationsverarb. Kybernet. 16, 475–483.

[59] Mecke, J., Schneider, R., Stoyan, D. and Weil, W. (1990).

Stochastische Geometrie. Birkhäuser, Basel.

[60] Mecke, J. and Thomas, C. (1986). On an extreme value problem for flat processes. Comm. Statist. Stochastic Models 2, 273–280.

[61] Molchanov, I. and Zuev, S. (2000). Tangent sets in the space of measures: with applications to variational analysis. J. Math. Anal. Appl. 249, 539–552.

[62] Molchanov, I. and Zuev, S. (2000). Variational analysis of functionals of a Poisson process. Math. Oper. Res. 25, 458–508.

[63] Molchanov, I. S. and Stoyan, D. (1994). Directional analysis of fibre processes related to Boolean models. Metrika 41, 183–199.

[64] Molchanov, I. S. and Zuyev, S. A. (1997). Variational analysis of functionals of a Poisson process. Technical report RR-3302. INRIA Sophia-Antipolis.

[65] Müller, C. (1966). Spherical Harmonics vol. 17 of Lect. Notes Math.

Springer.

[66] Naas, J. and Schmid, H. L. (1984). Mathematisches Wörterbuch.

Akademie – Verlag, Berlin.

[67] Pogorelov, A. V. (1979). Hilbert’s Fourth Problem. Winston & Sons.

[68] Pontrjagin, L. S. (1995). Verallgemeinerungen der Zahlen vol. 89.

Deutsch Taschenbücher, Frankfurt–am–Main.

[69] Rubin, B. (1999–2000). Spherical Radon transforms and intertwining fractional integrals. Preprint 10. The Hebrew University Jerusalem, Israel.

[70] Rubin, B. (2000). Inversion formulas for the spherical Radon transform, the generalized cosine transform and intertwining fractional integrals. Preprint. The Hebrew University Jerusalem, Israel.

[71] Rubin, B. and Ryabogin, D. (1999–2000). The k–dimensional Radon transform on the n–sphere and related wavelet transforms. Preprint 6. The Hebrew University Jerusalem, Israel.

[72] Santaló, L. (1976). Integral Geometry and Geometric Probability.

Addison-Welsey, Reading, Mass.

[73] Schneider, R. (1993). Convex Bodies. The Brunn–Minkowski Theory. Encyclopedia of mathematics and its applications 44. Cambridge University Press, Cambridge.

[74] Schneider, R. (1995). Isoperimetric inequalities for infinite hyperplane systems. Discrete Comput. Geom. 13, 609–627.

[75] Schneider, R. (1999). A duality for Poisson flats. Adv. Appl. Probab.

(SGSA) 31, 63–69.

[76] Semyanistyi, V. I. (1961). Homogeneous functions and some problems of integral goemetry in spaces of constant curvature. Soviet Math. Dokl. 2, 59–62.

[77] Semyanistyi, V. I. (1963). Some integral transformations and integral geometry in an elliptic space. Trudy Sem. Vektor. Tenzor. Analizu 12, 397–441. (in Russian).

[78] Spodarev, E. (2000). Isoperimetric problems and roses of intersections for stationary flat processes. In Jenaer Schriften zur Mathematik und Informatik Math/Inf/00/31. Friedrich–Schiller University Jena. Submitted to Math. Nachr.

[79] Spodarev, E. (2000). On the rose of intersections for stationary flat processes. In Jenaer Schriften zur Mathematik und Informatik Math/Inf/00/11. Friedrich–Schiller University Jena.

[80] Spodarev, E. (2001). Cauchy–Kubota–type integral formulae for the generalized cosine transforms. In Jenaer Schriften zur Mathematik und Informatik Math/Inf/13/01. Friedrich–Schiller University Jena. to appear in Izv. Akad. Nauk Armen., Mat. [J. Contemp. Math. Anal., Armen. Acad. Sci.].

[81] Spodarev, E. (2001). On the rose of intersections for stationary flat processes. Adv. Appl. Probab. 33, 584–599.

[82] Stoyan, D., Kendall, W. S. and Mecke, J. (1995). Stochastic Geometry and its Applications second ed. Wiley, Chichester.

[83] Strichartz, R. S. (1973). Harmonic analysis on hyperboloids. J.

Funct. Anal. 12, 341–383.

[84] Thomas, C. (1984). Extremum properties of the intersection densities of stationary Poisson hyperplane processes. Math. Operationsforsch. Statist. Ser. Statistik 15, 443–449.

[85] Vilenkin, N. Y. and Klimyk, A. U. (1991). Representation of Lie groups and special functions. V. 1: Simplest Lie groups, special functions and integral tranforms vol. 72 of Mathematics and its applications (Soviet series). Kluwer, Dordrecht.

[86] Vilenkin, N. Y. and Klimyk, A. U. (1992). Representation of Lie groups and special functions. V. 3: Classical and quantum groups and special functions vol. 75 of Mathematics and its applications (Soviet series). Kluwer, Dordrecht.

[87] Vilenkin, N. Y. and Klimyk, A. U. (1993). Representation of Lie groups and special functions. V. 2: Class I representations, special functions and integral tranforms vol. 74 of Mathematics and its applications (Soviet series). Kluwer, Dordrecht.

[88] Weil, W. (1976). Centrally symmetric convex bodies and distributions. Israel J. Math. 24, 352–367.

[89] Weil, W. (1982). Zonoide und verwandte Klassen konvexer Körper.

Monatsh. Math. 94, 73–84.

List of special symbols [·, ·], 7 [·, ·]_0, 51 ≡, 8 ∼=, 8 □, 30 △, 30 △_0, 30 | · |, 10 ‖ · ‖, 18 ‖ · ‖_{(α)}, 40 ‖ · ‖^⊥_{(α)}, 40 ‖ · ‖_p, 40 ‖ · ‖_Sd−1 , 47 ‖̸, 64 < ·, · >, 10 < ·, · >_Sd−1 , 47 < a_1, . . . , a_k >, 6 A^t, 6

B_ζ , 14 b(·), 31 β_n, 11 Card(A), 5 C(λ, θ), 7 C(X), 25 C^p_e (S^{d−1}), 26 C^∞_e (S^2 × S^2), 54 ( C_e(S^{d−1}) )_∗ , 62

D(λ, θ), 64 d(·, ·), 29 diag(d_1, . . . , d_m), 12 dη, 25 δ_{ij} , 12 δ_ξ(·), 18

e_i, 31 (η)^⊥_ξ , 31 F (k, d), 5 F, 5 f̂, 61

G(k, d), 5, 7 G, 5 g^⊥, 26

H , 51 h_K (x), 16

I_A(·), 6 ℑ, 51 ℑ ( K^4 ) , 51

K, 26 Ker(·), 60 K^4 , 51 k_d, 6

L, 15 L_0, 15 L{·, ·}, 52 L^p(X), 28 L(k, d), 8 Λ(·), 6 λ, 5

M(X), 19 M̃(X), 18 (m +^1_2 )!, 56 M, 5 M, 5

LIST OF SPECIAL SYMBOLS 77

N_{kr}(η), 64 N_{kr}(a, η), 64 ν_d(·), 5 ν^η_i (·), 6

O(d), 8 ω_d, 8 ω_d(·), 8 ω^η_r (·), 28 ω^{v⊥,y}_{d−1} (·), 29 p(K), 17 P_n(t), 55 P_{⃗n}(y_1, . . . , y_{d−k}), 59 P r_ζ (·), 13 Φ^d_k, 5 Φ^d_k(·), 6 Φ^d_k ⊙ η, 64 |q|, 51 q̄, 51 q̂, 51 q^{−1}, 51 q_{kl}, 9

R, 28 R_r, 28 R_{ij}, 28 ℜ, 51 RP^{d−1}, 8 r(·), 6 ρ(·, ·), 5 ρ_k(K, ·), 16

S^{d−1}, 6 S^{d−1}_+ , 8 S^{r−1}_η , 28 SO(d), 8 Stab(·), 50 σ(·), 28 Σ^d_k, 60

T , 25 T_{ij}, 6, 25 T^α_{ij} , 26

T̃ α_{ij} , 26 θ(·), 6 θ^⊥, 26 θ_K , 16

v_i(·; ·), 27 V (·, . . . , ·), 14 V_i(·), 31 V_f (d, k, j), 43 V ol(ξ), 31 V ol(a_1, . . . , a_k), 6 w̄(L), 17

X, 18 X_2(Φ^d_k), 7 X_k(Φ^d_{−1}), 23 ξ^⊥, 6

Z_+, 6