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Overview

® Sensor networks

® Wiener sausage
#® Mean volume and surface area
#® Almost sure approximation and convergence of curvature
measures
#® Boolean model of Wiener sausages
#® Capacity functional and volume fraction
#® Contact distribution function and covariance function
® Specific surface area

o Outlook
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Motivation: sensor networks

# Finding an object in a medium using a totally random strategy
(G. Kesidis et al. (2003), S. Shakkottai (2004)): a set of
sensors with reach » > 0 move randomly in the medium.
Target detection area of a sensor = Wiener sausage S,
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Paths of two sensors with reach » = 20 and their target detection areas
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Motivation: sensor networks

#® Sensor network: Sensors are located “at random” in space
moving according to the Brownian motion.

#® Target detection area of such network: the Boolean model of
Wiener sausages

# Target detection probability: p = 1 — e **1°"[ where ) is the
intensity of the Poisson process of initial positions of sensors
and E |5, | is the mean volume of the Wiener sausage

#® Other specific intrinsic volumes? — find other mean intrinsic
volumes of S,

# E.g., the mean surface area E H?1(05S,)
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Polyconvex sets and sets of positive reach

# Polyconvex sets: K = U, K;, where K; are convex bodies.

# Sets of positive reach: For a closed subset A C R¢, define
reach A =sup{r > 0: Yz € R% A (z) <r = cardX4(z) =1}
where A () is the distance from z € R? to A and

Yaulr)={a€eA: |r—a|]=Ax(x)}

IS the set of all metric projections of z on A. A is said to be of
positive reach if reach A > 0.
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Polyconvex sets and sets of positive reach

reach A

A polyconvex set A set of positive reach
The parallel set of A, » > 0:

A, =A@ B, (o) ={z e R: Au(z) <1}
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Intrinsic volumes

#® Steiner’s formula (H. Federer (1959)): If A is a set of positive
reach then

d
A, = Zwirin_i(A), 0 <r < reach A,
i=0

where
® V,(-) =|-|is the Lebesgue measure in R? (volume),
® . is the volume of the unit i-ball

® V;isthe i-th intrinsic volume of A, =0,...,d. In particular,
Vi, is the Euler-Poincaré characteristic and V;_; is one half
of the surface area.
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Curvature measures

#® Local version of Steiner’s formula: For any Borel subset
F cR?

d
(A NA)NENF) =) wir'Cy (A F), 0<r <reach A,
1=1
where
® ¢4(x) is the nearest point of Ato x
# the signed Radon measure C;(A;-) concentrated on 0A is
the :th curvature measure of 4,0 < <d—1

® If 9Ais compact then C;(A: R?Y) = V;(A),i=0,...,d — 1.
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Brownian motion

#® Wiener process {W (t) : t > 0}: a random process with
continuous paths defined on (€2, §, P) such that

® W(0O0)=x€ecRa.s,
® 1V has independent increments,
® W(t)—Wi(s)~N(0,0%(t—s)),0<s<t.

# Brownian motion in R? initiated at x = (x4, ..., x4):
X(t)=Wi(t),....Wa(t)), t=0,

where W, ..., W, are independent Wiener processes starting
atzq,..., x4 € R.
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Wiener sausage

Let S(T) = {X(t):t € [0, T]} be the path of X up totime T > 0.

#® Wiener sausage S, of radius r > 0:

ST—S(T)@B( ) {wERd:AS(T)(ZE)gT}.

A realization of S,
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Intrinsic volumes of the Wiener sausage

# |Intrinsic volumes V4(S,), ..., V4(S,) are well-defined a.s. for
d< 3,7 >0;
® V,(S,) =Vs(r)
® 2V, ((S,) =H¥1(DS,)
$ Vi($,) = (-1, (RI\S, ), i =0,...,d — 2, where 3, is
a Lipschitz manifold with reach (R \ S,) > 0 a.s.
#® Compute EV;(S,),i=0,...,d.

It is proved that E V;(S,) < 00,7 =d,d — 1forall d > 2 and
EV5(S,) < oo ford =2 (RSS 09, RSM 09).
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Mean volume of the Wiener sausage
o Explicit formulae
® d = 2: A. Kolmogoroff and M. Leontowitsch (1933)
® d = 3: F Spitzer (1964)
® d > 4: A. Berezhkovskii et al. (1989)

#® Asymptotics of the volume
#® R. Getoor (1965)
#® M. Donsker und S. Varadhan (1975)

® J.-F. Le Gall (1988): CLT for shrinking Wiener sausage
(" — oo or r — 0)
#® M. van den Berg and E. Bolthausen (1994)

o ..
D
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Other mean curvature measures

#® Mean surface area: RSS (2009)

#® Support measures and mean curvature functions: G. Last
(2006)

# Other mean intrinsic volumes EV;(S,),:=0,...,d —2:an
open problem. Approximations can be obtained numerically
(RSM (2009))
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Mean volume of the Wiener sausage

A. Berezhkovskii, Yu. Makhnovskii, R. Suris (1989) : for d > 2

E|S,| = wer®+ 5 WO rd=2T

N 4dwdrd/ dy
w2 y3 (J2(y) +Y2(y) 7

0

where J,(y) and Y, (y) are Bessel functions of the first and second
kind of order v = (d — 2)/2 and wy = 72 /T'(1 4 d/2) is the volume
of the unit d-ball.
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Mean volume of the Wiener sausage

Bessel functions J,(y) and Y, (y) are linearly independent solutions
of the Bessel diff. equation v*f"(y) + yf'(y) + (v* —v*) f(y) = 0, and

In three dimensions, the above formula for the mean volume of S,
simplifies to
4
E|S,| = gm“g +dor*N2rT + 2no*rT .
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Mean surface area of the Wiener sausage

Theorem 1. Let S, be the Wiener sausage in R, d > 2. Then, it holds

EH0S,) = dwgr®! + 4d? wq rd =1 [ y31_2
0

50 o227
2,d-37 [ (=2)* _ 4 e a2
- dwao™r™ T (T T Of vy (ZW+Y2 () dy)

for almost all radiir > 0. Ford = 2, 3, this formula holds for all r > 0. In the
case d = 3, it simplifies to
EH?(0S,) = 4nr? + 8rov2rT + 2mo*T .
-
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Mean surface area of the Wiener sausage

Asymptotic behaviour (RSS 09)

mo?Tr=tlog 2 r If d =2,
EH*1(8S,) ~ ¢ 2m0®T ifd=3, asr — 0.

dwda2T@r‘i_3 ifd >4
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Idea of the proof of Theorem 1

Theorem 2. Ford < 3 and anyr > 0, it holds

dEVS(T)
dr

EHHDS,) =

where V(1) = |S;|. For dimensions d > 4, this relation holds for almost all
r > 0.

follows from the dominated convergence theorem and
Lemma 1. /t holds

M (0S,) 2 Vi

forallr > 0 ifd = 2,3 and almost allr > 0 ifd > 4.
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Idea of the proof of Theorem 1
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The point 2 € R? is called critical for A if
reconvia € A:|lr—a|l=d(A,z)}.
The radius » > 0 is crifical for A if 4 a critical point = for A with

d(A,x) =r. Let C'(A) be the set of critical dilation radii » for A.
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Idea of the proof of Theorem 1

Lemma 1 follows from

Theorem 3. Let A C R? be any compact set. Ifr € (0,00) \ C'(A) then

Vi (r) exists and equals H* 1 (0A,). Here A, = {x € RY: d(A,z) < r}is
the parallel neighborhood of A of radius v > 0 and C'(A) is the set of critical

dilation radii for A.

and

Theorem 4. Letd < 3. Thenforanyr > 0,r & C(S(T)) a.s. Ford > 4,
r & C(S(T)) a.s. for almost all radii v > 0. Here S(T') is the path of the

Brownian motion up to time instant 1" > 0.
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Other mean intrinsic volumes

o Compute EV,(S,),i=0,...,d—2

® I|dea: Approximate the Wiener sausage S, a.s. by random
polyconvex sets S with £ V;(S") — EV;(5,) as n — oo,
1=0,...,d

#® Method: Use any a.s. piecewise linear approximation S™ of the
Brownian path S w.r.t. the Hausdorff metric to approximate the
Wiener sausage S, = S @ B,(o) by 5" = 5" & B,.(0) , e.g. the
Haar-Schauder approximation

o Goal: Obtain E V;(S,) by computing E V;(S7) and using
EV,(S?) — EV;(S,),n —00,i=0,...,d—2
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Approximation of the Wiener sausage

: \
Bb/

A B \
b
|
IAa

Hausdorff metric: For two nonempty compacts A, B C R¢

dg(A,B) =min{a >0: AC B® B,(0), BC A® B,(0)}.
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Convergence of curvature measures

Theorem 5.

Ifdy(S™,S) — 0 asn — oo almost surely, then it holds
(i) Vgn(r) — Vs(r) asn — oo almost surely for any 1 > ();

(i) H1(0S™) — HA1(0S,) asn — oo almost surely for any r > () if
d < 3 and for almost allr > 0 ifd > 4;

(iiy C; (S -) — C; (Sy; ) weakly asn — oo almost surely for any r > () and
i=0,.. .. d—1ifd <3
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Convergence of curvature measures

Corollary 1. /It holds
(i) EVgn(r) — EVs(r) asn — oo foranyr > 0;

(i) EHL(0S™) — EHYL(DS,) asn — oo foranyr > 0 ifd < 3 and
for almost allr > 0 ifd > 4.

Conjecture: EV;(S") — EV;(S,)asn — oo fori=0,...,d — 2 if
d < 3.

Open problem: Find a uniform integrable upper bound for V;(S"),
Vi(S,),n€N,i=0,...,d—2
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Approximation of the Wiener sausage

Example

#® For simplicity, consider T' = 1.

#® Settimeinstantst, =i/k,,i=1,..., k, for k, — oo, n — oc.
® \ertices: X"(t;)) = X(t;) ,i=1,...,k,

® The path 5" ={X"(t): 0 <t <1} is a piecewise linear curve

with 2" + 1 nodes lyingon S = {X(¢): 0 <t <1}.
® SetS'=95"® B,(0),neN.

Theorem 6. It holds d (S™, S) < maxep 1) | X" (t) — X(¢)] — O as

n — oo a.s.
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Approximation of the Wiener sausage

Special case: Haar-Schauder approximation
For the standard Brownian motion W (¢* = T' = 1) holds

= > Yililt),  te[0,1],
k=1

where

#® {Y,}.cv is the sequence of i.i.d. N(0O, 1)—distributed random
variables;

o Lt fO Hy(s) ds are the Schauder functions and H;, are the

Haar functions, k e N.
This series converges (a.s.) absolutely and uniformly on [0, 1].
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Approximation of the Wiener sausage

T i

_l - | _l |;_

- i 4% 1% [

H L .|iHEl 5 1
S | I | N

# Haar functions: H(s) =1, s € [0, 1],

1 HE 1 H3 l‘ H4 -
P

1 1L

( m k—1 2k—1
227 SE Y, )7
gm0 2 k=1,2,...,2m
m 2k — 1 k )~y ) )
H2m+k(3) — _2?7 S € +1 m)7
L 2™ 2 m=20,1,2,...
\ 0, otherwise
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Approximation of the Wiener sausage

# Approximate the Brownian motion X (¢) by
Xty = (Wnr(t),...,WHt)), tel0,1], where

2’7’L
W) =3 YiLe(t), te[0,1]
k=1

and Y;; are i.i.d. N(0, 1) random variables.

® The path 5" ={X"(t): 0 <t <1} is a piecewise linear curve
with 2" + 1 nodes lyingon S = {X(¢t): 0 <t < 1}.
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Approximation formula for E /)(.S;) in 2D

1000 T 2 : .
ot gl YV oV
1000 -2F
-2000+F AL
i i
A ]
E 3000+ E -Gt
= =
oy oy
T 4000 T -8f
= =0
] |
-G000F - -10F
-GO00F . 12k
max max
7000 F mean 14 F mean H
min min
_8000 1 | 1 _16 | 1 |
0 5 10 15 20 0 500 1000 1500 2000
Radius Radius

00423017 (1~ @ (*535450))

log (3.88182 - 106 188978 1 1 () y-0-153452
where & is the c.d.f of N(0,1) — distribution.

EVy (S:) =~ 1+
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Boolean model of Wiener sausages

= = U,y (zi + (Sy):) where {z;} is a stationary Poisson point
process of germs with intensity A > 0 and grains (S, ); are iid copies
of S,.
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Capacity functional

® Definition and formula

T=(C) = P(ENC # 0) = 1 — e AEIS&C

d

for all compact C', where

E‘STEBCV’|:/P(CCESr@é)dﬂf:/P(Tg«@Br(o)ST)CZ.CC

R4 R4

74 = inf{s > 0: X%(s) € A} is the first hitting time of a Borel
set A for the Brownian motion starting at « € R<.

# Notation: u(t,z) = P (Tg;@Br(o) < t), r€RY, >0
I ————
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Capacity functional

Kolmogoroff and Leontowitsch (1933), Doob (1955), Hunt (1956)
u(t, z) is the unique bounded solution to the following heat
conduction problem:

% — %Qﬁu, t >0, € R\ (C@® B,(0)),
/U,(O,CU) — O, T € Rd\(C@BT(O))7

u(t,z) =1, t > 0, for all regular x € 9(C @ B,.(0)),

l.e. points x such that P (Tg,@BT(O) = O) = 1. In general, this problem

has to be solved numerically.
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VYolume fraction

# Explicit solution: C' = {o}.

For
p= = P(o€ Z) =E|EN[0,1) = T=({o})
we get
o2y2T
- (”drdJrW“d rird T Mg Zo e é)f;i%y)) dy)
p==1-—c¢
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Covariance function
# Numerical solution: C' = {o,h - u}, where v € St and h > 0.

SRR

VAN

A
N
£

i
K]
7) %
g'

<]
AVA‘

Finite element method: mesh (left) and computed solution w (right) for
d=2,02=1,r=1,h=22andt = 100.
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Covariance function

Approximation formula (CFS 08). Letr =1, 0% = 1.

"{(hv t) = 4

C=(h) = 2p= — 1+ (1= p=)" ).

(W—arCCOS(%)+%\/1—%)> h<2r t=0,d=2,
() 2()' +34 +1, h<2rt=0,d=3

h h h _
m) _3(W) T3m+L hsvld), t>0,d=23
, otherwise,

3.124 103925 4 2794 d = 2.
3.744102182 4 1454, d = 3.
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Covariance function

time

time

distance distance

k(h,t) in 2D (left) resp. 3D (right) forr =1,0 < h <20and 0 <t <100
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Covariance function

(Tt B S P ooV B S e S OO e

0,005~

-0.005

10

time 0 o time 0 o

distance distance

Relative approximation errors in 2D (left) resp. 3D (right) for p= = 0.75, r =1,
0<h<20and0 <t <100.
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Covariance function

2D, T=1
1 -
— Volume fraction 0.75
---Volume fraction 0.5
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04 Tl
0.2r “TTeell
OO 1 2 3 4
h
2D, T=50
1r
— Volume fraction 0.75
---Volume fraction 0.5
0.8 -'-'Volume fraction 0.25
o.e\
N
0.4f ‘\\
0.2F e
00 5 10 15 20

3D, T=1

1r
—Volume fraction 0.75
---Volume fraction 0.5
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0.6
=
e r
o
0.4f U
0.2f L
00 1 2 3 4
h
3D, T=50
1r
—Volume fraction 0.75
- --Volume fraction 0.5
0.8F == 'Volume fraction 0.25
=
e
o .
0.4f
0.2
00 5 10 15 20
h

C=(h)withr =1,02=1and T =1, T = 50.
-
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Spherical contact distribution function

T=(B,(0)) — T=({o})

Hp,0)(p) = P(ENBy(o) #0 |0 ¢ E) = 1 —T=({o})

It holds
Hp,(o)(p) = 1 — e M domrnd)

where

d(d — 2)
2

Jddea (o )d7 1 — e 2607 iy Tdf 1 —e a7 "
, - .
= ") PR Y2 W) /v (T3(9) + V()

M(d,o?,r,p,T) = wq ((r+ p)?4 — rd) + Wy 02((r +p)i? — rd_Q)T
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Specific surface area

#® Specific surface area of =
Constant S= € (0, o) defined by

S=(B) = EH* Y 0=N B) = 5= - | B|

for all Borel sets B ¢ R?, d = 2, 3.
® Ford =2 3itholds

Sz = NEH?1(0S,) e EI r > 0.

® Example: d =3

e

Sz = 27\ (27“2 + dro+/2T /7 + O'QT) 6_27TM(2/3T2+2W V2T /m+o°T) .
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Outlook

# Formula for EH4(0S,) for all » > 0 (d > 4)

# Formulae for EV;(S,), j < d — 2 and specific intrinsic volumes
V,(2), j < d — 2 of the Boolean model of Wiener sausages

# Limit theorems for the surface area H¢1(dS,) and other
intrinsic volumes V(S,.) of the shrinking Wiener sausage
LT for the volume (J.-F. Le Gall (1988)): for d = 2, it holds

(logr)*(|S:| +m/logr)) = c =7y, 1 —0,

where 0 = T = 1 and ~ is the (renormalized) Brownian local
time of self—intersections. For ¢ > 3: CLT.
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