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1 Introduction

Let X = {X(¢t),t € M} be a real-valued Gaussian random field with a.s.
smooth paths. The set M is a compact in R%. The Euler-Poincaré heuristic
states that

P <sup X(t) > u) —E Vo (Au(X; M))| < coexp{—u?(1+a)/2}, U — 00
teM O

for some positive constants ¢y and «, where Vj (A,(X;M)) is the Euler-
Poincaré characteristic of the excursion set of X over the level u which
is a topological invariant of the excursion set. The main problem is to
identify the class of Gaussian fields that satisfy this relation. It is known
that Gaussian fields with constant variance (cf. [6] and [1, Theorem 14.3.3])
on stratified manifolds M belong to that class. In [2, Theorem 8.4], a more
general bound than (1) is proven for stationary Gaussian fields and all levels
u. For non—stationary Gaussian X with a unique point of maximum variance
attained in the interior of the set M and u — oo see [2, Theorem 8.10].

2 Preliminaries
Consider a parallelepiped

d
F= H[O’ aj]
j=1
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in R?, d > 1, where ai,...,aq are some positive real numbers. L et X =
{X(t),t € F} be a centered Gaussian random field with variance o?(t)
defined on a probability space (2, F,P).

For X € C*(F) as., let X/, 0! denote partial derivatives of X,o with
respect to ith variable. We also use a notation Xj, = 9>X/0t;0t; and
denote by X” the Hessian matrix of X:

X" = (X;;)1 cijed-

Put VX = (X},...,X})" and Z = (X,VX)". Evidently, {Z(t), t € F}
is a centered Gaussian (d + 1)-vector field. Let X(¢) denote its covariation
matrix.

Denote by ® the cumulative distribution function of the standard normal
distribution and put ® = 1 — ®. For an absolutely continuously distributed
§ let p¢ denote its distribution density.

By A, = A,(X, F) denote the excursion set of X in F' over the level u:

Ay={teF: X(t)>ul.

Let Vp, V-1 and V; stands for the Euler characteristic, the boundary area
and the volume of a set. In this paper we would like to find the asymptotic
of EVh(Ay),EVy_1(Ay) and EVy(A,) as u — +oo.

3 Main results

Theorem 3.1. Suppose that
(a) X € CHF) a.s.,

(b) o has a unique global mazimum at the origin and o(0) < 0 for i =
1,....d.

Then

P(sup X(t) > u) = ® (u) ‘I4+o0(1)], u— +oo.
teF a(0)

Decompose F' into the union of open sets J of dimensions from 0 to d
which are the k—faces of F' of all dimensions k£ = 0,...,d. So, the vertices
of F are its O—faces, the edges of I’ are its 1-faces, etc. The interior of F
is its unique d-face. Let X; = {X(t), t € J} be the restriction of X onto
the face J. Let V ;X denote the vector of partial derivatives of X (¢) with



respect to all coordinates t;, j # d of t € J that vary in J. Let X be the
matrix with elements X% for all coordinates t;,t; that vary in J, i,j # d.

The random field X is called suitably regular if the following conditions
hold a.s. for any level © > 0 and any face J of F' where the coordinate t4 of
t is not constant:

e X € C%(F) in an open neighborhood F of F,
e X has no critical points ¢ € J such that X(¢) = u,
e P(3teJ: X(t)=u,V;X(t)=0,det X/(t) =0) =0.

By [1, Theorem 6.2.2], the excursion sets A, of a suitably regular random
field X are basic complexes, so Vj(A,) is well-defined. Sufficient conditions
on the covariance function of a Gaussian random field X to be suitably
regular are given in [1, Theorem 11.3.3].

Theorem 3.2. Suppose that
(a) X is suitably regular,
(b) Z(t) has a nondegenerate distribution for allt € F (i.e., det 3(t) # 0),
(¢) P Bu>0,teF : X(t)=u,VX(t) =0,det X"(t) =0) =0,

(d) o has a unique global mazimum at the origin and c;(0) < 0 for i =

1,...,d.
Then
EVo(A,) = @ (a?())) [4+0@™)], u-— +oo. (2)
Theorem 3.3. Suppose that
(a) o € C(F),

(b) o € C? in some neighborhood of the origin,

(¢) o has a unique global mazimum at the origin and oL(0) < 0 for i =
1,....d.

Then
EVy(A,) = u2d(i) <> ‘[IT4+o0(1)], u— oo, (3)

where



Theorem 3.4. Suppose that
(a) X € CY(F) a.s.,
(b) o € C? in some neighborhood of the origin,

(¢) o has a unique global mazimum at the origin and o.(0) < 0 for i =
1,....d,

(d) o(t) >0 forallt € F.

Then o
([ u
EVd_l(Au) = u2d—1q) (0_(0)> . [1 + 0(1)]7 U — +00, (4)
where J sd1
o= Fe|vIo| 0%
2 g Hj:l Uj(o)
and || - || is the Buclidian norm in RY,
4 Proofs

4.1 Proof of Theorem 3.1

To proof Theorem 3.1, we use essentially the follows result of Talagrand [5]:

Lemma 4.1 (Talagrand). For some compact metric space T letY = {Y (t), t €
T} be a centered separable a.s. bounded Gaussian process with continuous
variance o2(t). Put o9 = sup,ep o(t). Then

PlsupY (1) > u) = ) (:O) [+ o0(1)], u— +oo,

if and only if there exists a unique tg € T such that o(ty) = o and

1
lim —E sup[Y(¢t) — Y(t9)] = 0,
h—0 teTy,

where
Ty ={teT :EY (@)Y (t) > o — h?}.



Now let us proceed to the proof of Theorem 3.1. As in Lemma 4.1,
consider the set

F,={tcF :EX(t)X(0) > o?(0) — h*}.

Since

2F X (1) X (0) < ?(t) + o*(0),

we get Fy, C Fh, where
F,={teF : o?(t) > c?(0) — 2h?}.

Thus it suffices to show that

1
I?L% —E ESIZEZ[X“) — X(0)] =0. (5)
By Taylor’s formula,

d
X(t)=X(0)+ Y t:X{(6st) (6)

i=1

and J

o(t) = o(0) + > tioj(6it) (7)

=1

for some 6y, 6; € [0, 1].
Assumption (b) of Theorem 3.1 implies that there exists € > 0 such that

K; = mi inf [—ai(t)] >0
1=, min  inf [~oi(®)]

and

Therefore it follows from (7) that for ||t]] < e

d
o?(0) — a*(t) = [0(0) + o()][0(0) — o (t)] = 2K K1 > _t; > 2K Ky |t|
=1

Thus, if h?/(K1K) < ||t|| < &, then ¢ ¢ Fj,. On the other hand, for
sufficiently small h > 0 it holds t ¢ Fj, for ||t|| > ¢ as well (it follows from



the fact that o is continuous and has the unique maximum at the origin).
Thus, for sufficiently small A we have

2
sup [|¢]] < : (8)
teR, KK
Furthermore, by (6),
d
(1) = X () <0 ) t: < Vnlitl, (9)
i=1

where

n = max sup |X,(t)|.

Combining (8) and (9), we obtain for sufficiently small h

VdEn
E X(t)— X(0)] < h2. 1
s;})\ (t) (0)] Ve (10)

By [1, Theorem 2.1.2], it holds En < oo, therefore (10) implies (5), and the
proof is complete.

4.2 Proof of Theorem 3.2

Within this section, we assume that the conditions of Theorem 3.2 hold.

Denote by Ji the collection of faces of dimension k of the parallelepiped
F. In particular, Jy is the set of all vertices of F'. To each face J € Jj
there corresponds a subset 0(J) of {1,...,d}, of size k, and a sequence
e(J) = {&j}jgs(s) of d — k zeros and ones so that

J={z e F|z;j=cja;,ifj €5(J), 0<ux; <aj,ifjed(J])}
It follows from Morse’s Theorem (see [1, p. 210] for details) that
d k 4
= 2 2 2,
k=0 JE€T}, i=0

where p;(J) is the number of points ¢ € J satisfying the following four
conditions:



(2¢; —1)X}(t) >0, j&d(J), (13)
indeX[X;vlmn(t)]m,nGCS(J) =k —1i. (14)

The index of a matrix is the number of its negative eigenvalues. Therefore,
EVo(Au) =Epo({0) + Y Euo({t}) +Z > Z )'E pi(J
{t}€Jo\{0} k=1 JeJy i=0

Thus to obtain (2) it is sufficient to prove the following three asymptotic
relations:

E uo({0}) = ®(u/a(0)) - (1 + O(u™")), u— 4o, (15)
E po({t}) = ®(u/a(0)) - O(u™"), u— +oo, (16)
for {t} € T \ {0} and
k
> (“1Epi(J) = @(u/c(0)) - O(u™"), u— +oo, (17)
=0

for J € Jp,k=1,...,d.
Before proving them we need to formulate and prove several auxiliary
results.

Lemma 4.2. It holds o € C}(F).

Proof. Fix t € F and consider some small vector A;t parallel to the i-
th coordinate axis such that ¢ + A;t € F. By Taylor’s formula, for some
6(t) € [0,1]

E

X2(t+ Agt) —X2(t)‘

7 =E (yX(t+A,~t)—X(t)\ X(t+ Ait) _X(t)D

At

=E (| X+ Ait) — X(8)| | X (t+ 0(t)Ait)|) < 2E <§g£ | X (0] ig}g \X’(t)\)

1

2 (Esup2|X(t) Esup2|X’(t)|> T
ter ter

The processes X (t) and X/(t) are continuous on the compact F a.s., which

implies their boundedness a.s. Therefore it follows from a corollary of the

famous Tsirelson-Ibragimov-Sudakov inequality [1, Theorem 2.1.2] that the

moment generating functions of supy.p | X (¢)|, supiep |X'(¢)| (and, hence,

7



their moments) together with the right-hand side of (18) are finite. There-
fore, by Lebesgue’s dominated convergence theorem,

o2 (t + Nit) — ()

2 N w2
lim = lim IEX (t+ Ait) — X7(1)

ANit—0 Alt a ANit—0 Alt
X2+ D) — X2(t) 0X? ,
=K Aliltrg0 At =E o, (t) =2E X (t)X;(t). (19)

To prove the lemma, it remains to show that E X (¢)X/(¢) is continuous.
Again, by Lebesgue’s dominated convergence theorem,

lim [EX(t+ A)X[(E+ Ait) — E X (£) X(t)]
N;t—0

=E lim [X(t+ A:8)X[(t+ Ait) — X(0)X[(t)] =E0 =0.
ANit—0

(2

O
Lemma 4.3. The correlation coefficient between X (0) and X/(0) is negative.

Proof. Relation (19)) yields

) 2
O (t) = 2E X (£) X/(1),
ot;
which implies E X (¢)X/(t) = o(t)o.(t). To conclude the proof, it remains to
note that o(0) > 0 and o}(0) < 0. O

Lemma 4.4. Let &,n be centered Gaussian random variables. If the corre-
lation coefficient p between & and n is negative, then

P{&>u,n>0t=0 (u"'®(ufog)), u— +oo.

Proof. If we normalize £ and 7, the correlation coefficient does not change.
Hence we may assume that Var( = Varn = 1. Using the formula for the
density of bivariate normal distribution, we get

1 o0 > a:2+y2—2pa?y
P{&>u,n>0 :/ d:n/ exp[— d
W =0==s ), “, 20— )
_(—pw+y)2+(1—p2)x2] dy

1 [o¢] o0
B — dﬂf/ ex |:
2my/1 — p? /u 0o P 2(1-p?)

T 0= gy,

1 2
- - —z2/2 g4 /
= e X
27T\/1—p2/u —pT



It is known (see, e.g., [4]) that for any ¢ > 0 it holds

o1 e~/2 < h e /2 ds < 1642/2. (20)
t \ t

Therefore, making a substitute y' = y/+/1 — p?, we obtain

> e~V /0= gy

1/Ooe—»#/?dac/
27T\/1—p2 u —px
00

P{{>u,n>0}=

/ 2
= i e’/ dx/ eV /2 dy < iﬂ /Oo le—x2/2 dx
21 Jy —pz/+/1—p? 27 ’p| u X
1 V121 [™ _
< p/ e "2 dy = O(u™'®(u)), u— +oo.
2 ol u )y

0
The proof of the next lemma can be found in [2, Theorem 6.2].

Lemma 4.5. Let Y = {Y(t),t € U} be a vector-valued Gaussian random
field, Y(t) € R? a.s., U an open subset of R, and y € R? a fized point.
Denote by N, the number of points t € U such that Y (t) =y. Suppose that

(a) Y € CLU) as.,
(b) For each t € U, Y(t) has a nondegenerate distribution,
(¢c) P{3teU :Y(t)=y,detY'(t) =0} =0,

where Y’ stands for the Jacobian matriz of Y. Then

EN, = /U E (|det Y/(1)] | Y () = 9) pr o (4) dt.

Lemma 4.6. Under the conditions of Theorem 3.2, there exist positive con-
stants A, B such that

supE (|X2(0)1* | Z(x) = (,0,...,0)T) < (4 + Blu])?
teF

foralli,j € {1,...,d}.



Proof. Under the expectation of a random vector (matrix) we understand
the vector (matrix) of the expectations of its components. Fori,j € {1,...,d}
put

&= X[ —B(X[,Z2T)s ' Z,

Denote by I;+1 the identity matrix of the size (d + 1) x (d + 1). Since
Y =E(ZZ"), we have
E(&;2") =E(X;2") ~E(X;;Z2)S7'E(ZZ)
=E(X[}Z") —E(X[;Z " )lar1 = (0,0,...,0)7,

which means that (¢;;) and Z are independent. Therefore,

E(1X517| 2(t) = (u.0,...,0)7)

—1,,d d
—E (|6 + B (X212 2]" | 2() = (u,0,...,0)) = E [&; +au|",
where a, = E(X{;ZT)E’l(u,O,...,O)T. Furthermore, by Minkowski in-
equality,
d dyg d 3 e2\4 d
E g + aul® < (Bl + laul)” = (03 (B +aul)

where by denotes the d-th absolute moment of the standard Gaussian dis-
tribution. To conclude the proof, let us estimate E 12] and |a,|. We have

supE &7(t) < 2supEX£;2(t) +2supE [E <X;;(t)ZT(t))E*1(t)Z(t)] ’
teF teF ter
— 25upE X/ (1) + 2sup [E ZT(O)DME Z(t) + tr (D(t)E(t))] :
teF teF

where D(t) = S~ (t)E (X;;. (t)Z(t))E (X;;. (t)zT(t))z—l(t) and tr(A) is the
trace of a quadratic matrix A. Since all considered functions are continuous
with respect to t over the compact set ' and det ¥(¢) # 0 in F', all suprema
in the right-hand side are finite. Similarly,

sup lau (1)| = ‘E (X;;(t)ZT(t)) L) (u, 0, ... ,O)T‘

<sw|(E (5027 (1) =7 0), |l

where (b)1 is the first coordinate of a vector b. O
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Let us turn back to the proof of Theorem 3.2 . It suffices to show that
relations (15)-(17) hold. Let us start with (15).

If {t} € Jo then 6({t}) is empty. Hence in calculating uo({t}) we take
into account only the conditions (11) and (13), i.e., X(¢) > u and (2¢; —
1)X5(t) >0, j =1,...,d. Therefore,

Epo({t}) = P{X(£) > u, (2¢; — DX}(t) > 0,5 = 1,...,d}.

Ift=0,thene; =0forall j=1,...,d, and

|®(u/0(0)) — E uo({0})]
= [P{X(0) > u} —P{X(0) > u, Xj(0) < 0,5 =1,...,d}|

d
<) P{X(0) > u, X}(0) > 0},
j=1

If we combine this with Lemma 4.3 and Lemma 4.4, we get (15).

If {t} € Jo\ {0}, then
E po({t}) = P{X(£) > u, (255 — )X}(t) > 0,5 = 1,...,d}
<SP{X(t) > u} = D(u/o(t)),

which together with o(t) < o(0) yields (16).
To prove (17), denote by fi(J) the number of points ¢ € J satisfying only
conditions (11) and (12). Clearly,

k
> (-1 < ) 21)
=0

For simplicity, we assume that & = d, so J is the interior of the cube:
J =int F. For other faces of F, the proof is analogous.
Consider the random vector field of d + 1 variables

Zy(t) = (X() =0, X[ (8), ..., X4(1)) ", (v,t) €R x int F.

Denote by Z the Jacobian matrix of Z:

10X . X
2146) < 0 X;%(t) X;;:i(t)
0 Xq(t) ... Xgt)

11



It is not difficult to see that fi(J) coincides with the number of zeros of Z
in the domain (u,c0) X int F.. To count them, we apply Lemma 4.5 with

U= (u,00)xintF, Y =2, y=(0,0,...,0).

Evidently, the covariance matrix of Z, coincides with ¥ and det Z =
—det X”. Therefore, assumptions (a)-(c) of Theorem 3.2 imply that Z
satisfies the conditions of Lemma 4.5. Thus we have

Eﬂ(J):/F/OOE(|detZ{,(t)||Zv(t):O)va(t)(0)dvdt. (22)

By Holder’s inequality, we have

E (|det Z,(t)|| Zy(t) = 0) = E (| det (X[5(1)), .,y | Zot) = o)
< Y E(XTL®). XG0 Zu(6) =0)

(41,++,8q) €Sy
1/d

d
< ¥ [IE (X 0r zm=0)| |

(i15.-,14)€Sq [J=1

where S, is the set of all permutations of (1,...,d). By Lemma 4.6 there
exist positive constants A, B such that

E (1X7, (01| Z,(t) = 0) < (4 + Blu])".
Combining the last two inequalities we obtain
E (|det Z,(t)| | Zu(t) = 0) < d!I(A + Blv|)®. (23)

Furthermore, let us estimate pz, (+)(0). Since only the first component of
Z,(t) is non-centered,

1 v2
Pz, 1) (0) = exp ( — =qui(t) ),
0 (2r) % \/det 2(t) ( 2 )

where q11(t) is the element in the upper left corner of the matrix 1(¢). It
is known (see, e.g., [3, Th. 5, p. 86]) that ¢;1(¢) can be expressed in terms
of the conditional variance:

- 1 B 1

~ Var (X(¢) —v | X[(t),.... X,(t))  Var (X(t)|VX(t))

q1(t)

12



We have

Var (X (t) | VX (t)) < Var X (1),
and

Var (X (t) | VX (t)) = Var X (t)
if and only if X (¢) and VX (¢) were independent (see, e.g., [3, p. 72]). Since
X (0) and VX(0) are not independent (see Lemma 4.3), we get 1/¢11(0) <
Var X (0) = 02(0). The origin is a point of the global maximum of o(t),

therefore 1/q11(t) < o%(0) for all t € F. Since qi1(t) is continuous with
respect to ¢t (by the formula for a matrix inversion), we get

1
co = Inf azt—]>0.
0 teF [ ( ) qH(t)

Thus,

1 v 1
0) < exp| — ——5———— . 24
Pz.0)(0) (2m)(d+1)/2, /det (t) P ( 2 02(0) — c()) (24)
Finally, (21), (22), (23) and (24) yield (17), and the proof is complete.

5 Proofs of Theorems 3.3 and 3.4

The both proofs use the next asymptotic relation which is obtained using
Laplace’s method.

Lemma 5.1. Let H = H;”ZI[O, a;j] be a parallelepiped in R™, m > 1, where
ai,...,ay, are some positive real numbers. Consider functions f,S : H —
(0,00]. Put S; = dS/dt;, f{ = df /Oti, and Sj; = 9*S/0t;0t; whenever they
exist. Suppose that

(a) S has a unique global minimum at the origin,

(b) f,S € C(H),
(c) f € C S e C?in some neighborhood of the origin and > i~ Si(0) >

07
(d) supyep f(t)e 50 < co.
Then
/H f(t)e W gt = rﬂ,ljf%k_me_AS(o)[l +o(1)], A—4oco0. (25)

13



Proof. Fix some small € > 0, large A such that In? A/ < g and divide H
into three sets:

In? \1m
Hi= 0,217, Hy=[0,e)"\ Hy, Hy=H\[0,]"
Put
AN = [ f)e™Da, k=1,23.
Hy,
By Taylor’s formula,
0) + > #:5}(0) Z tit; Sl (0et) (26)
i=1 ij=1
and .
0) + Z tz‘f{i(étt) (27)
;=1

for some 6y, 0; € [0, 1]. Therefore,

Ap(A) = /H <f<0>+2t¢f;<étt)>
k =1
X exp [AS(O) — Aitisg( >\ Z tit; S5 (Ot) ] dt. (28)
=1

3,j=1

First, let us estimate Aj(\). We have
A1(N)

= £(0) [L + O(A ' In® \)] exp [-AS(0) + O(A~' In* \)] / exp[ AZts/ ]

m A~ In2

= f(0)e O 1+ o0 m* ] ] SOy
i—1 0

m _ ! —1 n2
= f(0)e MO 1+ oIt N)] A~ ml_[l .
S53(0)

f(0) me-ASO)] 4 ~
= s 1 +o0(1)], A—soc. (29)

14



Furthermore, put

m
Ky = sup | £(0) + Yt} (0rt)|
tEHQ i=1
and .
1
Ky = 5 sup S%(Gtt)‘
_ teH>
Since assumption (a ) holds, we Inay chose ¢ such that if t = (t1,...,tn)" €
Hy,s = (81,...,8m) € Hyand t; > s; for j = 1,...,m then S()>S(3)

Combining this Wlth (26) and putting s = (A2 ln)\ ,AT2In\), we get

2y m 4
A In* A
E Si(0) — Ko 2
i=1

S(t) > S(s) > S(0) +

for all t € Hs, which implies
y ln A
Ay(N) < Vin(Ha) Ky exp —In% ) Z SH0) + Ko—=| = 0(A1(N\))

as A — oo.
Finally, it follows from (a) and (b) that there exists 6 > 0 such that
S(t) = S(0) + ¢ for t € Hz. Therefore,

A3(N\) < Vi (H3) K7 exp [-AS(0) — M) = o(A1(\)), X — oo. (31)
Combining (29)-(31) concludes the proof. O

Now we return to the proofs of the theorems.

Proof of Theorem 8.3. By Fubini’s theorem,

Evd(Au):E/FH(X() w)dt = /P(X(t))u)dt

=[2Gl = [ [ sl [

Making a substitute x = 1/(1 — 2’), we get

EVa(Ay 1/2/ dt/ 1_$20 exp[ 31— a)? 02(75)] dzx.

15




To finish the proof, it suffices to apply Lemma 5.1 with

m=d+1, A=u? H=Fx]|0,1],

1 1
160 =g zm 0% = sg
In this case we have
1 1
f(0) = #(0)’ 5(0) = 202(0)’
o8, . oi(0) o9S,. 1
87151(0)__0'3(0)’ %(0)_ 0_2(0)7
and (3) follows from (25) and (20). O

To prove Theorem 3.4 we also need the following result.

Lemma 5.2 (Ibragimov, Zaporozhets). Let Y = {Y (t), t € K} be a Gaus-
sian random field, and K be a compact subset of R% with a non-empty
interior and a finite Hausdorff measure of the boundary. Put m(t) = EY (t)
and o%(t) = Var Y (t). Consider a zero set of Y

YH0)={te K :Y(t) =0}
and a zero set of the gradient of the normalized field Y/o
V' (0)={te K : V(Y/0)(t) = 0}.
Suppose that
(a) Y € CH(K) a.s.,
(b) EVa-1(Vy'(0)) < o0,
(c) o(t) >0 forallt € K.

Then

2V2m Jk 20°%(t) t
Proof. See [7]. O

EV, (Y 1(0)) = — exp [ mQ(t)] IEHVj((t))Hdt.

16



Proof of Theorem 3.4. The boundary of A, coincides with a zero set of the
translated field Y (¢) = X (¢) —u,t € F. Therefore, using Lemma 5.2, we get

s oo sl

To conclude the proof it remains to apply Lemma 5.1 with

m=d, \AN=u?, H=F,

_g|vX® _
10=2vg ] s0= g
In this case we have
10 =E V20 S0 = 5ag 500 =G0
and (4) follows from (25) and (20). O
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