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Foreword

These lecture notes give an introduction into the theory of stochastic processes for undergrad-
uate math students with a background knowledge of basic probability. They originated from a
one-term course on random functions held at Ulm University in the years 2007-2017.

The choice of material is canonical and reflects the scope of facts that, in my opinion, is a
must for every student interested in advanced probability. I would like to thank my colleagues
at the Institute of Stochastics for their valuable help during the creation process of the course.
In particular, I am grateful to Prof. V. Schmidt, Dr. J. Kampf, Dr. V. Makogin, Dr. P. Alonso-
Ruiz, S. Roth, J. Olszewski, R. Jager, who contributed both to the concept and the LaTeX
setup as well as drew my attention to numerous errors and typos in the preliminary version of
the text.

Evgeny Spodarev

Ulm, 15.08.2017



1 General theory of random functions

1.1 Random functions

Let (Q,.A, P) be a probability space and (S, B) a measurable space, Q,S # 0.

Definition 1.1.1
A random element X : Q@ — S is a A|B-measurable mapping (Notation: X € A|B), i.e.,

X !'B)={weQ:X(w)eBc A BehB.
If X is a random element, then X (w) is a realization of X for arbitrary w € Q.

We say that the o-algebra B of subsets of S is induced by the set system M (Elements of M
are hence subsets of §), if
B= N F

FOM
F-o-algebra on S
(Notation: B = ag(M)).
If S is a topological or metric space then M is often chosen as a class of all open sets of &
and o(M) is called the Borel o-algebra (Notation: B = B(S)).

Example 1.1.1 1. If S = R, B = B(R) then a random element X is called a random
variable.

2. f S =R™, B=B([R™), m > 1, then X is called a random vector. Random variables and
random vectors are considered in the lectures ,Elementary Probability and Statistics“
and ,,Stochastics I*

3. Let S be the class of all closed sets of R™. Let
M={{AeS:ANB# 0}, B - arbitrary compactum of R™}.

Then X : Q — S is a random closed set.

As an example we consider n independent uniformly distributed points Y7,...,Y, € [0,1]™
and Ri,...,R, > 0 (almost surely) independent random variables, which are defined on the
same probability space (€2, 4, P) as Y1,...,Y,. Consider X = U}, Br.(Y;), where B,(z) = {y €
R™: ||y — z|| < r}. Obviously, this is a random set. An example of a realization is provided in
Figure 1.1.

Exercise 1.1.1
Let (2,.4) and (S, B) be measurable spaces, B = o(M), where M is a class of subsets of S.
Prove that X : Q — S is A|B-measurable if and only if X~1(C) € A, C € M.

Definition 1.1.2

Let T be an arbitrary index set and (S, B;)ier a family of measurable spaces. A family
X ={X(t),t € T} of random elements X (¢) : @ — S; defined on (2, A, P) and .A|B;-measurable
for all t € T is called a random function (associated with (S, By)ier).



1 General theory of random functions 3

Fig. 1.1: Example of a random set X = US_, Bg, (Y;)

Therefore it holds X : Q x T — (&, t € T), i.e. X(w,t) € S forall w € Q, ¢t € T and
X(-,t) € A|B, t € T. We often omit w in the notation and write X (¢) instead of X (w,?).
Sometimes (S, By) does not depend on t € T as well: (S, B;) = (S,B) for all t € T

Special cases of random functions:

1. T CZ: X is called a random sequence or stochastic process in discrete time.
Example: T'=Z, N.

2. T CR: X is called a stochastic process in continuous time.
Example: T'=Ry, [a,b], —00 < a < b < oo, R.

3. TCR%d>2:X is called a random field.
Example: T = Z¢, Ri, R, [a, b]d.

4. T C B(RY) : X is called set-indexed process.
If X (-) is almost surely non-negative and o-additive on the o-algebra T, then X is called
a random measure.

The tradition of denoting the index set with 7', comes from the interpretation of t € T for
the cases 1 and 2 as time parameter.

For every w € Q, {X(w,t), t € T} is called a trajectory or path of the random function X.

We would like to prove that the random function X = {X(¢), t € T'} is a random element
within the corresponding function space, which is equipped with a g-algebra that now is spec-
ified.

Let St = [[;er St be the Cartesian product of S, t € T, ie.,, X € Spif X(t) € S, t € T.
The elementary cylindric set in St is defined as

Cr(By) ={X €Sr: X(t) € Br},

where t € T is a selected point from T" and B; € B, a subset of S;. Cp(B;) therefore contains
all trajectories X, which go through the , gate“ B, see Figure 1.2.

Definition 1.1.3
The cylindric o-algebra Br is introduced as a o-algebra induced in Sy by the family of all
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T

Fig. 1.2: Trajectories which pass a ,,gate“ B;.

elementary cylinders. It is denoted by By = ®icrBs. If By = B for all t € T, then BT is written
instead of Br.

Lemma 1.1.1
The family X = {X(¢), t € T} is a random function on (£2,.4, P) with phase spaces (S, B)ter
if and only if for every w € €2 the mapping w — X (w, -) is A|Bp-measurable.

Exercise 1.1.2
Prove Lemma 1.1.1.

Definition 1.1.4

Let X be a random element X : Q — S, i.e. X be A|B-measurable. The distribution of X is
the probability measure Px on (S, ) such that Px(B) = P(X~(B)), B € B.

Lemma 1.1.2

An arbitrary probability measure u on (S, B) can be considered as the distribution of a random
element X.

Proof Take 0 =S, A=85B,P=pand X(w) =w, w € Q. 0

When does a random function with given properties exist? A random function which consists
of independent random elements always exists. This assertion is known as

Theorem 1.1.1 (Lomnicki, Ulam):
Let (S, By, pt)ter be a sequence of probability spaces. It exists a random sequence X =
{X(t), t € T} on a probability space (£, A, P) (associated with (St, Bt)ier) such that

1. X(t), t € T are independent random elements.
2. Pxpy = on (S, B;), t€T.
A lot of important classes of random processes is built on the basis of independent random

elements; cf. examples in Section 1.2.

Definition 1.1.5

Let X = {X(t),t € T} be a random function on (€2, .4, P) with phase space (S, Bi)ier. The
finite-dimensional distributions of X are defined as the distribution law Py, of
(X(t1),..., X(tn)T on (Sty...tns By, for arbitrary n € N, ty,...,t, € T, where S, 4, =
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Sy X ... xS, and Byt = By, ® ... ® By, is the o-algebra in &, 4, which is induced by
all sets Bt1 X ... X Btn, Bt, € Btia 1= 1,. NNIN i.e., Pt1,...,tn(c) = P((X(tl), Ce ,X(tn))T S C),
C € By,,....t,,- In particular, for C' = By x ... x B, B, € By, one has

t,(B1 X ... X Byp) =P(X(t1) € By,...,X(tn) € By).

-----

Exercise 1.1.3
Prove that X, 4+, = (X(t1),... , X (t,))7 is an A|By, ... +,-measurable random element.

Definition 1.1.6

Let S; = R for all ¢ € T. The random function X = {X(t),t € T} is called symmetric, if all
of its finite-dimensional distributions are symmetric probability measures, i.e., Py, 4 (A) =
Pi, o (—A) for Ae By, 4, andalln €N, tq,...,t, € T, whereby

n

Piytn(—A) = P(—=X (t1),...,—X(tn))" € A).

Exercise 1.1.4

Prove that the finite-dimensional distributions of a random function X have the following
properties: for arbitrary n € N, n > 2, {t1,...,t,} C T, By € S, k = 1,...,n and an
arbitrary permutation (i1,...,4,) of (1,...,n) it holds:

1. Symmetry: Py, 1, (Br X ... X Bp) =Py, 1. (Biy X ... %X Bj,)

tin
2. Consistency: Py, 1, (B1 X ... x Bp_1 X 8,) =P 4, (B1 X...x By_1)

The following theorem evidences that these properties are sufficient to prove the existence of
a random function X with given finite-dimensional distributions.

Theorem 1.1.2 (Kolmogorov):
Let {Py, .+., n €N, {t1,...,t,} C T} be a family of probability measures on

R™ x ... x R™ BR™) @...® B(R™)),

which fulfill conditions 1 and 2 of Exercise 1.1.4. Then there exists a random function X =
{X(t),t € T} defined on a probability space (£2,.4,P) with finite-dimensional distributions
Ptlv---vtn'

Proof See [17], Section II.9. 0

This theorem also holds on more general (however not arbitrary!) spaces than R, on so-
called Borel spaces, which are in a sense isomorphic to ([0,1],B0,1]) or a subspace of that.

Definition 1.1.7

Let X = {X(¢), t € T} be a random function with values in (S,B), i.e., X(t) € S almost
surely for arbitrary t € T. Let (T,C) be itself a measurable space. X is called measurable if
the mapping X : (w,t) = X(w,t) € S, (w,t) € A x T, is A® C|B-measurable.

Thus, Definition 1.1.7 not only provides the measurability of X with respect to w € Q:
X(-,t)e AlBforallt € T, but X(-,-) € A® C|B as a function of (w,t). The measurability of
X is of significance if X (w,t) is considered at random moments 7 : Q@ — T, i.e., X (w,7(w)).
This is in particular the case in the theory of martingales if 7 is a so-called stopping time for
X. The distribution of X (w,7(w)) might differ considerably from the distribution of X (w,?),
tel.
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1.2 Elementary examples

The theorem of Kolmogorov can be used directly for the explicit construction of random pro-
cesses only in few cases, since for a lot of random functions their finite-dimensional distributions
are not given explicitly. In these cases a new random function X = {X(¢),t € T} is built as
X(t)=g(t,Y1,Ys,...),t € T, where g is a measurable function and {Y;,} a sequence of random
elements (also random functions), whose existence has already been ensured. For that we give
several examples.

Let X = {X(¢),t € T} be a real-valued random function on a probability space (£, A, P).

1. White noise:

Definition 1.2.1
The random function X = {X(¢),t € T} is called white noise, if all X(t), t € T, are
independent and identically distributed (i.i.d.) random variables.

White noise exists according to the Theorem 1.1.1. It is used to model the noise in
(electromagnetic or acoustical) signals. If X(¢) ~ Ber(p), p € (0,1), t € T, one means
Salt-and-pepper noise, the binary noise, which occurs at the transfer of binary data in
computer networks. If X (t) ~ N(0,0?%), 02 > 0, t € T, then X is called Gaussian white
noise. It occurs e.g. in acoustical signals.

2. Gaussian random function:

Definition 1.2.2
The random function X = {X(t), t € T'} is called Gaussian, if all of its finite-dimensional
distributions are Gaussian, i.e. for all n € N, t1,...,t, C T it holds

Xeotn = (X (1), X ()T ~ Nttt D),

tlv---vtn

where the mean is given by p, . ¢, =
is given by Zth._% = ((cov(X (t;), X (t
Exercise 1.2.1

Prove that the distribution of a Gaussian random function X is uniquely determined by its
mean value function p(t) =EX(t),t € T, and covariance function C(s,t) =E[X (s)X ()],
s,t € T, respectively.

(EX(t1),...,EX(t,))" and the covariance matrix
J ))Zj:l'

An example for a Gaussian process is the so-called Wiener process (or Brownian motion)
X ={X(t),t > 0}, which has the expected value zero (u(t) = 0,t > 0) and the covariance
function C(s,t) = min{s,t}, s,t > 0. Usually it is additionally required that the paths
of X are continuous functions.

We shall investigate the regularity properties of the paths of random functions in more
detail in Section 1.3. Now we can say that such a process exists with probability one
(with almost surely continuous trajectories).

Exercise 1.2.2

Prove that the Gaussian white noise is a Gaussian random function.

3. Lognormal- and x2-functions:
The random function X = {X(t), t € T} is called lognormal, if X (t) = ¥ ") where Y =
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{Y(t),t € T} is a Gaussian random function. X is called x2-function, if X (t) = ||Y (¢)]|?,
where Y = {Y(¢),t € T} is a Gaussian random function with values in R”, for which
Y (t) ~ N (0,1), t € T; here 1 is the (n x n)-unit matrix. Then it holds that X (t) ~ x2,
teT.

4. Cosine wave:
X ={X(t),t € R} is defined by X(t) = v/2cos(2nY +tZ), where Y ~ U([0,1]) and Z is
a random variable, which is independent of Y.

Exercise 1.2.3
Let X1, Xo,... be ii.d. cosine waves. Determine the weak limit of the finite-dimensional
distributions of the random function {ﬁ Y1 Xk(t), te R} for n — oo.

5. Poisson process:

Let {Y,}, cn be a sequence of i.i.d. random variables Y,, ~ Exp()), A > 0. The stochastic
process X = {X(t),t > 0} defined as X (¢) = max{n € N: > }'_; Y} <t} is called Poisson
process with intensity A > 0. X (¢) counts the number of certain events until the time
t > 0, where the typical interval between two of these events is Exp(\)-distributed. These
events can be claim arrivals of an insurance portfolio, the records of elementary particles
in the Geiger counter, etc. Then X (t) represents the number of claims or particles within
the time interval [0, ¢].

1.3 Regularity properties of trajectories

The theorem of Kolmogorov provides the existence of the distribution of a random function
with given finite-dimensional distributions. However, it does not provide a statement about
the properties of the paths of X. This is understandable since all random objects are defined
in the almost surely sense (a.s.) in probability theory, with the exception of a set A C Q with
P(A) =0.

Example 1.3.1
Let (Q2,A,P) = ([0,1],B([0,1]),v1), where vy is the Lebesgue measure on [0,1]. We define
{X=X(t), t€[0,1]} by X(t)=0,t€[0,1] and Y = {Y (¢), t € [0,1]} by

1, t=0,
Y(t) = { 0, sonst,

where U(w) = w, w € [0,1], is a U([0, 1])-distributed random variable defined on (£2,.4, P).
Since P(Y'(t) =0) =1,t € T, hence P(U =t) =0, t € T, it is clear that X 2y . Nevertheless,
X and Y have different path properties since X has continuous and Y has discontinuous volatile
trajectories, and P(X(t) =0, Vt € T') = 1, where P(Y(t) =0, Vt € T') = 0.

It may will be that the ,set of exceptions“ A (see above) is very different for X (¢) for every
t € T'. Therefore, we require that all X (t), ¢t € T, are defined simultaneously on a subset 2y C Q2
with P(€) = 1. The so defined random function X : Qo x T — R is called modification of
X :QxT — R. X and X differ on a set /€ with probability zero. Therefore we indicate later
when stating that ,random function X possesses a property C“ that it exists a modification
of X with this property C. Let us hold it in the following definition:
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Definition 1.3.1

The random functions X = {X(¢), t € T} and Y = {Y(¢), t € T} defined on the same prob-
ability space (92,.A,P) associated with (S, Bi)ier have equivalent trajectories (or are called
stochastically indistinguishable, or Y is a modification of X)) if

A={weQ: X(w,t) #Y(w,t) forateT}te A

and P(A4) = 0.
This term implies that X and Y have paths, which coincide with probability one.

Definition 1.3.2
The random functions X = {X(¢), t € T} and Y = {Y (¢), t € T'} defined on the same proba-
bility space (€, .A, P) are called (stochastically) equivalent, if

Bi={weQ: X(w,t) #Y(w,t)} € A, t €T,

and P(B;) =0, t € T. We can also say that X and Y are versions of one and the same random
function. If the space (92,4, P) is complete (i.e. the implication of A € A: P(A) =0 is for all
B C A: B € A (and then P(B) = 0)), then the indistinguishable processes are stochastically
equivalent. That is, all modifications of X are equivalent, but vice versa is not always true (it
is true for so-called separable processes. This is the case if T" is countable).

Exercise 1.3.1
Prove that the random functions X and Y in Example 1.3.1 are stochastically equivalent.

Definition 1.3.3
The random functions X = {X(¢), t € T} and Y = {Y (¢), t € T} (not necessarily defined on
the same probability space) are called equivalent in distribution, if Px = Py on (S, By)ier.

Notation: X 4 Y.

According to Theorem 1.1.2 it is sufficient for the equivalence in distribution of X and Y that
they possess the same finite-dimensional distributions. It is clear that stochastic equivalence
implies equivalence in distribution, but not the other way around.

Now, let T" and S be Banach spaces with norms | - |7 and | - |s, respectively. The random
function X = {X(t), ¢t € T} is now defined on (2, .4, P) with values in (S, B).

Definition 1.3.4
The random function X = {X (¢), t € T'} is called

a) stochastically continuous on T, if X (s) LX X (t), for arbitrary ¢t € T, i.e.
S5—

P(I1X(s) = X(t)|s > ¢) — 0 for all € > 0.

b) LP-continuous on T, p > 1, if X (s) L—pt> X(t), t e T, ie. E|X(s)— X(t)|s — 0. For
S— S—r

p = 2 the specific notation ,,continuity in the square mean® is used.

c) a.s. continuous on T, if X (s) f—st> X(t),teT,ie., P(X(s) — X(t)=11teT.
s— s—

d) continuous, if all trajectories of X are continuous functions.
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In applications one is interested in the cases ¢) and d), although the weakest form of continuity
is the stochastic continuity.

Lp—continuity‘ == ‘stochastic continuity‘ — ‘a.s. continuity‘ — ‘continuity of all paths

Why are cases ¢) and d) important? Let us consider an example.

Example 1.3.2

Let T = [0,1] and (9, A,P) be the canonical probability space with © = RO je. Q =
[Licpoa R Let X = {X(#), t €[0,1]} be a stochastic process on (£2,.4,P). Not all events are
elements of A, like e.g. A = {we€Q: X(w,t) =0 forallte€[0,1]} = Ny {X(w,t) =0},
since this is an intersection of measurable events from .4 in uncountable number. If how-
ever X is continuous, then all of its paths are continuous functions and one can write A =
Ntep { X (w, t) = 0}, where D is a dense countable subset of [0, 1], e.g., D = QN [0,1]. Then it
holds that A € A.

However, in many applications (like e.g. in financial mathematics) it is not realistic to
consider stochastic processes with continuous paths as models for real phenomena. Therefore,
a bigger class of possible trajectories of X is allowed: the so-called cddlig-class (cadlag =
continue a droite, limitée a gauche (fr.)).

Definition 1.3.5
A stochastic process X = {X(t), t € R} is called cddlag, if all of its trajectories are right-side
continuous functions, which have left-side limits.

Now, we would like to consider the properties of the notion of continuity (introduced above)
in more detail. One can note e.g. that the stochastic continuity is a property of the two-
dimensional distribution P,; of X. This is shown by the following lemma.

Lemma 1.3.1
Let X = {X(t), t € T} be a random function associated with (R, B(R)), where T is a Banach
space. The following statements are equivalent:

a) X(s) —— Y,
s—to

d
b) Py P Py

where tg € T and Y is a random variable. For the stochastic continuity of X, one should choose
to € T arbitrarily and Y = X (to).

Proof a) = b)
X(s) —— Y means (X(s), X(t))T —— (v, Y)7.
s—to s,t—to

P(I(X(s), X (1) = (Y, Y)l2 > £) < P(X(s) = Y| > ¢/V2) + P(IX(t) - Y| > ¢/V2) —— 0

s,t—to

(IX(s)=Y P+ X(0)-Y[?)/?

This results in Py, ﬁ) P(y7y), since E>-convergence is stronger than i)-convergence.
b) = a)
For arbitrary € > 0 we consider a continuous function g. : R — [0, 1] with ¢.(0) =0, g-(z) = 1,
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x ¢ B:(0). It holds for all s,t € T that

Ege(IX(s) = X(#)[) = P(IX(s) = X(8)] > &) + E(g=(IX (s) — X()[)1(|X (s) — X (1) < ¢)),

hence

PX(s) = X(0] > &) < Ege(1X(5) = X(O) = [ [ gu(lo = yDPus(d(z,y)
= //gs |z —y)Pvyy(d(z,y)) =0,

since P(y,yy is concentrated on {(z,y) € R®:z =y} and g.(0) = 0. Thus {X(s)},,, is a

fundamental sequence (in probability), therefore X (s) Lt) Y. O
s—rto

It may be that X is stochastically continuous, although all of the paths of X have jumps,
i.e. X cannot possess any a.s. continuous modification. The descriptive explanation for that
is that such X may have a jump at concrete t € T with probability zero. Therefore jumps of
the paths of X always occur at different locations.

Exercise 1.3.2
Prove that the Poisson process is stochastically continuous, although it does not possess any
a.s. continuous modification.

Exercise 1.3.3
Let T be compact. Prove that if X is stochastically continuous on T', then it also is uniformly
stochastically continuous, i.e., for all e, > 0 30 > 0, such that for all s,¢ € T with |s —t|p < ¢
it holds that P(| X (s) — X (t)|s > ¢) <.

Now let S = R, EX?%(t) < oo, t € T, EX(t) =0, t € T. Let C(s,t) = E[X(s)X(t)] be the
covariance function of X.

Lemma 1.3.2 a) Let for all tp € T X (s) 2 ¥ for a random variable Y with EY? < oc.

s—to
Then C(s,t) —— EY?
s,t—to

b) If C(s,t) —— a > 0, then there exists a random variable Y with EY? = a and

s,t—to
L2
X(s) — Y.
s—to

Proof a)
The assertion results from the Cauchy-Schwarz inequality:

C(s,t) — EY?| = |E(X(s)X(t)) - EY?| = [E[(X(s) = Y + Y)(X(t) = Y +Y)] - EY?|
< E[(X(s) = Y)(X () = V)| +E[(X(s) = Y)Y| + E[(X(t) — V)Y
< VE(X(s) - Y)?E(X(t) - Y)?

X ()= 12, X (5)-Y12,

+VEY2E(X(s) - V)2 + VEY2E(X(t) — V)2 —— 0
~—_— ~—_—

s,t—to

1X() Y12, 1X(0)-Y2,

with assumption a).
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b)

E(X(s) — X(t))* = E(X(s))® - 2E[X(s)X(t)] + E(X(1))?
= Of(s,8)+ C(t,t) — 2C(s,1) o 2EY? — 2EY? = 0.

2
Thus, {X(s), s — to} is a fundamental sequence in the L2-sense, and we get X (s) L—t> Y. O
S—10o

A random function X, which is continuous in the mean-square sense, may still have discon-
tinuous trajectories. In most of the cases which are practically relevant, X however has an a.s.
continuous modification. Later on this will become more precise by stating a corresponding
theorem.

Corollary 1.3.1

The centered random function X, which satisfies the conditions of Lemma 1.3.2, is continuous
on T in the mean-square sense if and only if its covariance function C : T? — R is continuous
on the diagonal diag 7% = {(s,t) € T? : s = t}, i.e., lims 41, C(s,t) = C(to,to) = Var X (to) for
all to € T.

Proof Choose Y = X () in Lemma 1.3.2. O

Remark 1.3.1
If X is not centered, then the continuity of u(-) = EX(t),t € T together with the continuity of
C on diag T? is required to ensure the L2-continuity of X on T.

Exercise 1.3.4
Give an example of a stochastic process with a.s. discontinuous trajectories, which is L2-
continuous.

Now we consider the property of (a.s.) continuity in more detail. As mentioned before, we
can merely talk about a continuous modification (or a version) of a process. The possibility to
possess such a version also depends on the properties of the two-dimensional distributions of
the process. This is stated in the following theorem (originally proven by A. Kolmogorov).
Theorem 1.3.1
Let X = {X(t), t € [a,b]}, —00 < a < b < 400 be a real-valued stochastic process. X has a
continuous version if there exist constants «, ¢, § > 0 such that

EIX(t 4 h) — X(t)|* < c|n|*, t € (a,b), (1.3.1)
for sufficiently small |h|. This modification is a.s. Holder-continuous with Holder exponent
v € (0,0/a).

Proof See e.g. [9], Theorem 2.23. 0

Now we turn to processes with cadlag-trajectories. Let (£2,.4,P) be a complete probability
space.

Theorem 1.3.2
Let X = {X(t), t > 0} be a real-valued stochastic process and D a countable dense subset of
[0,00). If

a) X is stochastically right-handside continuous, i.e., X (t + h) ﬁ X(t), t € [0,400),
—+
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b) the trajectories of X at every t € D have finite right- and left-hand side limits, i.e.,
|limp 10 X(t+ h)| < 00, t € D a.s.,

then X has a version with a.s. cadlag-paths.
Without proof.

Lemma 1.3.3

Let X = {X(t), t >0} and {Y =Y (t), t > 0} be two versions of a random function, both
defined on the probability space (2,4, P), with property that X and Y have a.s. right-hand
side continuous trajectories. Then X and Y are indistinguishable.

Proof Let Qx,Qy be ,sets of exception“, for which the trajectories of X and Y, respec-
tively are not right-sided continuous. It holds that P(2x) = P(Qy) = 0. Consider A; =
{we: X(w,t) #Y(w,t)}, t €[0,+00) and A = Useq, As, where Q. = QN [0, +00). Since X
and Y are stochastically equivalent, it holds that P(A) = 0 and therefore

P(A) <P(A)+P(Qx) +P(Qy) =0,

where A = AUQx UQy. Therefore X (w,t) = Y (w,t) holds for t € Q; and w € Q\ A. Now, we
prove this for all ¢ > 0. For arbitrary ¢ > 0 a sequence {t,,} C Q exists, such that ¢, | ¢t. Since
X(w,t,) = Y(w,t,) for all n € N and w € Q\ A, it holds that X (w,t) = lim, oo X (w,t,) =
limy, 500 Y(w,t,) = Y(w,t) for t > 0 and w € Q\ A. Therefore X and Y are indistinguishable.
U

Corollary 1.3.2
If cadlag-processes X = {X(t), t > 0} and Y = {Y (¢), t > 0} are versions of the same random
function then they are indistinguishable.

1.4 Differentiability of trajectories

Let T be a linear normed space.

Definition 1.4.1
A real-valued random function X = {X(t), t € T'} is differentiable on T in direction h € T
stochastically, in the LP-sense, p > 1, or a.s., if

lim X(t+hl) — X(t)

=X, (t), teT
150 l w(t) t€

exists in the corresponding sense, namely stochastically, in the LP-space or a.s..

The Lemmas 1.3.1 - 1.3.2 show that the stochastic differentiability is a property that is deter-

mined by three-dimensional distributions of X (because the joint distribution of w

and w should converge weakly), whereas the differentiability in the mean-square
sense is determined by the smoothness of the covariance function C(s, ).

Exercise 1.4.1
Show that

1. the Wiener process is not stochastically differentiable on [0, 00).
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2. the Poisson process is stochastically differentiable on [0, c0), however not in the LP-mean,
p> 1.

Lemma 1.4.1

A centered random function X = {X(¢), t € T} (i.e., EX(t) =0, t € T) with E[X?(t)] < o0,t €

T is L*-differentiable at t € T in direction h € T 12f its covariance function C' is differentiable

twice in (t,t) in direction h, i.e., if 3 Cy, (t,t) = %Sch(;t’z)‘ . X, (t) is L-continuous in t € T
S=

if Cy,(s,t) = Eiigt’;) is continuous in s = t. Moreover, C,, (s,t) is the covariance function of

X, = {X,(t), t € T}.

Proof According to Lemma 1.3.2 it is enough to show that

I = lim E

1,I'=0

<X(t +1h) = X(t) X(s+1h)— X(s))
l !

exists for s = t. Indeed we get

1

1= (Clt+1h,s+1h) = Clt+1h,5) = Clt,s + 1) + C(t,5))
1[(Ct+1h,s+1h)—Ct+1h,s) C(t,s+1h)—C(t,s) "
= 7 l, - l/ , Chh (S’ t)
I,I'—=0
All other statements of the lemma result from this relation. O

Remark 1.4.1

The properties of the LP-differentiability, p > 1 and a.s. differentiability of random functions
are disjoint in the following sense: there are stochastic processes that have L?-differentiable
paths, although they are a.s. discontinuous, and vice versa, processes with a.s. differentiable
paths are not always L'-differentiable, since e.g. the first derivative of their covariance function
is not continuous.

1.5 Moments and covariance

Let X = {X(t), t € T} be a random function that is real-valued, and let T' be an arbitrary
index space.

Definition 1.5.1

The mized moment pt--3n)(ty, ... t,) of X of order (ji,...,jn) € N?, t1,... t, € T is given
by M(ﬁ,..-,jn)(th cooytn) = E[X71(t1) - ... XIn(t,)], where it is required that the expected value
exists and is finite. Then it is sufficient to assume that E|X(t)]Y < oo for all ¢ € T and

Important special cases:
Lop(t) =pM(t) =EX(t), t € T — mean value function of X.

2. Y (s,1) = E[X(s)X(t)] = C(s,t) — (non-centered) covariance function of X. Whereas
the centered covariance function is: K(s,t) = cov((X(s), X (t)) = p(bV (s, t) — pu(s)u(t),
s,teT.
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Exercise 1.5.1
Show that the centered covariance function of a real-valued random function X

1. is symmetric, i.e., K(s,t) = K(t,s), s,t € T.

2. is positive semidefinite, i.e., forn € N, t1,...,t, €T, 2z1,..., 2, € R it holds that

n

Z K(ti,tj)zizj Z 0.
i,j=1

3. satisfies K (t,t) =VarX(t),t € T.

Properties 1)-2) also hold for the non-centered covariance function C(s,t).

The mean value function pu(t) shows a (non-random) trend. If p(t) is known, the random
function X can be centered by considering a random function Y = {Y'(¢), t € T} with Y (¢) =
X(t)—p(t),teT.

The covariance function K (s,t) (C(s,t), respectively) contains information about the depen-

. CH) B\ s, teT:
K(s,8)K(t,t)

K(s,s) = Var X(s) > 0, K(t,t) = Var X(¢t) > 0 is used instead of K and C, respectively. Be-
cause of the Cauchy-Schwarz inequality it holds that |R(s,t)| <1, s,t € T.. The set of all mixed
moments in general does not (uniquely) determine the distribution of a random function.

dence structure of X. Sometimes the correlation function R(s,t) =

Exercise 1.5.2
Give an example of different random functions X = {X(¢), t € T} and Y = {Y (t), t € T}, for
which it holds that EX (¢t) = EY (¢), t € T and E(X(s)X (¢)) = E(Y (s)Y (¢)), s,t € T.

Exercise 1.5.3

Let v : T'— R be a measurable function and K : T'xT — R be a positive semidefinite symmetric
function. Prove that there exists a random function X = {X(¢), t € T} with EX(t) = u(?),
cov(X(s), X (t)) = K(s,t), s,t € T.

Let now X = {X(t), t € T} be a real-valued random function with E|X (¢)|* < oo, t € T,
for a k € N.

Definition 1.5.2
The mean increment of order k of X is given by (s, t) = E(X(s) — X (¢))*, s,t € T.

Special attention is paid to the function v(s,t) = 37va(s,t) = SE(X(s) — X(1))?, s,t € T,
which is called variogram of X. In geostatistics the variogram is often used instead of the
covariance function. Sometimes we discard the condition EX?(t) < oo, t € T, instead we
assume that (s, t) < oo for all s,t € T.

Exercise 1.5.4
Prove that there exist random functions without finite second moments with ~(s,t) < oo,
s,teT.

Exercise 1.5.5
Show that for a random function X = {X(¢), ¢ € T'} with mean value function p and covariance
function K it holds that:

K(s,s) + K(t,t)
2

A (s, 1) = ~ K(s,0) + 5 (uls) — (1), s,teT
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If the random function X is complez-valued, i.e., X : Q@ x T'— C, with E|X(t)]* < oo, t eT,
then the covariance function of X is introduced as K(s,t) = E(X(s) — EX(s))(X(¢) — EX(¢)),
s,t € T, where z is the complex conjugate of z € C. Then it holds that K(s,t) = (t K(t,s),
s,t € T, and K is positive semidefinite, i.e, for allm € N, t1,...,t, €T, 21,...,2, € C it holds
that >0,y K(ti,t5)ziZ; > 0.

1.6 Stationarity and Independence

T be a subset of the linear vector space with operations 4+, — over space R.

Definition 1.6.1
The random function X = {X(¢), t € T} is called stationary (strict sense stationary) if for all
neN, h,ty,...,t, €T with t; + h,...,t, +h € T it holds that:

PX(t1), X (tn)) = PX(t14R) 0 Xt 4 1)

i.e., all finite-dimensional distributions of X are invariant with respect to translations in 7.

Definition 1.6.2

A (complex-valued) random function X = {X(¢), ¢t € T'} is called second-order stationary (or
wide sense stationary) if E|[X(t)|? < oo, t € T, and u(t) = EX(t) = u, t € T, K(s,t) =
cov(X(s),X(t) = K(s+h,t+h)forall h,s,t €T :s+h,t+heT.

If X is second-order stationary, it is convenient to introduce a function K (t) := K(0,t),t € T
whereby 0 € T

Strict sense stationarity and wide sense stationarity do not result from each other. However
it is clear that if a complex-valued random function is strict sense stationary and possesses
finite second-order moments, then the function is also second-order stationary.

Definition 1.6.3

A real-valued random function X = {X(t), t € T} is intrinsic second-order stationary if
Vi(s,t), s,t € T exist for k < 2, and for all s,t,h € T, s+ h,t+h € T it holds that v, (s,t) =0,
Y2(s,t) = y2(s + h,t + h).

For real-valued random functions, intrinsic second-order stationarity is more general than
second-order stationarity since the existence of E|X (¢)|?, t € T is not required.
The analogue of the stationarity of increments of X also exists in strict sense.

Definition 1.6.4
Let X = {X(¢t), t € T} be a real-valued stochastic process, ' C R. It is said that X

1. possesses stationary increments if for all n € N, h, tg,t1,t2,...,t, € T, with
to<ti<ta<...<tp,t;+heT,i=0,...,n the distribution of
(X(t1+h) = X(to+h),...,X({tn +h) — X(tn_1+h)T
does not depend on h.

2. possesses independent increments if for alln € N, tg,t1,...,t, € Twithtg <t; < ... <ty
the random variables X (¢o), X (t1) — X (t0), ..., X (tn) — X (tn—1) are pairwise independent.

Let (S1, B1) and (S2, B2) be measurable spaces. In general it is said that two random elements
X:Q— S and Y : Q — Sy are independent on the same probability space (2,4, P) if
P(X € Al,Y € Ag) = P(X S Al)P(Y S Ag) for all A; € Bl, Ay € Bs.
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This definition can be applied to the independence of random functions X and Y with phase
space (St, Br), since they can be considered as random elements with §; = Sy = Sy, B = By =
Br (cf. Lemma 1.1.1). The same holds for the independence of a random element (or a random
function) X and of a sub-c-algebra G C A: this is the case if P({X € A}NG) = P(X € A)P(G),
forall Ae By, GegG (or A€ Br, G€g).

1.7 Processes with independent increments

In this section we concentrate on the properties and existence of processes with independent
increments.

Let {¢st, s,t > 0} be a family of characteristic functions of probability measures Qs+, s,t > 0
on B(R), i.e., for z € R, s,t > 0 it holds that ¢s¢(2) = [ €** Qs ¢(dz).

Theorem 1.7.1

There exists a stochastic process X = {X(¢), t > 0} with independent increments with the
property that for all s,¢ > 0 the characteristic function of X (¢) — X (s) is equal to ¢, if and
only if

Ps,t = Ps,uPut (1.7.1)

for all 0 < s < u < t < co. Thereby the distribution of X (0) can be chosen arbitrarily.

Proof The necessity of the condition (1.7.1) is clear since for all s,u,t € (0,00) : s < u < ¢

it holds X (t) — X(s) = X(t) — X(u)+ X (u) — X(s), and X (t) — X(u) and X (u) — X(s) are
i Y

independent. Then it holds ¢, = Yvi4+vs = Vv PYs = PsuPut-

Now we prove the sufficiency.

If the existence of a process X with independent increments and property @x()—x(s) = ¥st

on a probability space (2,4, P) had already been proven, one could define the characteristic

functions of all of its finite-dimensional distributions with the help of {¢s;} as follows.

Letn €N, 0=tg<t;1 <...<t,<ooandY = (X(to), X(t1) — X(t0), .., X(tn) — X(tn-1))".

The independence of increments results in

SOY(Z()a Zlye-os Zn) = Eei<Z7Y> = SOX(to)(ZO)QOto,tl (Zl) s Pl 1tn (Zn)7 z € Rn+17
—_—————

z

where the distribution of X (¢y) is an arbitrary probability measure Qo on B(R). For Xy, . ;
(X(to), X (t1),..., X (ts))" however it holds that Xy, ;, = AY, where

n

100 ... 0
110 ... 0
A=1]11 11 0
111 1

.....
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where I = (I1,11,...,1,)" = ATz, thus

lo = z04+...+ 2,
ll = zZ1+...+2n
l, = zn

Thereby vx (1) = vqQo and wx;, ;. (21,5 20) = ©x 4, (0,21, ..., 2) holds for all 2; € R.
Now we prove the existence of such a process X.
For that we construct the family of characteristic functions

{(ptoa Soto,tl,...,tna Sotl,...,tna 0= tO < tl <...< tn < 0, N S N}
from ¢, and {ps:, 0 < s <t} as above, thus
Pto = PQos Pt1,....tn (07 Zlyeees Zn) = Pto,t1,tn (07 21y 7Zn)7 z; € R,

Pto,tn(2) = Pt (20 + -+ 20) 010 (21 + o+ 20) - P11, (20)-

Now we have to check whether the corresponding probability measures of these characteristic
functions fulfill the conditions of Theorem 1.1.2. We will do that in equivalent form since by
Exercise 1.8.1 the conditions of symmetry and consistency in Theorem 1.1.2 are equivalent to:

a) Pligyoitin (Zigs -+ s Zin) = Pto,...tn (20, .., 2n) for an arbitrary permutation (0,1,...,n) —
(i07 ila cee 7in)7
b)) to,tm ittt seostn (205 -+ > Zm—1s Zmt1s - - -3 Zn) = Ptg,tn (205 - -5 0,..., 2y), for all

205---y2n ER;me{l,... ,n}.
Condition a) is obvious. Condition b) holds since

by (1.7.1)
Ctmtstm (0 F Zmg1 oo 20) Pt tonis Zmt1 + oo 20) = P tmss (Bt -+ 20)

for all m € {1,...,n}. Thus, the existence of X is proven. O

Example 1.7.1 1. If T'= Ny = NU {0}, then X = {X(¢), t € No} has independent incre-
ments if and only if X (n) 4
Y, 4 X(n) —X(n—1), n € N. Such a process X is called random walk. It may also be

defined for Y; with values in R™.

o Y:, where {Y;} are independent random variables and

2. The Poisson process with intensity A has independent increments.

3. The Wiener process possesses independent increments.

Exercise 1.7.1
Prove that!

Exercise 1.7.2

Let X = {X(t), t > 0} be a process with independent increments and g : [0,00) — R an
arbitrary (deterministic) function. Show that the process Y = {Y (), ¢t > 0} with Y (t) =
X(t) +g(t), t > 0, also possesses independent increments.
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1.8 Additional exercises

Exercise 1.8.1
Prove the following assertion: The family of probability measures Py ¢, on (R"™, B(R")),
n>1t=(t,... ,tn)T € T" fulfills the conditions of the theorem of Kolmogorov if and only
if for n > 2 and for all s = (s1,...,5,)" € R" the following conditions are fulfilled:

)

o ((81,..0,80) ") = PPyt ((Sx(1)s- -+ 8a(my) ") for all m € S,.

tn((slv ey Sn—1, O)T)

Remark: ¢(-) denotes the characteristic function of the corresponding measure. S,, denotes the
group of all permutations 7 : {1,...,n} — {1,...,n}.

a) @Ptl

.....

b) PPey, oty ((s15- -5 Sn—l)T) = PPy

,,,,,

Exercise 1.8.2
Show the existence of a random function whose finite-dimensional distributions are multivariate-
normally distributed and explicitly give the measurable spaces (Ey, . +,,Et,...tn)-

Exercise 1.8.3
Give an example of a family of probability measures Py, .. ;,, which do not fulfill the conditions
of the theorem of Kolmogorov.

Exercise 1.8.4
Let X = {X(¢t),t €T} and Y = {Y (t), t € T'} be two stochastic processes which are defined on
the same complete probability space (€2, F,P) and which take values in the measurable space

(S, B).
a) Prove that: X and Y are stochastically equivalent = Py = Py-.

b) Give an example of two processes X and Y for which holds: Px = Py, but X and Y are
not stochastically equivalent.

c) Prove that: X and Y are stochastically indistinguishable = X and Y are stochastically
equivalent.

d) Prove in the case of countability of T: X and Y are stochastically equivalent = X and
Y are stochastically indistinguishable.

e) Give in the case of countable T" an example of two processes X and Y for which holds:
X and Y are stochastically equivalent but not stochastically indistinguishable.

Exercise 1.8.5
Let W = {W(t), t € R} be a Wiener Process. Which of the following processes are Wiener
processes as well?

a) Wi = {Wl(t) = —W(t), t e R},
b) W, = {Wa(t) := VAW (1), t € R},
¢) Wi = {W(t) := W(2t) — W(t), t € R}.

Exercise 1.8.6

Let a stochastic process X = {X(t), ¢t € [0,1]} be given which consists of independent and
identically distributed random variables with density f(x), = € R. Show that such a process
can not be continuous in ¢t € [0, 1].



1 General theory of random functions 19

Exercise 1.8.7
Let X = {X(t), t € [a,b]} be a real-valued stochastic process in Theorem 1.3.1 (criterion of
Kolmogorov). Show that:

a) If you fix the variable § = 0 in condition (1.3.1), then in general the condition is not
sufficient for the existence of a continuous modification. Hint: Consider the Poisson
process.

b) The Wiener process W = {W(t), t € [0,00)} possesses a continuous modification. Hint:
Consider the case o = 4.

Exercise 1.8.8
Give an example of a stochastic process X = {X(¢), t € T'} whose paths are simultaneously
L2-differentiable but not almost surely differentiable.

Exercise 1.8.9
Give an example of a stochastic process X = {X(¢), t € T'} whose paths are simultaneously
almost surely differentiable but not L'-differentiable,.

Exercise 1.8.10
Prove that a (real-valued) stochastic process X = {X(¢), t € [0,00)} with independent incre-

ments already has stationary increments if the distribution of the random variable X (¢ + h) —
X (h) is independent of h.



2 Counting processes

In this chapter we consider several examples of stochastic processes which model the counting
of events and thus possess piecewise constant paths.

Let (©2,A,P) be a probability space and {Sy},cy @ non-decreasing sequence of a.s. non-
negative random variables, i.e. 0 < 51 < Sy <... <85, < ...

Definition 2.0.1
The stochastic process N = {N(t), t > 0} is called counting process if

N =3 1S < 1),

where 1(A) is the indicator function of the event A € A.

N(t) counts the events which occur at \S,, until time ¢. .S,, e.g. may be the time of occurrence
of

1. the n-th elementary particle in the Geiger counter, or

2. a damage claim in the non-life insurance, or

3. a data package at a server within a computer network, etc.

A special case of the counting processes are the so-called renewal processes.

2.1 Renewal processes

Definition 2.1.1

Let {T},}nen be a sequence of i.i.d. non-negative random variables with P(7T} > 0) > 0. A
counting process N = {N(t), t > 0} with N(0) = 0 a.s., S, = > 71Tk, n € N, is called
renewal process. Thereby S, is called the time of the n-th renewal, n € N.

The name ,,renewal process® is given by the following interpretation. The ,interarrival times“
T, are interpreted as the lifetime of a technical spare part or mechanism within a system, thus
Sy, is the time of the n-th break down of the system. The defective part is immediately replaced
by a new part (comparable with the exchange of a light bulb). Thus, N(¢) is the number of
repairs (the so-called ,renewals®) of the system until time ¢.

Remark 2.1.1 1. Itis N(t) = 00 if S, <t for all n € N.

2. Often it is assumed that only 15,73, ... are identically distributed with ET,, < co. The
distribution of T} is freely selectable. Such a process N = {N(t), t > 0} is called delayed
renewal process (with delay T7).

3. Sometimes the requirement 7,, > 0 is omitted.

20
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AN()

Fig. 2.1: Construction and trajectories of a random process

4. Tt is clear that {Sy }nen, with Sop =0 a.s., S, = >p—1 Tk, n € N is a random walk.

5. If one requires that the n-th exchange of a defective part in the system takes a time 7).,
then by T,, = T,,+ T}, n € N a different renewal process is given. Its stochastic properties
do not differ from the process which is given in Definition 2.1.1.

In the following we assume that u = ET,, € (0,00), n € N.

Theorem 2.1.1 (Individual ergodic theorem):
Let N = {N(t), t > 0} be a renewal process. Then it holds that:

lim M = l a.s.
t—oo t H

Proof For all ¢ > 0 and n € N it holds that {N(t) = n} = {S, < t < Sp4+1}, therefore
Sy << Sy()+1 and

Snw _ _t _ Sxwn N +1
N({t) ~ N({t) ~ N@t)+1 N(t)

If we can show that S0 %, pand N(t) =2+ oo, then
N(t) t—o0 t—o0

ﬁ % 1 holds and therefore

the assertion of the theorem.

According to the strong law of large numbers of Kolmogorov (cf. lecture notes ,Wahrschein-
a.s.

lichkeitsrechnung® (WR), Theorem 7.1.4) it holds that %” ——— u, thus Sy, % oo and there-

n—oo

fore P(N(t) < co) = 1 since P(N(t) = 00) =P( S, <t,Vn) =1—P(3n:Vm € Ng Spm > 1) =

=1, if Sp—=—c0

n—00

1—1=0. Then N(t), t > 0, is a real random variable.
We show that N(t) ta—s> oo. All trajectories of N(t) are monotonously non-decreasing in
—00
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t >0, thus Ilimy_, N(w,t) for all w € Q. Moreover it holds that

P(lim N(f) <o) = lim P(lim N(¢) <n) & lim lim P(N(t) < n)

t—00 n—00 t—o0 n—00 t—00

n—oo t—oo n—o0 t—o0

= lim lim P(S, > ¢) = lim lim P(}_ Ty > t)
k=1

n

t
lim lim Y P(T > —)=0.
n—oo t—o00 n
k=1 ———
—0

t— o0

IN

The equality (%) holds since {lim;oo N(t) < n} = {Jtg € Q4 : Vt > to N(t) < n} =
Uteq, MNicqy {N(t) < n} = liminf;cq, {N(t) < n}, then the continuity of the probability
t—00

t>to
measure is used, where Q1 = QN Ry = {g € Q : ¢ > 0}. Since for every w € Q it holds
that limy, e 52 = limy_o0 ‘j\,’\'—((tt)) (a realization of N(-) is a subsequence of N), it holds that
. S .
lim; oo % E - 0

Remark 2.1.2
One can generalize the ergodic theorem to the case of non-identically distributed T},. Thereby
we require that ju, = ETy, {15, — fin},cy are uniformly integrable and % b1 Mk —oH> 0.
Then we can prove that w LN (cf. [2], page 276).

t—oo M
Theorem 2.1.2 (Central limit theorem):
If 4 € (0,00), 02 = Var T} € (0,00), it holds that

N(@) 5 4
K g\/i t—o00

3
2

where Y ~ N(0,1).

Proof According to the central limit theorem for sums of i.i.d. random variables (cf. Theorem
7.2.1, WR) it holds that

S —
On — L> Y. (2.1.1)
no2 n—oo

Let [z] be the integer part of z € R. It holds for a = Z—g that

P(Wﬁx) :P<N(t)§x\/§+2>=P<5m(t)>t>a

where m(t) = {x\/a + ﬂ +1,¢ >0, and lim¢_,oc m(t) = co. Therefore we get that

‘P (Mt); <x> — ®(z)
N
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for arbitrary ¢t > 0 and = € R, where ® is the distribution function of the A/(0, 1)-distribution.

For fixed x € R we introduce Z; = —% —x,t > 0. Then it holds that
g m

Sm t) — /‘Lm(t)

o/m(t)

+Zy > —a:) — ®(z)].

If we can prove that Z; == 0, then applying (2.1.1) and the theorem of Slutsky (Theorem
o

6.4.1, WR) would result in Sminy—#m(t) | Zi 25y ~ N(0,1) since Z, = 0 a.s. results in
—00

oy/m(t) t—o00

Z —>t_il 0. Therefore we could write I;(x) — ’i)(—ac) - @(:U)’ = |®(z) — ®(x)| = 0, where

®(z) = 1 — ®(x) is the tail function of the A/(0, 1)-distribution, and the property of symmetry

of N(0,1) : ®(—z) = ®(z), z € R was used.
Now we show that Z; —— 0, thus L), —g. Tt holds that m(t) = a+v/at + L + (1),

oy/m(t) t—oo

where £(t) € [0,1). Then it holds that
t—pm(t)  t—pavat —t— pe(t) Vatp pe(t)

o/m(t) o/m(D) T e fevait fre) ovm®
_ T o pe(d)
U\/%—i-;a—l-ec(f) ovm(t)
_ Ty o pe(t) B
\/5 PPN ay/mft) t=ee
—0
P o
O
Remark 2.1.3

In Lindeberg form, the central limit theorem can also be proven for non-identically distributed
Ty, cf. [2, pages 276 - 277].

Definition 2.1.2
The function H (t) = EN(¢), t > 0is called renewal function of the process N (or of the sequence

{Sn}tnen)-

Let Pr(z) = P(Th < z), x € R be the distribution function of 7;. For arbitrary distribution
functions F,G : R — [0, 1] the convolution F x G is defined as F' x G(x) = fifoo F(x —y)dG(y).
The k-fold convolution F** of the distribution F with itself, k € Ny, is defined inductively:

FO2) = 1(z €[0,00)), = € R,
F*'(z) = F(z), z €R,
D) = PRy F(x), 2 eR.
Lemma 2.1.1

The renewal function H of a renewal process N is monotonously non-decreasing and right-sided
continuous on R, . Moreover it holds that

H(t) = i P(S, <t) = f: M), ¢ > 0. (2.1.2)
n=1 n=1
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Proof The monotonicity and right-sided continuity of H are consequences from the almost
surely monotonicity and right-sided continuity of the trajectories of N. Now we prove (2.1.2):

)= (),
n=1

since P(S, <t)=P(Th +...+ T, <t) = F;"(t), t > 0. The equality (*) holds for all partial
sums on both sides, therefore in the limit as well. O

H(t) =

1[M]8
"
IA

M
z
w
IA
||
M
co
AN

Except for few cases it is impossible to calculate the renewal function H by the formula
(2.1.2) analytically. Therefore the Laplace transform of H is often used in calculations. For a
monotone (e.g. monotonously non-decreasing) right-sided continuous function G : [0,00) — R
the Laplace transform is defined as lg(s) = JoT e *¥dG(z), s > 0. Here the integral is to be
understood as the Lebesgue-Stieltjes integral, thus as a Lebesgue integral with respect to the
measure pg on Bg, defined by pa((z,y]) = G(y) —G(x), 0 < z <y < oo, if G is monotonously
non-decreasing.

Just to remind you: the Laplace transform Ix of a random variable X > 0 is defined by
Ix(s) = [3° e s*dFx(z), s > 0.

Lemma 2.1.2
For s > 0 it holds that: )
ln(s) = o)
1-— lTl (S)

Proof It holds that:

[11(5) :/0 e dH (z (212)/ m‘d(Z >_§:1/Oooe—sxdF*”(x)
- Ziﬁ (s Z( 9)" _ )

n=1 1_lT1()

where for s > 0 it holds that [z, (s) < 1 and thus the geometric series 2, (lAT1 (s))n converges.
U

Remark 2.1.4
If N ={N(t), t > 0} is a delayed renewal process (with delay T1), the statements of Lemmas
2.1.1 - 2.1.2 hold in the following form:

1.
H(t) =Y (Fr, =« Ff")(t), t >0,
n=0

where Fp, and Fr,, respectively are the distribution functions of 77 and T;,, n > 2,
respectively.

> . lATl (S) s
lg(s) = 71 — ZT2 (s)’ >0, (2.1.3)

where ZTl and ZTQ are the Laplace transforms of the distribution of 77 and T,,, n > 2.
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For further observations we need a theorem (of Wald) about the expected value of a sum
(with random number) of independent random variables.

Definition 2.1.3

Let v be a N-valued random variable and be {X,}, .y a sequence of random variables defined
on the same probability space. v is called independent of the future, if for all n € N the event
{v < n} does not depend on the o-algebra o({ Xy, k > n}).

Theorem 2.1.3 (Wald’s identity):

Let { X, },cn be a sequence of random variables with sup E[X,,| < 0o, EX,, = a, n € N, and let
v be a N-valued random variable which is independent of the future, with Ev < oco. Then it
holds that

E(Z Xn) =a-Ev.
n=1

Proof Calculate S, = > 7_; Xg, n € N. Since Ev = Y7 | P(v > n), the theorem follows from
Lemma 2.1.3. O

Lemma 2.1.3 (Kolmogorov-Prokhorov):
Let v be a N-valued random variable which is independent of the future and it holds that

Z P(v > n)E|X,,| < cc. (2.1.4)
n=1

Then ES, =72, P(v > n)EX,, holds. If X,, > 0 a.s., then condition (2.1.4) is not required.

Proof It holds that S, = Y7 1 X, = >;2; X,1(v > n). We introduce the notation S, , =
>h—1 Xil(v > k), n € N. First, we prove the lemma for X,, > 0 f.s., n € N. It holds S, , T Sy,
n — oo for every w € 2, and thus according to the monotone convergence theorem it holds
that: ES, = lim,, 00 ESy, = limy, oo >y E(Xik1(v > k)). Since {v >k} = {v <k —1}°
does not depend on o(Xy) C o({X,, n > k}) it holds that E(X;1(v > k)) = EX;P(v > k),
k € N, and thus ES, =>72, P(v > n)EX,,.

Now, let X,, be arbitrary. Take Y,, = |X,,|, Zn, = >3 1 Y, Zum = 2 pq Yel(v > k), n € N.
Since Y,, > 0, n € N, it holds that EZ, = Y >°, E(|X,|)P(v > n) < oo from (2.1.4). Since
]Sy7n| < Zyn < Zy, n € N, according to the dominated convergence theorem of Lebesgue it
holds that ES, = lim;,, o0 ESyn = > ney EX,P(v > n), where this series converges absolutely.
]

Corollary 2.1.1 1. For an arbitrary Borel measurable function ¢ : Ry — R, and the
renewal process N = {N(t), t > 0} with interarrival times {T,,}, T;, i.i.d., p = ET,, €
(0,00) it holds that

N(t)+1
E ( > g(Tn)) = (1+ H(t))Eg(Ty), t > 0.
n=1
2. H(t) < oo, t > 0.

Proof 1. For every t > 0 it is obvious that ¥ = 1 4+ N(t) does not depend on the future of
{T), }nen, the rest follows from Theorem 2.1.3 with X,, = g(7},), n € N.
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2. For s > 0 consider T\*) = min{7,, s}, n € N. Choose s > 0 such that for freely selected
(but fixed) small € > 0 : p(®) = ETl(s) > pu—e > 0. Let N® be the renewal process which
is based on the sequence {Tés)}neN of interarrival times: N()(t) = 3%, 1(57({3) < t),
t > 0, where St = 1(8) +...+ TT(ZS), n € N. It holds N(t) < N®)(t), t > 0, a.s., and
according to Corollary 2.1.1 1):

(1t — ) (ENO(£) +1) < uOENS (1) +1) = ES](\?BS)(t)+1 - E(S](j25>(t) +T](\f()5)(t)+l) <t+s,
——— \__z—__/
<t <s

t > 0. Thus H(t) = EN(t) < ENG(t) < K5 ¢ > 0. Then H(t) < oo, ¢t > 0. Since
e’s > 0 are arbitrary, it also follows that lim sup,_, @ < %
O

Corollary 2.1.2 (Elementary renewal theorem):
For a renewal process N as defined in Corollary 2.1.1, 1) it holds:

H
lim ﬂ:l
t—oo t w

Proof In Corollary 2.1.1, part 2) we already proved that limsup,_, . @ < i If we show
lim inf; @ > i, our assertion would be proven. According to Theorem 2.1.1 it holds that
N(@)

oo % a.s., therefore according to Fatou’s lemma
— 00

N EN
— = Elim inf i) < lim inf 7@) = lim inf

ol t—o0 t t—o0 t t—o0

H(t)

Remark 2.1.5
1. We can prove that in the case of the finite second moment of T}, (us = ET? < o0) we can
derive a more exact asymptotics for H(t), t — oo:

U p2
H(t) = - + 22 4 o(1), t — 0.
po 2p?

2. The elementary renewal theorem also holds for delayed renewal processes, where p = ET5.

We define the renewal measure H on B(Ry) by H(B) = Y72, [ dF;"(z), B € B(Ry), where
Fi'(z) = Fr, # Fj" " D(@). It holds H([0,#]) = H(t), H((s,#]) = H(t) — H(s), s,t > 0, if H is
the renewal function as well as the renewal measure.

Theorem 2.1.4 (Fundamental theorem of the renewal theory):

Let N = {N(t), t > 0} be a (delayed) renewal process associated with the sequence {71}, }nen,
where T,,, n € N are independent, {T},, n > 2} identically distributed, and the distribution
of T5 is not arithmetic, i.e., not concentrated on a regular lattice with probability 1. The
distribution of T} is arbitrary. Let ET5 = p € (0,00). Then it holds that

t 1 00
t—x)dH(x) — — dz,
[ ot - b @) o [ g(ar

where g : R; — R is Riemann integrable on [0,n] for all n € N, and Y2 Jnax lg(z)| < oo.
n<z<n
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Without proof.

In particular H((t — u,t]) == & holds for an arbitrary u € Ry, thus H asymptotically
—00

(for t — oo0) behaves as the Lebesgue measure.

A4

Fig. 2.2: Excess of N

Definition 2.1.4
The random variable x(t) = S N(t)+1 — t is called excess of N at time ¢ > 0.

Obviously x(0) = T holds. We now give an example of a renewal process with stationary
increments.
Let N = {N(t), t > 0} be a delayed renewal process associated with the sequence of interarrival
times {7}, }nen. Let Fp and Fp, be the distribution functions of the delay 77 and T, n > 2.
We assume that p = ET € (0,00), Fr,(0) =0, thus 75 > 0 a.s. and

1 /> -
Fr()= /O Fr, (y)dy, = > 0. (2.1.5)

In this case Fr, is called the integrated tail distribution function of Ty'.

Theorem 2.1.5
Under the conditions we mentioned above, N is a process with stationary increments.

P ]

tott tett

Fig. 2.3: Nlustration of the proof of Theorem 2.1.5

Proof Let n € N, 0 < tp < t; < ... < t,, < 00. Because {1, n € N} are independent, the
common distribution of (N (t; +t) — N(tg+1t),..., N(t, +t) — N(t,_1 +1))" does not depend
on t, if the distribution of x(t) does not depend on t, thus x(to + t) 4 x(t; +1) 4 x(0) =T,
t > 0, see Figure 2.3.

'Show that the formula (2.1.5) yields a valid cumulative distribution function.
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We show that Fr, = F\ ), t > 0.

Fx(t)(x> = P(X(t)§$):ZP(SnSt, t<Sn+1§t+iU)
n=0
= P(SO:OSt,t<51:T1§t+x)

+ ) E(EQ(Sn <t t < Sp+ T < t+a) | Sn))
n=1
S t
— Fp(t+2) - Fr(t) + Z/ P(t—y < Ty <t+x—y) dFs, (y)
n=1 0

= Pl 4a) - Fr@+ [ Py < TS t4e—y) d) Fs, )
n=1

p=t
H(y)
If we can prove that H(y) = %, y > 0, then we would get
z=t—y 1 0
Fao@) 2 Frt+o0) - @+, [ (Fr(+0) - 14 1= Fr@)d(-2)

= Fn(e) - Fr®+ 5, [ (Fr() - P (e +a)ds

t+x

= Prl+n) = Fa+Fa® - [ Fod

T

= FT1(t+x)_FT1(t+x)+FT1(x):FT1(x)7 x 20,

according to the form (2.1.5) of the distribution of 7;.
Now we would like to show that H(t) = ﬁ, t > 0. For that we use the formula (2.1.3): it holds
that

1 1

R 00 1 [oo ()
in(s) = /0 (1 Fry )t = /O - /O e By, (£)dt

1
s

1 0 1 (o) o —
= — <1 =+ / FT2 (t)de_St) - 7(]— + 6_StFT2 (t) |0 - / € StdFTQ (t))
s 0 ps 0

—Fr,(0)=0 A
T2( ) lT2 (5)

1 ~
— La-in(s) szo0
Using the formula (2.1.3) we get

R ] 1 1 [ .
lH(S) = M = — = —/ eiStdt = L(S)) S Z O
1—lIn(s) ns  pJo z

Since the Laplace transform of a function uniquely determines this function, it holds that
H(t)=,t>0. O

Remark 2.1.6
In the proof of Theorem 2.1.5 we showed that for the renewal process with delay which possesses
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the distribution (2.1.5), H(t) ~ ﬁ not only asymptotically for ¢ — oo (as in the elementary

renewal theorem) but it holds H(t) = £ for all t > 0. This means, we get on average i renewals

per unit time interval. For that reason such a process N is called homogeneous renewal process.

One can also prove the following result.

Theorem 2.1.6
If N={N(t), t >0} is a delayed renewal process with arbitrary delay 77 and non-arithmetic
distribution of T,,, n > 2, = ETy € (0, 00), then it holds that

t—o00

. -
lim Fyo(@) =, | iy, = =o0.

This means, the limiting distribution of excess x(t), t — oo is taken as the distribution of T}
when defining a homogeneous renewal process.

2.2 Poisson processes

2.2.1 Inhomogeneous Poisson processes
In this section we generalize the definition of a homogeneous Poisson process (see Section 1.2,
Example 5)

Definition 2.2.1
The counting process N = {N(t), t > 0} is called Poisson process with intensity measure A if

1. N(0) =0 as.

2. A is a locally finite measure on R, i.e., the measure A : B(R;y) — R, possesses the
property A(B) < oo for every bounded set B € B(R).

3. N possesses independent increments.
4. N(t) — N(s) ~ Pois(A((s,t])) for all 0 < s < t < 0.

Sometimes the Poisson process N = {N(t), t > 0} is defined by the corresponding random
Poisson counting measure N = {N(B), B € B(R4)} via N = N([0,t]), t > 0, where a counting
measure is a locally finite measure with values in Ny.

Definition 2.2.2
A random counting measure N = {N(B), B € B(R4)} is called Poisson with locally finite
intensity measure A if

1. For arbitrary n € N and for arbitrary pairwise disjoint bounded sets Bi, Bs,...,B, €
B(R4) the random variables N(Bj), N(Bz), ..., N(By,) are independent.

2. N(B) ~ Pois(A(B)), B € B(Ry), B-bounded.

It is obvious that properties 3 and 4 of Definition 2.2.1 follow from properties 1 and 2 of
Definition 2.2.2. Property 1 of Definition 2.2.1 however is an autonomous assumption. N(B),
B € B(Ry) is interpreted as the number of points of N within the set B.
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Remark 2.2.1
Similarly to Definition 2.2.2, a Poisson counting measure can also be defined on an arbitrary
metric space F equipped with the Borel-o-algebra B(E). Very often E = RY, d > 1 is chosen
in applications.

Lemma 2.2.1
For every locally finite measure A on R, there exists a Poisson process with intensity measure
A.

Proof If such a Poisson process had existed, the characteristic function ¢y )— N(S)(-) of the
increment N(t) — N(s), 0 < s <t < oo would have been equal to s +(2) = Ypois(a((s,))(2) =
M =1) 2 ¢ R according to property 4 of Definition 2.2.1. We show that the family of
characteristic functions {¢s;, 0 < s <t < 0o} possesses property (1.7.1):

foralln : 0 < s <u <t psu(2)pui(2) = eAl(su])(e®=1) cA((wst]) (e 1) — o(A((s,u)+A((u,t]))(e*=1) —
eAMEE =1 — 1 (2), 2 € R since the measure A is additive. Thus, the existence of the Pois-
son process N follows from Theorem 1.7.1. O

Remark 2.2.2
The existence of a Poisson counting measure can be proven with the help of the theorem of
Kolmogorov, yet in a more general form than in Theorem 1.1.2.

From the properties of the Poisson distribution it follows that EN(B) = Var N(B) = A(B),
B € B(R4). Thus A(B) is interpreted as the mean number of points of N within the set B,
B e B(Ry).

We get an important special case if A(dz) = Adx for A € (0,00), i.e., A is proportional to the
Lebesgue measure v; on R;. Then we call A = EN(1) the intensity of N.

Soon we will prove that in this case NV is a homogeneous Poisson process with intensity A. To
remind you: In Section 1.2 the homogeneous Poisson process was defined as a renewal process
with interarrival times Ty ~ Exp(\): N(t) =sup{n e N S,, <t}, S, =T+ ...+ T, n € N,
t>0.

Exercise 2.2.1

Show that the homogeneous Poisson process is a homogeneous renewal process with T} 4 Ty ~
Exp(A). Hint: you have to show that for an arbitrary exponential distributed random variable
X the integrated tail distribution function of X is equal to Fx.

Theorem 2.2.1
Let N = {N(t), t > 0} be a counting process. The following statements are equivalent.

1. N is a homogeneous Poisson process with intensity A > 0.

2. a) N(t) ~Pois(At),t >0
b) for an arbitrary n € N, ¢ > 0, it holds that the random vector (Si,...,S,) under
condition {N(t) = n} possesses the same distribution as the order statistics of i.i.d.
random variables U; € U([0,t]),i=1,...,n.
3. a) N has independent increments,
b) EN(1) = A, and
c) property 2b) holds.



2 Counting processes 31

4. a) N has stationary and independent increments, and

b) P(N(t) =0) =1 — A +o(t), P(N(t) = 1) = At + o(t), ¢ | 0 holds.

5. a) N hast stationary and independent increments,
b) property 2a) holds.
Remark 2.2.3 1. It is obvious that Definition 2.2.1 with A(dz) = Adz, A € (0,00) is an

equivalent definition of the homogeneous Poisson process according to Lemma 2.2.1 and
Theorem 2.2.1, 5).

2. The homogeneous Poisson process was introduced in the beginning of the 20th century by
the physicists A. Einstein and M. Smoluchowski to be able to model the counting process
of elementary particles in the Geiger counter.

3. From 4b) it follows P(N(t) > 1) = o(t), t | 0.

4. The intensity of N has the following interpretation: A = EN(1) = E—%,n, thus the mean
number of renewals of N within a time interval with length 1.

5. The renewal function of the homogeneous Poisson process is H(t) = A, t > 0. Thereby
H(t) = A([0,¢]), t > 0 holds for the non-homogeneous Poisson process.

Proof Structure of the proof: 1) = 2) = 3)=4)=15) = 1)

1) =2):

From 1) follows S, = >.p_; T ~ Erl(n,\) since T}, ~ Exp(A), n € N, thus P(N(t) = 0) =
P(Ty >t) =e ™ t>0,and for n € N

P(N(t)=n) = P{N()>n}\{N({t) >n+1})=P(N(t) >n) —P(N({) >n+1)

t)\n n—1 t)\n+1 n
= P(S,<t)—P(Sp+1 <t)= / 3: e Mdx —/ 73;6_)“(1.%
0

o (n—1)! n!
— /t i (()\x)ne—)\z’) dr = ()\t)n €_>\t t>0
o dx n! n! o=

Thus 2a) is proven.
Now let us prove 2b). According to the transformation theorem for random variables (cf.
Theorem 3.6.1, WR), it follows from

S = T
Sa = T +1,

Sny1 = Th+...+ T

that the density f(g, . s, ,)of (S1,..., Sn+1)" can be expressed by the density of (7%, ..., 1),
T; ~ Exp()), iid.:

n+1 n+1

f(S17...,Sn+1)(t17 o ;tn+1) _ H ka (tk - tkfl) _ H )\e—)\(tk—tk—ﬂ — )\n+1e—>\tn+1
k=1 k=1
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for arbitrary 0 <¢; <... <tp41, to = 0.
For all other t1,...,t,41 it holds fis, . g.. . )(t1,. .. tnt1) = 0.
Therefore

fs1,m syt -t N(t) =n) = fis, st 8|Sk <tk <n, Spp1 >t)
I fesnn8nny (ts 1) Aty (110 <ty < tp <L <ty < 1)
I Js - o Fisn syt tng1)dSng1dsy, - . . dsy
S Al At gt Ly
JEFE T At e A1 (0 < 51 < 59 < ... < 5p < H)dspi1dsy, ... ds)
xI0<t; <ty <...<t, <)

n!
= L0t <h<. <t <),

since one can show by induction that fg fg . fg [0<s1 <...<sp, <t)dsy...dsy, = %n, This
is exactly the density of order statistics of n i.i.d. U([0,¢])-random variables.

Exercise 2.2.2
Prove this.

2) = 3)
From 2a) obviously follows 3b). Now we just have to prove the independence of the increments
of N. For an arbitrary n € N, z1,...,2, e N tg =0<t1 < ... <tpforz =z + ...+ x, it
holds that

P(Mi=1{N (tk) = N(tk-1) = 2 }) = P(Mi=1 {N (k) — N(tg-1) = 2 }N(tn) = z) X

g | (M)zk according to 2b)

tn

x P(N(t,) = ) (2.2.1)
—_————

e=xtn AT pecording to 2a)

_ ﬁ Aty — t;:_l))” e Mte—ti1) (2.2.2)

where the probability of (2.2.1) belongs to the polynomial distribution with parameters n,

{%}:_1. The event (2.2.1) means x independent uniformly distributed points on [0, ¢],
are spread over n baskets such that exactly xj points fall into the basket of length ¢ — t5_1,
k=1,...,n

Thus 3a) is proven since P(N7_{N(tx) = N(tp—1) = x1}) = [11—1 PEN(tx) = N(tp—1) = 1 })
by Definition 2.2.1 and Remark 2.2.3; 1).

3)=4)
We prove that N possesses stationary increments. For an arbitrary n € Ng, z1,...,z, € N,
to=0<t <...<tyand h >0 we consider I(h) = P(N}_{{N(tx + h) — N(tp—1 + h) = z1})
and show that I(h) does not depend on h € R. According to the formula (2.2.1) it holds that

oo

(m + z)! (tk—i-h—tk 1—h>x’“< h >m
I(h) = P(N(t,+h)=
(h) mzzom!xl x'H t,+h th+h (N(tn +h) =m+z)

= PR AN () — N{ti1) = 24} [Nt + ) = m+ ) P (Nt + h) = m + 2) = 1(0)

m=0
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(L
1 : : 1 1
)] tl t2 ......... t3 tn

Fig. 2.4: Proof of Theorem 2.2.1, case 2) = 3).
for all h > 0. We now show property 4b) for h € (0,1):
P(N(h)=0) = kio:P(N(h) =0,N(1)=k) = kioj P(N(h)=0,N(1) — N(h) = k)
=0 =0
- ki P(N(1) — N(h) = k, N(1) = k)
=0
= ;P(N(l) =k)P(N(1) = N(h) =k | N(1) =k)
= i P(N(1) = k)(1 — h)k.
k=0

We have to show that P(N(h) = 0) = 1 — Ah + o(h), i.e., limy_o (1 — P(N(h) = 0)) = A.
Indeed it holds that

o0 00 _ _ k
% (1-P(N(h)=0)) = % (1 S P(N(1) = k)1 - h)k> — S P(N(1) = k) - 1(1hh>
k=0 k=1
- N 1—(1—h)*
R = G
k
— S P(N() = Rk = EN(1) = A,
k=0

since the series uniformly converges in h because it is dominated by > 32 P(N(1) = k)k = A <
oo due to the inequality (1 —h)* > 1 —kh, h € (0,1), k € N.

Similarly one can show that limp_,q % = limp, o 2202, P(N(1) = k)k(1 — h)F 1 = X
P(N(h) =1) =332, P(N(1) = k)P(N(1) = N(h) = k = 1[N (1) = k)

=302, P(N(1) = k)kh(1 — h)F1,

4) = 5) We have to show that for an arbitrary n € Nand ¢ > 0

(A8)"

Palt) = PIN(E) = m) = 2

(2.2.3)

holds. We will prove that by induction with respect to n. First we show that py(t) = e M,
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n = 0. For that we consider
po(t+h)=P(N(t+h)=0)=P(N(t)=0,N(t+h)—N(t)=0)
= po(t)po(h) = po(t)(L — Ah +o(h)), h — +0.
Similarly one can show that
po(t) = po(t — h)(1 — Ah+o(h)), h — +0.
Thus pj(t) = limy, o 2E2E — _ypi(4), ¢ > 0 holds. Since po(0) = P(N(0) = 0) = 1, it

follows from
{pm = —Apot)

po(0) = 1,
that it exists an unique solution po(t) = e™*, t > 0. Now let the formula (2.2.3) be proved for
n. Prove it for n + 1.
Pnt1(t+h) = P(N({t+h)=n+1)
= PWN(t)=n,N({t+h)-N(t)=1)+P(N(t)=n+1,N(t+h)—-N(t)=0)
n—1
+ Y P(N(t)=k,N(t+h)—Nt)=n+1-k)
k=0

= pp(t) - p1(h) + pns1(t) - po(h) +o(h)  (by Remark 2.2.3, 3))
= pu(®)(Ah 4 0(h)) + ppy1(t)(1 — Ah + o(h)) + o(h), h — +0.

Thus
/ — .
{ pn+1(t) = Apnt1(t) + Apn(t), t >0, (2.2.4)

pnt1(0) = 0.
Since p,(t) = e ()‘Tf!)n, we obtain ppy1(t) = e M ((/X):S,l as a solution of (2.2.4). (Indeed

Pasi(t) = Ct)e™ = C'(t)e™ = AC(t)e™ — AC(H)e™ + Apu(t), C'(t) = Xt
n+1ln+1

C(t) = 25, C(0) = 0)

5)=1)

Let N be a counting process N(t) = max{n : S, < t}, ¢ > 0, which fulfills conditions 5a)

and 5b). We show that S, = > }_; Tk, where T} ii.d. with T, ~ Exp(}A), & € N. Since

T, =8, —Si_1, k€N, Sy=0, we consider for bjp =0< a1 <b; <...<a, <b,

P(Nk=1{ar < Sk < bi})

= P(MZi{N(ar) — N(bp—1) = 0,N(bg) — N(a) =1}
N{N(an) = N(bn-1) = 0, N(bn) — N(an) > 1})
n—1
= H (P(N(ak - bk—l) = 0) P(N(bk — ak) = 1)) X
k=1 o Mag—bp_1) (b —ay)e~ bk —ak)
P(N(an — bu_1) = 0) P(N (b — @) > 1)
6*A(an*bn—1) (1,e—>\(bn—an))

n—1
— e—)\(an—bn_l)(l _ e_A(b"_a")) H )\(bk _ ak)e—)\(bk—bk_l)
k=1

n—1 b1 bn,
= \Tl(emhan _ g Abn) 11 (b — ar) = / . e Mndy, Ly
k=1 a

1 an
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The common density of (S, ..., Sn)T therefore is given by )\"e_’\ynl(O <y1 <y < ... <yp).
The one can show that (771,...,T,)" has a density [[f_; Ae™** as in 1) = 2), part 2,b) by
density transformation formula. O

2.2.2 Compound Poisson process

Definition 2.2.3

Let N = {N(t), t > 0} be a homogeneous Poisson process with intensity A > 0, built by means
of the sequence {T},}nen of interarrival times. Let {U,},en be a sequence of i.i.d. random
variables, independent of {7}, }en. Let Fiy be the distribution function of U;. For an arbitrary
t>0let X(t) = Z;CV:(? Uk. The stochastic process X = {X(t), t > 0} is called compound
Poisson process with parameters A\, Fyy. The distribution of X (¢) thereby is called compound
Poisson distribution with parameters \t, Fy.

The compound Poisson process X (t), ¢ > 0 can be interpreted as the sum of ,marks“ U, of
a homogeneous marked Poisson process (IV,U) until time ¢.
In queuing theory X (t) is interpreted as the overall workload of a server until time ¢ if the
requests of service occur at times S, = >_;_; Tk, n € N and represent the amount of work U,
n € N.
In actuarial mathematics X (¢), ¢ > 0 is the total claim amount in a portfolio until time ¢t > 0
with number of claims N (t) and amount of loss U, n € N.

Theorem 2.2.2
Let X = {X(¢t), t > 0} be a compound Poisson process with parameters A, Fy;. The following
properties hold:

1. X has independent and stationary increments.

2. If iy (s) = Ee®V1, s € R, is the moment generating function of Uy, such that 7 (s) < oo,
s € R, then it holds that

i (s) = MDD g e Rt >0, EX(t) = MEUy, Var X(t) = MEUZ, t > 0.

Proof 1. We have to show that for arbitrary n e N, 0 <tg <t; <...<tpand h >0

N(t1+h) N(tn+h) n N(tg)
i1=N(to+h)+1 in=N(tn_1+h)+1 k=1 k=N (tr_1)+1

for arbitrary z1,...,z, € R. Indeed it holds that

N(t1+h) N(tn+h)
P Z Uilgxl,..., Z Uingxn
i1=N(to+h)+1 in=N(tn—1+h)+1

xk;

> (H F J(xp) P (et ANt + 1) = Nltm1 + h) = hin})

( ﬁ P(N(tm) - N(tmfl) = km))

m=1
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n S n N(tm)
=] Y. " (2m)P(N(tm) — N(tm-1) =km) = [ P ( > U, < xm) .
k= )+1

m=1 k,,=0 m=1 N(tm—1

Exercise 2.2.3

2.2.3 Cox process

A Cox process is a (in general inhomogeneous) Poisson process with intensity measure A which
as such is a random measure. This intuitive idea is made formal in the following definition.

Definition 2.2.4

Let A = {A(B), B € B(R;)} be a random a.s. locally finite measure. The random counting
measure N = {N(B), B € B(Ry)} is called Coz counting measure (or doubly stochastic
Poisson measure) with random intensity measure A if for arbitrary n € N, ky,...,k, € Ny
and 0 < a1 < by < az < by < ... < ay < by it holds that P(NI_1{N((a;, b;]) = ki}) =
E (T (WWD%W) The process {N(t), ¢t > 0} with N(t) = N((0,t)) is called Coz
process (or doubly stochastic Poisson process) with random intensity measure A.

Example 2.2.1 1. If the random measure A is a.s. absolutely continuous with respect
to the Lebesgue measure, i.e., A(B) = [gA(t)dt, B - bounded, B € B(R,), where
{A(t),t > 0} is a stochastic process with a.s. Borel-measurable Lebesgue-integrable tra-
jectories, A(t) > 0 a.s. for all t > 0, then {\(¢),¢ > 0} is called the intensity process of N.

2. In particular, it can be that A\(¢) =Y where Y is a non-negative random variable. Then
it holds that A(B) = Yv;(B), thus N has a random intensity Y. Such Cox processes are
called mized Poisson processes.

A Cox process N = {~N(t), t > 0} with intensity process {A(t), t > 0} can be built explicitly
as follows. Let N = {N(t), ¢ > 0} be a homogeneous Poisson process with intensity 1, which
is independent of {A(t), ¢ > 0}. Then N 4 Ny, where the process N1 = {Ny(t), t > 0} is given

by Ni(t) = N(Ji My)dy), t > 0. The assertion N 2 Ny of course has to be proven. However,
we shall assume it without proof. It is also the basis for the simulation of the Cox process N.

2.3 Additional exercises

Exercise 2.3.1

Prove that a (real-valued) stochastic process X = {X(t), ¢t € [0,00)} with independent incre-
ments already has stationary increments if the distribution of the random variable X (¢ + h) —
X (h) does not depend on h.

Exercise 2.3.2

Let N = {N(t), t € [0,00)} be a Poisson process with intensity A. Calculate the probabilities
that within the interval [0, s] exactly i events occur under the condition that within the interval
[0, t] exactly n events occur, i.e. P(N(s) =i | N(t) =n) for s <t,i=0,1,...,n.
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Exercise 2.3.3
Let N = {NW(t),t € [0,00)} and N? = {N®)(¢), ¢ € [0,00)} be independent Poisson
processes with intensities Ay and A9. In this case the independence indicates that the sequences
Tl(l),Tz(l), ...and T1(2),T2(2), ... are independent.

Show that N = {N(t) := NO(t) + N® (), t € [0,00)} is a Poisson process with intensity
A1+ Aa.
Exercise 2.3.4 (Queuing paradox):
Let N = {N(t), t € [0,00)} be a renewal process. Then C(t) =t — Sy is called the current
lifetime and D(t) = x(t) + C(t) the lifetime at time t > 0. Now let N = {N(¢), t € [0,00)} be
a Poisson process with intensity A.

a) Show that the distribution of the current lifetime is given by P(C(t) = t) = e~ and the
density is given by fo ) nw>o0(s) = e M1{s <t

b) Show that P(D(t) < x) = (1 — (1 + Amin{t, 2})e™**)1{x > 0}.

¢) To determine the mean excess time Ex(t), one could argue like this: On average ¢
lies in the middle of the surrounding interval of interarrival time (S, Sn()+1), i-e.
Ex(t) = %E(SN(t)H — Snwy) = %ETN(QH = % Considering the proof of Theorem 2.1.5
and Exercise 2.2.1 this reasoning is false. Where is the mistake in the reasoning?

Exercise 2.3.5
Let X = {X(¢t) := Zi]i(lt) Ui, t > 0} be a compound Poisson process. Let My )(s) = EsN®),

s € (0,1), be the generating function of the Poisson processes N (t), Ii7(s) = Eexp{—sU} the
Laplace Transform of U;, i € N, and [x4)(s) the Laplace Transform of X(¢). Prove that

Ix1)(5) = My (lu(s), s>0.

Exercise 2.3.6
Let X = {X(¢), t € [0,00)} be a compound Poisson process with U; i.i.d., Uy ~ Exp(y), where
the intensity of N(t) is given by A. Show that for the Laplace transform [x)(s) of X () it

holds: v
. s
l = — .
X(t)(s) exp{ 7+5}

Exercise 2.3.7

Let the stochastic process N = {N(t), t € [0,00)} be a Cox process with intensity function
A(t) = Z, where Z is a discrete random variable which takes values A; and Ag with probabilities
1/2. Determine the moment generating function as well as the expected value and the variance
of N(t).

Exercise 2.3.8

Let N(U = {NW (), t € [0,00)} and N® = {N®)(¢t), t > 0} be two independent homogeneous
Poisson processes with intensities A\; and A2. Moreover, let X > 0 be an arbitrary non-negative
random variable which is independent of N(1) and N(?). Show that the process N = {N(t), t >
0} with

N (1), t <X,

N(t) = {N(l)(X)—i—N(Q)(t—X)’ t>X

A, <X,

is a Cox process whose intensity process A = {\(¢), ¢ > 0} is given by A(t) = {)\ fe x
2, > .



3 Wiener Process

The current expansion of the nature of chaotic movement of tiny particles in liquids or gases
to the atomic structure of matter was given already by the Roman philosopher Lucretius 60
B.C. in his book “On the nature of things”:

“Observe what happens when sunbeams are admitted into a building and shed light on its
shadowy places. You will see a multitude of tiny particles mingling in a multitude of ways...
their dancing is an actual indication of underlying movements of matter that are hidden from
our sight... It originates with the atoms which move of themselves [i.e., spontaneously]. Then
those small compound bodies that are least removed from the impetus of the atoms are set
in motion by the impact of their invisible blows and in turn cannon against slightly larger
bodies. So the movement mounts up from the atoms and gradually emerges to the level of
our senses, so that those bodies are in motion that we see in sunbeams, moved by blows that
remain invisible.”

The botanist Robert Brown observed similar movement on grains suspended in water. He
attributed its origins, however, to a special “life force” within the pollen. Due to his contribu-
tion, the name “Brownian motion” was coined. The systematic mathematical study began in
20 c. with Luis Bachelier (1900), Marian Smoluchowski and Albert Einstein (1905). Einstein

showed that if u(x,t) is due density (number of particles per unit volume) at a spot x and time

. . . 1 . . 1 2
t, it satisfies the heat equation uj(z,t) = sul(x,t), whose solution is u(z,t) = o= XD (—‘g—t) ,

x € R,t > 0. It corresponds to the density of N(0,t)-law. Einstein’s explanation was confirmed
by experiments in 1908 giving an evidence of the atomic structure of nature.

French physicist Perrin considered the paths of the Brownian motion as natural functions
which are continuous but not differentiable anywhere, which brought the American mathemati-
cian Norbert Wiener (1928) to the idea to consider trajectories of one single Brownian particle,
instead of the study of the whole particle ensemble as it was done before. It was Wiener who
has put the Brownian motion onto a firm mathematical basis. In particular, he defined it as a
random function and proved its existence. Now this process bears his name in recognition of
his outstanding work.

3.1 Elementary properties

In Example 2) of Section 1.2 we defined the Brownian motion (or Wiener process) W =
{W(t), t > 0} as a Gaussian process with EW(¢) = 0 and cov(W (s), W(t)) = min{s,t},
s,t > 0. Why does the Brownian motion exist? According to Theorem 1.1.2 there exists a
real-valued Gaussian process X = {X(¢), t > 0} with mean value EX(¢) = pu(t), t > 0, and
covariance function cov(X(s), X (t)) = C(s,t), s,t > 0 for every function i : Ry — R and every
positive semidefinite function C' : Ry x Ry — R. We just have to show that C(s,t) = min{s,t},
s,t > 0 is positive semidefinite.

Exercise 3.1.1
Prove this!

38
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We now give a new (equivalent) definition.
Definition 3.1.1
A stochastic process W = {W(t), t > 0} is called Wiener process (or Brownian motion) if
1. W(0) =0 a.s.
2. W possesses independent increments
3. W(t)—W(s) ~N(0,t—s),0<s<t.

The existence of W according to Definition 3.1.1 follows from Theorem 1.7.1 since g (2) =
(tfu)z2 _(ufs)z2 _(tfs)z2

. (tf.s)z2
EctWB-W(s) — == 2 e R, ande” z e 2 =e 2 for 0 < s <wu <t thus
©su(2)Put(2) = pst(2), z € R. From Theorem 1.3.1 the existence of a version with continuous
trajectories follows.

Exercise 3.1.2
Show that Theorem 1.3.1 holds for a =3, § = %

Therefore, it is often assumed that the Wiener process possesses continuous paths (just take
its corresponding version).

Theorem 3.1.1
Both definitions of the Wiener process are equivalent.

Proof 1. From definition in Section 1.2 follows Definition 3.1.1.
W(0) = 0 a.s. follows from Var(W(0)) = min{0,0} = 0. Now we prove that the incre-
ments of W are independent. If Y ~ N (p, K) is a n-dimensional Gaussian random vector
and A a (n x n)-matrix, then AY ~ N (Au, AKAT) holds, this follows from the explicit
form of the characteristic function of Y. Now let n e N, 0 =tp < t1 < ... < t,, Y =
(W (to), W(t1),...,W(ty))". For Z = (W(to), W(t1) — W(to),...,W(tyn) — W(t,_1))" it
holds that Z = AY, where

0O ... ... 0

— 1 0 . 0

A= 0 -1 1 0 0
0 00 -1 1

Thus Z is also Gaussian with a covariance matrix which is diagonal. Indeed, it holds
COV(W(tiJrl) - W(ti), W(tj+1) - W(t])) = min{tHl, tj+1} —min{tHl, tj} —min{ti, tj+1} +
min{¢;,t;} = 0 for i # j. Thus the coordinates of Z are uncorrelated, which means
independence in case of a multivariate Gaussian distribution. Thus the increments of
W are independent. Moreover, for arbitrary 0 < s < ¢ it holds that W (t) — W(s) ~
N(0,t—s). The normal distribution follows since Z = AY is Gaussian, obviously it holds
that EW (t) — EW(s) = 0 and Var(W(t) — W(s)) = Var(W(t)) — 2cov(W(s), W(t)) +
Var(W(s)) =t — 2min{s,t} + s =1t — s.

2. From Definition 3.1.1 the definition in Section 1.2 follows.
Since W (t) — W(s) ~ N(0,t — s) for 0 < s < ¢, it holds

cov(W (s), W(t)) = E[W(s)(W(t)—W (s)+W (s))] = EW(s)E(W (t)-W(s))+Var W (s) = s,
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thus it holds cov(W (s), W (t)) = min{s, t}. From W (t)—W(s) ~ N(0,t—s) and W(0) =0
it also follows that EW(t) = 0, t > 0. The fact that W is a Gaussian process, follows
from point 1) of the proof, relation Y = A=1Z.

U

Definition 3.1.2
The process {W(t), t > 0}, W(t) = (Wi (t),..., Wu(t))T, t >0, is called d-dimensional Brow-
nian motion if W; = {W;(t), t > 0} are independent Wiener processes, i = 1,...,d.

The definitions above and Exercise 3.1.2 ensure the existence of a Wiener process with
continuous paths. How do we find an explicit way of building these paths? We will show
that in the next section.

3.2 Explicit construction of the Wiener process

First we construct the Wiener process on the interval [0, 1]. The main idea of the construction
is to introduce a stochastic process X = {X(t), t € [0,1]} which is defined on a probability
subspace of (2, A4,P) with X 2 W, where X(t) = >olien(®)Yn, t € [0,1], {Yalnen is a
sequence of i.i.d. AN(0,1)-random variables and ¢, (t) = fg H,(s)ds, t € [0,1], n € N. Here,
{Hp, }nen is the orthonormal Haar basis in La([0, 1]) which will be now briefly introduced.

3.2.1 Haar and Schauder functions

Definition 3.2.1

The functions H, : [0,1] — R, n € N, are called Haar functions if Hi(t) = 1, t € [0,1],

Hy(t) = 1 1y(t) = 12 yy(8), Hy(t) = 22(1p,, (t) — 1, (1)), t € [0,1], 2" < k < 2"+, where
2 2 ’ '

Ingk = [angs ang + 27", Jnk = (ane + 27" Hank +27", angp =2""(k—2" — 1), n e N.

A
2
! :
‘h.l E r — 1 .
0 Ank lanh2 " 4 t
T DI |

Fig. 3.1: Haar functions

Lemma 3.2.1
The function system {H,,}nen is an orthonormal basis in L%(]0, 1]) with scalar product

(f,9) = fo FO)g(t)dt, f,g € L2([0,1)).
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Proof The orthonormality of the system (Hy, Hy,) = 0, k,n € N directly follows from Def-
inition 3.2.1. Now we prove the completeness of {H,},en. It is sufficient to show that for
arbitrary function g € L%([0,1]) with (g, H,) = 0, n € N, it holds g = 0 almost everywhere on
[0,1]. In fact, we always can write the indicator function of an interval 1(, , 4., +2-n-1] as a
linear combination of H,, n € N:

1 _ (Hi+ H»)
0,31 — 2 ’
1, = Hi—H)
(571] T 2 ’
(Ljg.1) + = H3)
11 = 0,51 2” Con=1, k=3
(17 11 — = H3)
lag = - 2 = » n=1, k=3

1 o+ 275 H,
l[an,k,an,k—&-Z*"*l] _ ( [an,k,an,k+22] )? o < k< ont1

k+1)

(
Therefore it holds [,>" g(t)dt =0, n € Ng, k = 0,...,2" — 1, and thus G(t) = [ g(s)ds = 0

om

for t = 2%, n € Ng, k =0,...,2" — 1. Since G is continuous on [0,1], it follows G(¢) = 0,

t € [0,1], and thus g(s) = G'(s) = 0 for almost every s € [0, 1]. 0

From Lemma 3.2.1 it follows that two arbitrary functions f,g € L?([0,1]) have expan-
sions f = 3% (f, Hy)H, and g = >.°° (g, H,)H, (these series converge in L?([0,1])) and
(f.9) =051 (f, Hn){g, Hn) (Parseval’s identity).

Definition 3.2.2
The functions S, (t) = 3 Hy,(s)ds = (Ljo,45 Hn), t € [0,1], n € N are called Schauder functions.

AS1(H) AS2(t) AS3()

14— — —

S

Fig. 3.2: Schauder functions

Lemma 3.2.2
It holds:
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1. S,(t) >0,t€0,1], n € N,
2. Yhl) Sonyn(t) <3272, t€[0,1], n €N,

3. Let {an}nen be a sequence of real numbers with a,, = O(nf), € < 2, n — oo. Then the
series > 1 a, Sy (t) converges absolutely and uniformly in ¢ € [0,1] and therefore is a
continuous function on [0, 1].

Proof 1. follows directly from Definition 3.2.2.

2. follows since functions Soniy for k& = 1,...,2" have disjoint supports and
52n+k<t) < ngrk(amk + 27n71) = 2_5_1, t e [0, 1]

3. It suffices to show that R, = sup,cp 1] 2Zp>on [ak|Sk(?) — 0. For every k € N and
¢ > 0 it holds |ag| < ck®. Therefore it holds for all ¢t € [0,1], n € N

S farlSi(t) Sc-2thE 3T gi() <2t oTET <l gt nETE),
<<t on << ont1

Since € < %, it holds Ry, <c¢-2°%, 5., 9-n(z=¢) 4.

m—00

Lemma 3.2.3
Let {Y,}nen be a sequence of (not necessarily independent) random variables defined on

(Q,A4,P), Y, ~N(0,1), n € N. Then it holds |Y,| = O((logn)%), n — 00, a.s.

Proof We have to show that for ¢ > /2 and almost all w € € it exists a ng = ng(w, c) €N
such that |Y,,| < ¢(log n)% for n >ng. 'Y ~N(0,1), z > 0, it holds

Ba) =P >0) = \/ﬁ/ %y:\/%/yf(;)d(e—f)

1 (1 _% /oo _% 1 p ) _ 11 _g
= o\ 7€ - e — ———c .
Var \& @ 2= Vonw
— ‘L2
(We also can show that ®(x) ~ f% 2,z — o0.) Thus for ¢ > /2 it holds
1 L c2

Z P ‘Yn’ > C(logn)§ c Z logn 26 logn _ Z logn 1% < oo
n>2 \/ﬂn>2 =

According to the Lemma of Borel-Cantelli (cf. WR, Lemma 2.2.1) it holds P(N,, Ug>pn Ax) =0
if > P(Ar) < oo with Ag = {|Yx| > ¢ (log k‘)%}, k € N. Thus Ay occurs in infinite number
only with probability 0, which means |Y,,| < ¢(log n)% for n > ny. 0

3.2.2 Wiener process with a.s. continuous paths

Lemma 3.2.4
Let {Y},}nen be a sequence of independent N (0 1)- distributed random variables. Let {an nen
and {b, }nen be sequences of numbers with 32 |agm | <272, S, ]b2m+k\ <272,meN.

Then the limits U = Y02 ap, Y, and V =501 b6, Yy,, U ~ N(O Z az), V ~ N(O, 220:1 b2)
exist a.s., where cov(U, V) = >>7° ; apb,. U and V are independent if and only if cov(U, V) = 0.
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Proof Lemma 3.2.2 and 3.2.3 reveal the a.s. existence of the limits U and V (replace a,, by

Y, and S,, by e.g. b, in Lemma 3.2.2). From the stability under convolution of the normal

distribution it follows for U™ = "™ | a,,Y,,, V™) =™ b,Y;,, that U™ ~ N(0, 7, a?),

V)~ N0, b2). Since UM L U, VM L v it follows U ~ /\/(o,zn:1 a), V ~
N(0,5°29, b2). Moreover, it holds

UV) = E nbmYn Y | = nbm E(YYi) nOn,
cov(U, V) (Z a ) > a Za

n,m=1 n,m=1
67L"L

according to the dominated convergence theorem of Lebesgue, since by Lemma 3.2.3 it holds
1
Y, < ¢ (logn)z, for n > Ny, and the dominated series converges according to Lemma 3.2.2:
—_————

<cnf, 6<%
2m+1 2m+1
a.s. m m
S anb YoV 0> anbpc®ntht < 2% 078 978 <ocf2m (7m0 ] 90 >,
n,k=2m n,k=2m

For sufficient large m it holds 7% om anbp Yy Yy < 2c? > iem 2-(1=20)j <« 0, and this series
converges a.s. Now we show

cov(U,V) =0 <= U and V are independent.

Independence always results in the uncorrelation of random variables. We prove the other

o m m d .
direction. From (U™ V(™) — (U, V) it follows P yim)y === PUV) thus

m m
(P(U(m)’v(m))(s, t) = W}l_r}noo E exp{i(¢ Z apYy + s Z bYn)}

k=1 n=1

m m
= lim E exp{i kz:l(tak + sbg) Y} = lim kl:Il Eexp{i(tar + sbi)Ys}
B (tay, + sby)? B 2 (tag + sby)?
a1 O R S

k=1

t2 S o]
= exp{—22a,€}exp ts Zakbk exp{—Zbk} (t)pv(s),
k=1 k=1

———
cov(U,V)=0
s,t € R. Thus, U and V are independent if cov(U, V') = 0. O

Theorem 3.2.1

Let {Y,,, n € N} be a sequence of i.i.d. random variables that are (0, 1)-distributed, defined on
a probability space (€2, A, P). Then there exists a probability subspace (£, .49, P) of (2, 4, P)
and a stochastic process X = {X(t), t € [0,1]} on it such that X (t,w) = >02; Y, (w)Sn(t),
t€[0,1], w € Qp and X <. Here, {S) }nen is the family of Schauder functions.
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Proof According to Lemma 3.2.2, 2) the coefficients S, (¢) fulfill the conditions of Lemma 3.2.4
for every ¢t € [0,1]. In addition to that it exists according to Lemma 3.2.3 a subset Qg C €,
Qo € A with P(Qg) = 1, such that for every w € Qg the relation |Y,,(w)| = O(y/logn), n — oo,
holds. Let Ay = AN Q. We restrict the probability space to (€g,.Ag, P). Then condition
an = Yp(w) = O(nf), e < 1, is fulfilled since y/Iogn < n® for sufficient large n, and according
to Lemma 3.2.2, 3) the series > o2 Y, (w)Sy(t) converges absolutely and uniformly in ¢ € [0, 1]
to the function X (w,t), w € Qp, which is a continuous function in ¢ for every w € Qy. X (-, 1)
is a random variable since in Lemma 3.2.4 the convergence of this series holds almost surely.
Moreover it holds X (t) ~ N(0,325°, S%(t)), t € [0,1].

We show that this stochastic process, defined on (£, .4g, P), is a Wiener process. For that we
check the conditions of Definition 3.1.1. We consider arbitrary times 0 < t1 < tg,t3 < t4 <1
and evaluate

cov(X (t2) — X(t1), X(ta) — X(t3)) = cov(i Y, (Sn(t2) — i Sn(t3)))
n=1 n=1

[e.9]

= D (Sa(tz) = Sn(t1))(Sn(ts) — Sn(ts))

n=1
= Z(<Hn7 1[0,t2]> - <Hn7 1[O,t1]>) X

n=1

((Hn, Lo,641) — (Hns Lo,65]))

<Hm Lio,ta) = Lio,1) (Hns Ljo,ea) — Ljo,t5])

I
Mg

= (1[0 t2] = Ljo,t1] L[o,ta] — Ljots))
= (Lo,ta]s Lo,ta) = (Ljo,64]5 Lo,ta])
—(Ljo,t]5 Ljo,ts)) + (Ljo,ta]5 Lio,ts))
= min{ty,t4} — min{ty,t4} — min{ty, t3} + min{ty,t3},

by Parseval inequality and since < 1jg 4,1y >= fémn{s’t} du = min{s,t}, s,t € [0,1]. If
0 <t <ty <tg<ty<1,itholds COV(X(tQ) — X(tl),X(t4) — X(t‘g)) =tyg—ti —to+11 =0,
thus the increments of X (according to Lemma 3.2.4) are independent. Moreover it holds
X(0) ~ N(0,552, S2(0)) = N(0,0), therefore X(0) 2 0. For t; = t3 = s, to = t4 = t it
follows that Var(X(t) — X(s)) =t—s—s+s=1t—s5,0<s <t <1. Since X(t) — X(s) =

o L Yo (Sn(t) — Sp(s)) ~ N(0,Var(X(t) — X(s))) by Lemma 3.2.4, it holds X (t) — X (s) ~
N(0,t —s), and X 2 W according to Definition 3.1.1. 0

Remark 3.2.1 1. Theorem 3.2.1 is the basis for an approximative simulation of the paths
of a Brownian motion through the partial sums X () = S°7_, Vi.Sk(t), t € [0,1], for
sufficient large n € N.

2. The construction in Theorem 3.2.1 can be used to construct the Wiener process with
continuous paths on the interval [0, ¢o] for arbitrary to > 0. If W = {W (¢), ¢t € [0,1]} is
a Wiener process on [0,1] then Y = {Y(¢), ¢ € [0,¢0]} with Y (¢) = \/tGW(%), t € 10,10],
is a Wiener process on [0, to].

Exercise 3.2.1
Prove that.
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3. The Wiener process W with continuous paths on Ry can be constructed as follows. Let
W = (W), t € o, 1}} be independent copies of the Wiener process as in Theorem
3.2.1. Define W(t) = 300, 1(t € [n — 1,n]) [0 2t WE (1) + W (¢t — (n —1))], ¢t > 0,

thus,
W), ¢ [ 1],
) WO+ w1, t e [1,2],
W= wou) + wou) + we—2), te [2,3],
etc
A
W(n(l)—

wO+w®(1)

\ 4

Fig. 3.3:

Exercise 3.2.2
Show that the introduced stochastic process W = {W(t), ¢ > 0} is a Wiener process on R .

3.3 Distribution and path properties of Wiener processes

3.3.1 Donsker’s invariance principle

Let {W(t), t € [0,1]} be a Wiener process and Z, Zs, ... a sequence of independent random
variables with EZ; = 0, Var Z; = 1, e.g., one can choose P(Z; = 1) = P(Z; = —1) = 1 for all
i > 1. For every n € N we define {W™(t), t € [0,1]} by

ZLntJ +1

N

~ SULtJ

W () = NG

+ (nt — |nt))

(3.3.1)

where S; =21 +...+ Z;,1>1,5)=0.

Construct an approximation of W by a random walk W™ with step size Z; as n — .
Theorem 3.3.1 (Invariance principle):
Let Pj(ny and Py be the distributions of W™ and W in C[0,1]. Then it holds Pirn) L Py,

as n — 0o, where = means the weak convergence in C|0, 1], i.e., for any bounded continuous

function f: C[0,1] = R [ fdPy m) e [ fdPw.
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Remark 3.3.1
In the construction of the approximation W (t), any i.i.d. sequence {Z,},en with EZ, = 0,
Var Z, = 1 can be used. This was proven by Monroe Donsker (1951) and bears the name of in-
variance principle since the approximation W (™ (-) of W(-) does not depend on the distribution
of Zl.

This theorem means the convergence of distribution of the whole paths of W (-) to that of
W (-). It is quite theoretical to prove (see e.g. [11] 21.6-21.8). Instead, we shall prove only the
convergence of finite dimensional distributions.

Lemma 3.3.1 (Convergence of finite dimensional distributions):
For every k > 1 and arbitrary t¢1,...,t € [0, 1] it holds:

(W0, W0 0)) 4 OV (), W) o e,

Proof For k = 1, the assertion is an easy corollary from the central limit theorem. Consider
the special case k = 2 (for & > 2 the proof is analogous). Let ¢; < t3. For all s1,s2 € R it
holds:

S\t | N (Snta] = Sinti+1)
89
N N

+Z iy 1 ((ml - le)% i \75)

S
- Z iy 41 (02 — |ita]) =,

vn

s W™ (t1) + soW (™) (ta) = (s1+ s2)

since SLntzJ = SLntlj + SLnth — SLnt1J+1 + ZtntIJJrl.

Now observe that the 4 summands on the right-hand-side of the previous equation are inde-
pendent and moreover that the latter two summands converge (a.s. and therefore particularly
in distribution) to zero.

Consequently, it holds

. Tr(n 2 (n .81+s . 59 _
lim EeitW () +s2W (k) — jipy e lﬁQSL”tlJEeZ\/QH(SL"%J Slnty]+1)
n—00 n—00
. [ntq] SLntlj 59
_ lim Eez(s1+82) ‘n \/WE@ZWSL"QJ*L"HJ*l
n—00
cLT 6_%(51+52)2€_t2;1 52
— e*%(85t1+28182t1+sgt2)
— e*%(sit1+28182 min{tl,t2}+sgt2)

= P(W(t1),W(t2)) (‘91’82)7

where ¢ (¢,),w(t,)) 18 the characteristic function of (W (t1), Wi(t))T.

In detail, it holds \/LnniJ = Vi, j% % Y1 ~ N(0,1) by the central limit theo-
n—00 nt1| n—oo

_ _ S _ _
rem, analogously ﬁslntﬁ—[ntﬂ—l _ . /Inta] k’ntlJ 1 [ntg]—|nty -1 g) Ta —1;Ys, where

’ \/LntQJantljfl n—00
Ys ~ N(0,1) is independent of Y;. The equivalence of convergence in distribution and weak

convergence together with the fact that oy (s) = Ee’®Y = e=°7*/2 if Y ~ N(0, 02) finishes the
proof. O
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3.3.2 Distribution of the maximum of the Wiener process

Introduce
M; = max W(s),t >0, (3.3.2)
s€[0,¢]
where W = {W (t),t > 0} is a Wiener process. The mapping M; :  — [0, 00) given in relation

(3.3.2) is a well-defined random variable since it holds: m[%x] W(s,w) = limy, 0 max W (L, w)
s€|0,t i=1,...,n

for all w € Q since the trajectories of {W (t), ¢ > 0} are continuous.

Theorem 3.3.2

Let W = {W(t), t € [0,1]} be the Wiener process defined on a probability space (€2, F,P).
Then it holds:

2 o0 2
P(M, > ) = 2P(W(1) > z) = ,/f/ e dy (3.3.3)
T™Jzx
for all z > 0.

From (3.3.3) it follows that max;c[ 1) W (#) has an exponentially bounded tail: thus m[aa)l(] W (t)
telo,
has finite k-th moments, k € N.
_Let W@ = (W™ (#),t > 0} be the random walk (3.3.1) from Lemma 3.3.1. Introduce

M® = Hl[(z]i)l(] W™ (t) for any n € N. The following lemma will be given without proof.
telo,

Lemma 3.3.2
Tt holds M (™ £ ﬁ kmlax Sy for all n € N, where sums S = Zle Z; are defined as in Section

~ xX
3.3.1. Moreover, lim, s P(M(”) > ) = \/g i e*yz/Qdy, for all z > 0.
—o0

Sketch of the proof of Theorem 3.3.2. We shall prove only the upper bound in Theorem
3.3.2.

From Lemma 3.3.1 and the continuous mapping theorem it follows for x > 0, £ > 1 and
t1,...,tr € [0, 1] that

lim P < max W™ (t) > x) =P ( max W(t) > :U) ,
n—0o0 te{t1,..,tx } te{ty, ...t}

since (x1, ..., xx) — max(xq,...,Tx) is continuous.

Consequently, it holds

lim inf P (max W (1) > m) >P ( max W(t) > x) ,

n—00 t€[0,1]
i 7 (n) C () .
since {te{i?%%tk} Wm(t) > x} C {trél[zoi)l(] W(t) > x}

With (t1,...,t) = <l E)T and max W (t) = lim max W(l) a.s. (and therefore
T krrttok te]0,1] ko0 i=1, ik k

)

particularly in distribution) it holds

n—00 t€[0,1] k—o0 i=1,...,k t€0,1]

lim inf P <max W () > :L’) > lim P ('max w <;) > x) =P (max W(t) > a;) .

Hence the assertion follows from Lemma 3.3.2. O
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Corollary 3.3.1 (Law of large numbers):
Let {W(t), t > 0} be a Wiener process. Then

W) s,
t t—00

Proof For any ¢t >0, 3! n € N: t € [n,n+ 1]. Show that

Wt(t) &S W7(Ln) (n,t = 00, neN) and WT(ln) 3

Using the strong law of large numbers, we get

Xn: Wi —1)) 2% EW(1)=0

n—o0

3
3\*—‘

due to the independence and stationarity of increments W (i)—W (i—1) 4 W(1)-W(0) =W(1),

i € N of W, and since W (1) ~ N(0,1). Now,

’W(t) ) W(n)‘ _WO W) ’ N ‘W(n) W)
n - t n
< lwm) G - i)‘ + iszlﬁ)l] W(n+s)— W)
< ZW(n)‘ +Z7(1n),

where Z(n) = supy¢jo 1) [W(n+s) —W(n)|, n € Nis a sequence of i.i.d. random variables with
Z(n) £ Z(0) = sup,epo1) [W (s)|- Show that EZ(0) < co. If it is so then

1 n n—1 ws.
E;Z —722 ) == EZ(0) —EZ(0) =0
1= =1

by the strong law of large numbers.
Estimate

P(Z(0)>z) <P (max W(s) > a:) +P <max (=W(s)) > :c>

s€[0,1] s€[0,1]

:2P<maxW >$>—2\/>/ _y/Qdy
s€[0,1]

by Theorem 3.3.2, since {—W(s), s > 0} is a Wiener process as well due to its symmetry, cf.
Theorem 3.3.3. Then

= i 2)dx 2 [ °°€_y2/ r = 50
0/P(Z(0)> )d gfzﬂo/x/ 2dyde = 4E(X1(X > 0)) <

for X ~ N(0,1). 0
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3.3.3 Invariance properties
Specific transformations of the Wiener process yield again the Wiener process.

Theorem 3.3.3
Let {W(t), t > 0} be a Wiener process. Then the stochastic processes {Y?(t), t > 0},

i=1,...,4, with

v = —w(, (Symmetry)
Y(z)(t) = W(t+to) —W(ty) foraty>0, (Translation of the origin)
Gt = VeW(t) forac>0, (Scaling)
1
YW (1) { tw(t())’ i i 8’ (Reflection at t=0)

are Wiener processes as well.
Proof 1. Y®0)=0,i=1,...,4.
2. Y® j=1,...,4, have independent increments with Y (t3) — Y (¢;) ~ N(0,ty — t1).

3. Y@, i=1,...,3, have continuous trajectories. {Y(4) (t), t > 0} has continuous trajecto-
ries for ¢ > 0.

4. We have to prove that Y (#) is a.s. continuous at t = 0, i.e. that lim; g tW (1) .
limy_q tW(%) = limy 00 WT(t) “2 0 by Corollary 3.3.1.
Then Y, i =1,...,4 are Wiener processes by Definition 3.1.1. O

Corollary 3.3.2
Let {W(t), t > 0} be the Wiener process. Then it holds:

P (sup W(t) = oo) =P <inf W(t) = oo) =1,

t>0 t20

and consequently

P (sup W (t) = oo, inf W(t) = —oo) =1.
>0 t20

Proof For z,c > 0 it holds:

t T x
P <il>l%)W(t) > :z:) =P (iggW (c) > \ﬁ) =P (igIO)W(t) > ﬁ) (3.3.4)

does not depend on x. Then

1=P ({sgg W(t) = 0} U {sgg W(t) > 0}) =P (Sggw(ﬂ = 0) + P (Sgg W(t) > 0) :
P (j;l}g W(t)=+oo>
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Moreover, it holds

P (sup W(t) = O) =
>0

sup W (t) < ) <P (W(l) <0, supW(t) < 0)

>0 t>1

I
[
3

P Stglf(W(t) -W(Q1)) <-W(Q1) | W(Q) =z [ Pyq) (dz)

Y@ ()2 ()

1
= P (supW ) -,
t>0 2
since sup;>o W(t) > 0 a.s., and P (Supt>0 W(t) < x) does not depend on x by relation (3.3.4),

so take x = 0. Thus P (supt>0 W(t) = 0) = 0 and hence P (supt>0 W(t) = ) =1.

Analogously one can show that P (inf;>o W(t) = —o0) = 1.
The remaining part of the claim follows from P(A N B) = 1 for any A,B € F with
P(A)=P(B) =1, since PIANB)=P(A)+ P(B)—P(AUB)=1+1-1=1. O

Remark 3.3.2 1. P (SUPtzo X(t) = oo, infr>0 X (t) = —oo) = 1 implies that the trajecto-
ries of W oscillate between positive and negative values on [0, 00) an infinite number of
times.

2. Additionally to the strong law of large numbers (Corollary 3.3.1), the Wiener process
satisfies the law of iterated logarithm:
W (t) a.s

limsupW—(t) 1, liminf ———f— = 1.
t—oo +/2tloglog(t) t—oo /2t loglog(t)

Corollary 3.3.3
Let {W(t), t > 0} be the Wiener process. Then it holds

P(w e Q: W(t,w) is nowhere differentiable on [0,00)) = 1.
Proof

{w € Q: W(t,w) is nowhere differentiable on [0, c0)}
=NpZof{w € Q: W(t,w) is nowhere differentiable on [n,n + 1)}.

It is sufficient to show that P(w € Q : W(t,w) is differentiable for a ¢ty = to(w) € [0,1]) = 0.
Define the set

Ay = {w €0 Tt = to(w) € [0, 1] with [IW(to(w) + hyw) — W(to(w),w))| < mh, Vh {o, ﬂ } .
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Then it holds

{w € Q: W(t,w) differentiable for a tyg = to(w U U Apm
m>1n>

We have to show P(Up>1 Up>1 Anm) = 0. Since P( U U Anm> < XY X P(Anm), it is

m>1n>1 m>1n>1
sufficient to show that P(A,,) =0 Vn,m € N.
Let ko(w) = argmin kzln{% > to(w)}. Then it holds for w € Ay, and 7 =0,1,2

(S ) (S50, < (L)

IN

n n

i (BT ) w (),

n
8m
o n
Let A, (k) = W(EL) — W (£) ~ N(0,1/n). Then
[ _a 2
AW s 0) = o [ Far j;f V>0

Then it holds

P(Anm)

IA
-
PO
=
D
—
>
2
x
+
=
A
w_/
N——————

k=0j=0
< éP(ﬂﬁo{\An(k+J)!<8}> _;)(P ('An(0>‘<8m)>3
< (n+1)(\}g%)3ﬁov n oo,

by the independence and stationarity of the increments of the Wiener process.
Since Ay C Apt1,m, it follows P (A,,,) * and hence P(Ay;,) =0V n,m € N. O

Corollary 3.3.4
With probability 1 it holds:

n

sup  sup Y |[W(t;) = W(ti—1)| = oo,
n>10<t<...<tn <1,

ie. {W(t), t €]0,1]} possesses a.s. trajectories with unbounded variation.

Proof Since every function g : [0,1] — R with bounded variation is differentiable almost ev-
erywhere!, the assertion follows from Corollary 3.3.3.

!This follows from the fact that any function with bounded variation can be represented as a difference of
two non-decreasing monotone functions, each of which is differentiable a.e. on [0,1] by Lebesgue’s theorem.
Cf. [12], 6.2, p. 335
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Alternative proof
It is sufficient to show that lim,, s 21221 w (5—2) -W ((i;nl)tﬂ = oo for t = 1. Since W has

independent and stationary increments, it holds

on
2.
i=1

— 00

it (i—1)t\|  Vt 2" o2 L2 vs oo
W(Qn)_w( on )‘—2W2;]X1|_2 \/227;\)(}’ e 2 \/EE|X1|

N————
d P
Yi=y/ 50 X5, Xi~N(0,1) - i.i.d. “EE|X | ,n—so0

by the strong law of large numbers, where X; ~ N(0,1). Hence,

S () -w (2], 2, v -

n—oo

Remark 3.3.3
The quadratic variation of W over [s,t] is equal to ¢ — s;

n
2
nlggozg Wy -we)[ =t
1=
a.s. or in L?, where A, = {t§n) ", is a sequence of subdivisions of [s,t] such that

s<t;<---<t,<tand A, C Api1,VneN.

3.4 Additional exercises

Exercise 3.4.1

Give an intuitive (exact!) method to realize trajectories of a Wiener process
W = {W(t), t € [0,1]}. Thereby use the independence and the distribution of the increments
of W.

Exercise 3.4.2
Given are the Wiener process W = {W (t), t € [0,1]} and L := argmax;cjo ;W (¢). Show that
it holds:

2
P(L <x)= —arcsin\x, z€]0,1].
m

Hint: Use relation max,¢jo g W (r) 4 |W (t)].

Exercise 3.4.3
For the simulation of a Wiener process W = {W(t), t € [0, 1]} we also can use the approxima-
tion

Wn(t) = zn: Sk(t)zk
k=1

where Si(t), t € [0,1], k > 1 are the Schauder functions, and zx ~ N(0,1) i.i.d. random
variables and the series converges almost surely for all ¢t € [0,1] (n — o00). Show that for all
t € [0, 1] the approximation W, (t) also converges in the L%-sense to W (t).

Exercise 3.4.4
For the Wiener process W = {W (), t > 0} we define the process of the maximum that is given
by M = {M(t) := max¢jo) W(s), t > 0}. Show that it holds:
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a) The density fy( of the maximum M(t) is given by

.5[72
frw () = \/ZeXp {_Zt} 1{z > 0}.

Hint: Use property P(M(t) > x) = 2P(W (t) > z).
b) Expected value and variance of M (t) are given by

EM(t) = % Var M(t) = t(1 — 2/7).

Now we define 7(x) := argmin ;er{W(s) = z} as the first point in time for which the Wiener
process takes value z.

c¢) Determine the density of 7(z) and show that: E7T(z) = oc.

Exercise 3.4.5
Let the Wiener process W = {W (t), t > 0} be given. Quantity ()(a,b) denotes the probability
that W exceeds the half line y = at + b, t > 0, a,b > 0. Prove that

a) Q(a,b) = Q(b,a) and Q(a, by + b2) = Q(a, b1)Q(a, b2),
b) Q(a,b) is given by Q(a,b) = exp{—2ab}.

Exercise 3.4.6
Show that the Wiener process is a.s. y-Hélder-continuous with v € (0,1/2).

Exercise 3.4.7
Show that the Wiener process is a.s. not absolutely continuous.
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Definition 4.0.1
A stochastic process {X(t), t > 0} is called Lévy process, if

1. X(0) =0 as.,
2. {X(t)} has stationary and independent increments,
3. {X(t)} is stochastically continuous, i.e for an arbitrary € > 0, top > 0:

lim P(|X(t) — X (to)| > £) = 0.

t—to

Remark 4.0.1 e One can easily see that a compound Poisson process
X ={x¢t) =Ny, . 1(N(t) > 0), ¢ > 0} fulfills the three conditions, where {U; }i>1
are i.i.d. and N = {N(t), t > 0} is a homogeneous Poisson process with intensity .
Indeed for arbitrary € > 0 it holds

t—to

P(IX(t) — X(to)| >e) <P(| X(t) — X(to) | > 0) = P(N(t—to) > 0) = 1—eMt=tol 0,
—_———
LX (t—to)
Then a compound Poisson process is a Lévy process.

e It holds for the Wiener process W for arbitrary ¢ > 0

/ 2 0 1>
P(IW(t) — W(to)| > ) = 7r(t—t0)/5 exXp <_2(t—to)> dy
T= { e’} 22
AR \/2/ e 2dr —— 0.
T £ t—to
Vi—to

Hence, the Wiener process is a Lévy process as well.

Later we shall show that all Lévy processes are mixtures and a limiting case of a compound
Poisson and Wiener processes.

4.1 Infinite Divisibility

Definition 4.1.1
Let X : © — R be an arbitrary random variable. Then X is called infinitely divisible, if for

arbitrary n € N there exist i.i.d. random variables Yl("), e ,Yn(n) with X < Yl(n) + ...+ Yn(”).

54
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Lemma 4.1.1
The random variable X : 2 — R is infinitely divisible if and only if the characteristic function
px of X can be expressed for every n > 1 in the form

ox(s) = (en(s))™ forall s € R,

where ¢, are characteristic functions of random variables.

Proof ,, = “ Let Yl(n), cee Yn(n) be i.i.d. random variables,, X 4 Yl(n) + ...+ Y,S"). Hence, it
follows that ¢x(s) = [[iZ1 ¢ym (s) = (pn(s))™

“ < “ Now assume that ¢x(s) = (pn(s))™, s € R. Then there exist Yl(n),..., M jid.

with characteristic function ¢, and ‘Py(”>+...+y(”><3> = (on(s))™ = ¢x(s). By the uniqueness
1 n

theorem for characteristic functions it follows that X < Yl(n) o+ Y O

Theorem 4.1.1
Let {X(t), t > 0} be a Lévy process. Then the random variable X (¢) is infinitely divisible for
every t > 0.

Proof For arbitrary t > 0 and n € N it obviously holds that

= (£ (e (2) 0 () oo (2 (3) - (252))

Since {X(¢)} has independent and stationary increments, the summands are obviously inde-
pendent and identically distributed random variables. O

Let us recall a lemma from the basic probability course:

Lemma 4.1.2
Let X1, Xo,...: Q — R be a sequence of random variables. If there exists a function ¢ : R — C,
such that ¢(s) is continuous in s = 0 and lim,_, ¢x, (s) = ¢(s) for all s € R, then ¢ is the

characteristic function of a random variable X and it holds that X, i> X.
Definition 4.1.2

Let v be a measure on the measurable space (R, B(R)). Then v is called a Lévy measure, if

v({0}) =0 and

/ min{y?, 1}v(dy) < occ. (4.1.1)
R
Remark 4.1.1 e Apparently every Lévy measure is o-finite and

v((—a,a)?) < oo, foralla>0, (4.1.2)

where (—a,a)¢ =R\ (—a,a).
e In particular, every finite measure v is a Lévy measure, if v({0}) = 0.

o If v(dy) = g(y)dy then g(y) = O (ﬁ) for y — 0, where § < 3.
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»
r g

Fig. 4.1: y — min{y?,1}

e A condition equivalent to (4.1.1) is

2 2 2
Yy . Yy . 2 Yy
dy) < oo, <m A< 413
/]Rl yzu( Y) since TS in {y } S ( )

Theorem 4.1.2
Let a € R, b > 0 be arbitrary and let v be an arbitrary Lévy measure. Let the characteristic
function of a random variable X : 2 — R be given through the function ¢ : R — C with

bs? -
©(s) = exp {ias — % +/ (elsy —1—isyl(y € (—1, 1))) V(dy)} foralls e R. (4.1.4)
R
Then X is infinitely divisible.
Remark 4.1.2 e The formula (4.1.4) is also called Lévy-Khintchine formula.

e The inversion of Theorem 4.1.2 also holds, hence every infinitely divisible random variable
has such a representation. Therefore the characteristic triplet (a, b, v) is also called Léuvy
characteristic of an infinitely divisible random variable.

e The map n: R — C with

. b52 is .
n(s) =ias — — +/ (e Y—1—isyl(y € (—1, 1))) v(dy)
2 R
from (4.1.4) is called Lévy exponent of this infinitely divisible distribution.

Proof of Theorem 4.1.2
1st step: Show that ¢ is a characteristic function.

e For y € (—1,1) it holds

i . (isy)k - (isy)k 2 - ‘S‘k 2
ezsy—l—isy‘Z > o LTSy = > | S > ST Sye
k=0 ’ k=2 ' k=2 '
——

=C

Hence it follows from (4.1.1) that the integral in (4.1.4) exists and therefore it is well-
defined.
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e Let now {c,} be an arbitrary sequence of numbers with ¢, > ¢,41 > ... > 0 and
limy, o0 ¢, = 0. Then the function ¢, : R — C with

(s) :=e is|a / v(dy) bs* e / (eisy 1) v(dy)
n = ex - - 5 (X -
v P [—en,en]en(—1,1) Y Y 2 P [—cn,enl© Y

is the characteristic function of the sum of independent random variables an) and Zén),
since

— the first factor is the characteristic function of the normal distribution with expec-
tation a — f[fcn,cn]cﬂ(fl,l) yv(dy) and variance b.

— the second factor is the characteristic function of a compound Poisson distribution
with parameters

A=v([=cn,cn]®) and Py() =v(-N[=cn,cnl®)/v([=cn,cnl))
by Theorem 2.2.2, 2.

e Furthermore lim,_, ©n(s) = ¢(s) for all s € R, where ¢ is obviously continuous in 0,
since it holds for the function ¢ : R — C in the exponent of (4.1.4)

P(s) = /R (eisy —1—isyl(y € (-1, 1))) v(dy) for all s € R

that |¢(s)] < cs? S y2v(dy) + Jic11ye e*¥ — 1| v(dy). Out of this and from (4.1.3) it
follows by Lebesgue’s theorem that li_1>7% P(s) =0.

e Lemma 4.1.2 yields that the function ¢ given in (4.1.4) is the characteristic function of a
random variable.

2nd step:
The infinite divisibility of this random variable follows from Lemma 4.1.1 and out of the fact,
that for arbitrary n € N 7 is also a Lévy measure and that

b82

on(s) = exp {Z-ZS _ % n /R (eisy —1—isyl(y € (-1, 1))) (TVL) (dy)} for all s € R.

Remark 4.1.3

By the proof of Theorem 4.1.2 and in the Remark 4.1.2, it holds X 4 limy, 00 (Ys, + Zy,) for an
infinitely divisible random variable X, where the limit is a limit in distribution, and {Y;,} and
{Z,} are independent sequences of random variables such that Y}, is normally distributed and
Z,, is compound Poisson distributed. Due to this, the part as — bs?/2 is called the Gaussian
part, and 1 (s) the jump part of the Lévy exponent 7(s).
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4.2 Lévy-Khintchine Representation

Let {X(t), t > 0} be a Lévy process. We want to represent the characteristic function of X (¢),
t > 0, through the Lévy-Khintchine formula.

Lemma 4.2.1

Let {X (), t > 0} be a stochastically continuous process, i.e. for all ¢ > 0 and ¢, > 0 it holds
that limy¢, P(|X(¢) — X (to)| > €) = 0. Then for every s € R, t — @x;)(s) is a continuous
map from [0, c0) to C.

Proof e y — €'Y continuous in 0, i.e. for all € > 0 there exists a d; > 0, such that
: €
sup ™Y — 1‘ < =
y€(=61,01) 2

o {X(t), t > 0} is stochastically continuous, i.e. for all o > 0 there exists a d2 > 0, such
that

sup P (JX(t) — X(to)] > 1) <
£>0, |t—to|<da2

Nm

e Hence, it follows that for s € R, ¢ > 0 and |t — tp| < d2 it holds

‘(PX(t)(S) - goX(tO)(s)‘ = ’E (eisX(t) _ eisX(to))‘ < E|eisX(t0) (eis(X(t)fx(tO)) B 1)‘

Cis(X (D)X (t0)) _ 1‘ _ / e
R

< e — 1| Py — d
= /(51 52) ‘ X(t) X(to)( Y)

.
01,01)¢

< sup ’e’sy—1‘+2P(|X(t)—X(tg)|>51)§5
y€(—01,01)

¥— 1‘ P x(6)—x (t0) (dY)

Theorem 4.2.1
Let {X(t), t > 0} be a Lévy process. Then for all ¢ > 0 it holds

ox)(s) = e seR,
where 1 : R — C is a continuous function. In particular it holds that
¢ t
ox)(s) = etnls) = (677(5)> = (gox(l)(s)) , forallseR, t>0.
Proof Due to stationarity and independence of increments we have for any ¢, ¢/ > 0

‘PX(t—&-t’)(S) — EeisX(t+t) _ E (eisX(t)eis(X(t-‘rt/)—X(t))) = @X(t)(s)st(t,)(s)’ s e R.
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Let g5 : [0,00) — C be defined by gs(t) = ¢x)(s), s € R, then gs(t +1') = gs(t)gs(t'), t,t' > 0.
Since X (0) = 0, we have

( t) = gs(t)gs(t'), ¢, 1" >0,
0)=1

: [0,00) — C continuous.

Hence there exists 17 : R — C such that gy(t) = ?®)* for all s € R, t > 0. It is straightfor-
ward that @y q)(s) = e"05) Tt follows that 7 is continuous, since any characteristic function is
uniformly continuous, see the course on basic probability, Theorem 5.1.1, 4). O

Definition 4.2.1
A family {@Qx, A € A} of probability measures is called weakly relatively compact, if an arbitrary
sequence of measures {Qy, },,c has a subsequence {Q )‘”k} N’ which converges weakly.

n

Definition 4.2.2

Let B be the Borel g-algebra on a metric space S. A family of probability measures Q@ =
{Qx, A€ A} on (S, B) is called tight if for all € > 0 there exists a compact set K. € B such
that Qx(K¢) < e for all A € A.

Lemma 4.2.2 (Prokhorov):

If the family of probability measures @ = {@Q»x, A € A} on the metric measurable space (S, B)
is tight then it is weakly relatively compact. If S is a Polish! space then every weakly relatively
compact family Q@ = {Q»x, A € A} of probability measures is also tight.

Proof: See [17, p. 318], [3, p. 154 and Appendix 2], [11, p. 261-263].

The lemma of Prokhorov is used to prove the weak convergence of a sequence of probability
measures, by checking its tightness (among other things). In particular, if S is compact then
every family of probability measures on (S, B) is tight, since one can choose K. = S for all
e > 0.

Remark 4.2.1
Lemma 4.2.2 holds also for uniformly bounded sequences of finite measures: Let u1, o, ... be
a sequence of finite measures (on B(R)) with

L. sup,>1 fin(R) < ¢, ¢ = const < oo (uniformly bounded)
2. {pn} is tight.
Then {u,} is weakly relatively compact.
Proof See [18], page 122 - 123. 0

Theorem 4.2.2
Let {X(t), t > 0} be a Lévy process. Then there exist a € R, b > 0 and a Lévy measure v,
such that

ox)(s) = e““** +/ ey — 1 —isyl(y € (—1 1))) v(dy), for all s € R.

1Polish space is a complete separable metric space.
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Proof For all sequences (t,)nen C (0, 00) with nh_{rgo t, = 0 it holds

n(s) = (etn(S))/

since 1 : R — C is continuous. The latter convergence is even uniform in s € [—sg, so] for any
sp > 0, since Taylor’s theorem yields

tnn(s) _ —1
Ik S I3 (15 ) (4.2.1)

=0 n—00 tn n— 00 n

etnn(s) _ 1

n—oo tn - nhﬁ\nc}o T](S) N tn

lim |77(s) -

= lim
n—oo |

0o s k
— lim 77(3) Z (tnn( ))

n—oo

o0 $))h-1
= lim n2(s)tnz %

n—0o0
k=1
lim M?t Z‘tMVH(h M In(s)| < o0)
1m ———— (where = sup 77 S 0
n—00 " k + 1) $€[—s0,50]

_ 2 |tn M
= nh—%oMt”Z O k(1)

. 5 \tnMV“ !
= JEEOM%];W

= lim M?t,elM
n—oo

= 0

IN

|k:1 1

Now let t, = L and P,, be the distribution of X (). Hence it follows that

lim n/(eisy 1)Py(ds) = lim

n—oo

S0
lim/ / ey — (dy)ds—/ n(s)ds.
n—o00 —S() —so

Representation (4.2.2) means that the distribution of X (1) is approximated by the distribution

e =(s), (4.2.2)

of a compound Poisson random variable with intensity n and marks 4x (1/n). Consequently

. 1 %o

lim n/ (1 - sm(soy)> n(dy) = lim n/ / ey — dsP (dy) = ——/ n(s)ds.

n—r00 R S0y n—00 R 280 —s0 2s( —s0
—_—

>0, for all spy

Since 1 : R — C is continuous with 7(0) = 0, it follows from the mean value theorem that
for all € > 0 it exists 09 > 0 such that for all s € (0,dp), L o n(s)ds’ < e. Since

" 259 J—s0

1 — sinlsoy) > % for |soy| > 2, it holds that for all € > 0 there exist sp > 0 such that

soyY

lim sup 2/ P.(dy) < limsupn/ (1 - sm(soy)> P.(dy) < e
2 Hut=2} R

n— 00 n— 00 Soy
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Hence for all € > 0 there exist sg > 0, ng > 0 such that

n/ Pn(dy) <4e for all n > ny.
{y Iy\_so}

Decreasing s gives
n/ Pn(dy) <4e foralln > 1.
{wli=2}

Since <c (1 — Smy) for all y # 0 and a ¢ > 0, it follows that

1+2

2
Yy / /
supn | ——=P,(dy) < forac < oo.
nZIi /Rl‘i'yQ n( y)_

Let now p, : B(R) — [0,00) be defined as

2

pn(B) = |

Y

It follows that {in},cy is uniformly bounded, sup,,> fin(R) < ¢’. Furthermore it holds ; _:y <

1, sup,,>1 tn ({y syl > %}) < 4e and {pin },, o relatively compact. By Lemma 4.2.1 it holds:
there exists {pin,, }cy such that

Jim. /R W) tiny, (dy) = /R f(y)u(dy)

for a finite measure p and all f continuous and bounded. Let for s € R the function fs : R — C
be defined as

s2

-5 , otherwise.

Fily) = { (e?¥ — 1 —issin(y)) 1;—27’2, y # 0,

Obviously fs is bounded and continuous and

v = i f (1) Paldy
= lim ( /R Fs(y)pn(dy) + isn /Rsmypn(dy))
= lim ( / fs@W)in, (dy) + isn /Rsmyp"’“(dy))

= /fs w(dy) + hm zsnk/sinyPnk(dy).
R

Then )
b ,
n(s) =ia's — 2 +/ (e”y —1—issin y) v(dy)
2 R

for all s € R where ' = limy_,oo ng; [ sinyPy, (dy) < o0, b = p({0}) and v : B(R) — [0, 00)

such that 2
v(dy) :{ O;%’ udy), y#0,

, y=0.
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The limit in the expression for o’ exists as an imaginary part of (4.2.2). It holds

[ 1l € (~1.1)) = siny| v(dy) < o

because p is finite and

+ 92 "

1
lyl(y € (=1,1)) —siny| —5— <’ forally#0 andac’ > 0.
Y

Hence it follows that
. b52 is .
n(s) = ias — -5 +/ (e Y—1—1isyl (y € (—1, 1))) v(dy), forall seR
R
with
a=d+ [ (e (~1,1)) = siny) v(dy)

Remark 4.2.2
It follows from the last part of the proof of Theorem 4.2.2 that the Lévy-Kchintchine represen-
tation (4.1.4) rewrites as

2 .
©(s) = exp {iaos - b% —|—/ (elsy —1—is- c(y))) u(dy)} for all s € R,
R

where ¢ : R — R is any bounded measurable function such that c(y) = y + o(y?), |y| — 0,
c(y) = O(1),ly| = o0, and ap = a + [ (c(y) — yl(y € [-1,1])) v(dy). For instance, one may
choose ¢(y) to be ¢(y) = siny, ﬁ, etc.

4.3 Examples

In what follows it is enough to look at the distribution of X (1) by Theorem 4.2.1.

1. Wiener process

N

s

W (1) ~N(0,1), ow1y(s) = e~ = and hence follows (a,b,v) = (0,1,0).

Let X = {X(t), t >0} be a Wiener process with drift p, i.e. X(t) = put + oW (t),
W = {W(t), t >0} — Brownian motion. It follows (a,b,v) = (11, %,0) since
252

ex () (S) — EeisX(l) — Ee(,quaW(l))is — e'uisﬁpw(l) (O’S) — pisp—o % . seR.

2. Compound Poisson process with parameters (A, Py).
Let X(t) = >N U, for N(t) ~ Pois(At), t > 0, and U; i.i.d. ~ Py. Then

©x(1)(s) = exp {)\/]R (eisx — 1) PU(dx)}
= exp {)\is/Rxl(x € [-1,1]))Py(dz) + A/R (eisx —1—isxl(x € [-1, 1])) PU(daz)}

= exp {Msfll aPy(dz) + A/R (ef” —1—iszl(z € [-1, 1])) PU(daz)} , seR.

Hence it follows (a,b,v) = ()\ fil xPy(dr),0, )\PU>, where APy is a finite measure on R.
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3. Process of Gauss-Poisson type
Let X = {X(¢t), t > 0} be given by X (t) = X1 (t)+X2a(t), t > 0, where X; = {X1(¢), t > 0}
and Xo = {Xs(t), t > 0} are independent processes such that X; is a Wiener process with
drift ;1 and variance 02, and X5 is a Compound Poisson process with parameters \, Pyr.
Then

0'282 P
Px(s) = exi(0)(8)Pxa(0)(8) = exp | dsp — —— + A <ezsm - 1) Py (dz)

R
1 2.2
= exp{is (,u—i—)\/ xPU(dx)) - 025
-1

_"_/R)\(eisx_l_z‘sxl(xe [—171])) PU(dm)}, s €eR.

Hence it follows that (a,b,v) = (u + Af}l Py (dz), o2, )\PU) .

4. Stable Lévy process
Let X = {X(¢), t > 0} be a Lévy process with X (1) ~ a-stable distribution, o € (0, 2].
To introduce a-stable laws, let us begin with an example.
If X = W (Wiener process) then X (1) ~ N(0,1). Let Y,Y3,...,Y, be i.i.d. N(u,o?)-
distributed random variables. Since the normal distribution is stable w.r.t. convolution
it holds

Yi+...+Y, ~ N(np,no?) 4 VY +np—/np
= VnY +p(n—+vn)

1 2 1

= n§Y+u<n§—n5)

1

= néY+u<nfna), a=2.

Definition 4.3.1
The distribution of a random variable Y is called a-stable if for all n > 2 there exist independent
copies Y7,...,Y, of Y such that

Vit 4V, LY +d,,

where ¢, > 0 and d,, are deterministic.
Moreover, one can show that

1
cn:nl/"‘, d, = u(n—na), a#1,
pnlogn |, a=1,
for some p € R, cf. [21]. The constant a € (0, 2] is called index of stability.

Example 4.3.1 e o = 2: Normal distribution, with any mean and any variance.

e a = 1: Cauchy distribution with parameters (i, 02). The density:

fy(x) = 7 . zeR

T ((:r — )+ 02>

It holds EY? = 0o, EY does not exist.
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e o= %: Lévy distribution with parameters (i, o?). The density:

1
L) — __a
fY(fL‘) = { (27r) (x—p)% eXp{ 2(35—#)}’ T > [y

0 , otherwise.

These examples are the only examples of a-stable distributions where an explicit form of
the density is available. For other a € (0,2), o # %, 1, the a-stable distribution is introduced
through its characteristic function.

Definition 4.3.2
The distribution of a random variable is called symmetric, if Y 4y,

If Y has a symmetric a-stable distribution, a € (0, 2], then for some ¢ > 0
oy (s) = exp{—cls|”}, seR.

Indeed, it follows from the stability of Y that
(v (s))" = ey (TLES) , seR

It follows that d,, = 0, since p_y(s) = py(s) = py(—s) and hence ¢¥n* = ¢~¥n% s ¢ R which
can hold only if d,, = 0. The rest is left as an exercise.

Lemma 4.3.1 (Lévy-Khintchine representation of the c.f. of a stable distribution):
Any a—stable law is infinitely divisible with the Lévy triplet (a,b, ), where a € R is arbitrary,

b— o2, a=2,
10, 0<a<?2,
and

0 , =2,
z/(da:):{ :Bfﬁl(xzo)dx+‘$|cﬁl(x<0)da:, O<a<2 ¢, c0>0: ¢c1+co>0.

See the proof in [21, Theorem B.1].
Exercise: Prove that for a—stable symmetric random variable Y it holds

2
202 ,— 53 _
P<|Y|z:c>z:oo{ Ve @ a=2

za , O<a<?.

In general holds: If Y is a-stable, a € (0,2], then E[Y'|? < 00, 0 <p < .

Definition 4.3.3
The Lévy process X = {X(t), t > 0} is called stable if X (1) has an a-stable distribution,
a € (0,2]. For a = 2, a stable Lévy process is simply the Brownian motion with drift.
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4.3.1 Subordinators

Definition 4.3.4
A Lévy process X = {X(t), t > 0} is called subordinator, if for all 0 < t; < t2, X (t1) < X(t2)
a.s. Since

X0)=0 as. = X(t)>0, t>0, as.

The class of Subordinators is important since you can easily introduce | f g(t)dX(t) as an
a.s. Lebesgue-Stieltjes integral.

Theorem 4.3.1
The Lévy process X = X (t), t > 0 is a subordinator if and only if the Lévy-Khintchine repre-
sentation can be expressed in the form

Px(1)(s) = exp {ias + (eisx — 1) I/(dw)} , sER, (4.3.1)

where a € [0,00) and v is a Lévy measure with

v ((—00,0)) =0, /OOO min {1, y} v(dy) < oco.

Proof Sufficiency
It has to be shown that X (t2) > X (t1) a.s., if t9 > ¢; > 0.
First of all we show that X (1) > 0 a.s.. If » =0, then X(1) = a > 0 a.s., hence

t iats
Ox()(s) = (SOX(1)(S)> =e", seR,
X(t) = at a.s. Therefore it follows that X (¢) 1 and X is a subordinator.
If v(]0,00)) > 0 then there exists N > 0 such that for all n > N it holds 0 < v ({%, oo)) < 0.
It follows

00 . .
©x(1)(s) = exp {ias + lim. . (em" - 1) y(dw)} = ' Jim on(s), seER,

n

where ¢, (s) = exp ( 2 (efs® — 1) V(d:n)) is the characteristic function of a compound Poisson

v( - n[te0))

process distribution with parameters | v ([%, oo)) , ’M) for all m € N. Let Z,, be the

random variable with characteristic function ¢,,.
v(n[L
It holds: Zy = S04 Uy, Ny ~ Pois (v ([£,00))), Ui ~ v(0lz0)

n v([E))

hence follows Z,, > 0 a.s. and X (1) 4 4 +1lim Z,, > 0 a.s.. Since X is a Lévy process, it
M~ ~——
>0 >0

=3 () (5 ()5 () - (5 ()5 (55

where, because of stationarity and independence of the increments, X (%) - X (%) a'zs' 0 for
1 <k < nfor all n. Hence X(q2) — X(¢1) > 0 a.s. for all ¢1,q2 € Q, g2 > ¢1 > 0. Now

holds
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let 1,15 € R such that 0 < t; < t5. Let {qin),qén)} be sequences of numbers from Q with
qgn) < qén) such that qgn) 11, qén) Tta, n — o00. Fore >0

P (X (t2) = X(t1) < =) = P | X(t2) = X (¢”) + X (") = X (") +X (") = X (t2) < —¢
>0

<P (X(t2) - X () + X (¢) = X (1) < —2)

<P <X(t2) - X (4”) < —Z) Iy (X (a”) = X (1) < —5) — 0,

2 n—00

since X is stochastically continuous. Then

P(X(t2) — X(t1) < —e) =0 foralle >0 and
P(X(t2) — X(t1) <0) = el—i}ilo P(X(t2) — X(t1) < =) =0

= X(tg) > X(tl) a.s.

Necessity
Let X be a Lévy process, which is a subordinator. It has to be shown that ¢x(;)(-) has the
form (4.3.1).
By the Lévy-Khintchine representation for X (1) it holds that

b282 0o .
ox1)(s) = exp {ias - —I—/ (e’sx —1—iszxl(x € [-1, 1])) Z/(dx)} , seR
0

The measure v is concentrated on [0, 00), since X (t) ag 0 for all ¢ > 0 and from the proof of
Theorem 4.2.2 v ((—00,0)) = 0 can be chosen.

Px(1)(s) = exp {ias - 192282} exp {/000 (eisx —1—isxl(z € [-1, 1])) I/(dl’)}

=0y, (s) =Pya(s)

Hence it follows that X (1) = Y; + Y5, where Y7 and Y5 are independent, Y7 ~ N(a,b?) and
therefore b = 0. (Otherwise Y] could attain negative values and consequently X (1) could attain
negative values as well.)

For all € € (0,1)

ox(1)(s) = exp {is (a - /El xu(dz)) + /O\€ (eisz -1- isx) v(dx) + /OOO (eis‘v - 1) V(dm)} .

It has to be shown that for € — 0 it holds [>° (%% — 1) v(dz) — [5° (e"" — 1) v(dz) < oo with
Jo© min{z, 1} v(dz) < 0. @x(1)(s) = exp {is (a - f; atl/(dx)) } 0z,(8)¢z,(s), where Z; and Zo

)

are independent, ¢, (s) = exp {f (e —1 —isx) V(dib’)}, ©z,(s) = exp { [Z° (€% — 1) v(dz)},
0
4 1 : (2) _ Bz
s € R. Then X(1) = a — [, av(dz) + Z1 + Za. There exist ¢, (0) = —+ < oo,
Lp(le)(O) = 0 = iEZ; and it therefore follows that EZ; = 0 and P(Z; < 0) > 0. On the
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other hand, Z5 has a compound Poisson distribution with parameters (V ([e,)),
e€(0,1).

u(~m[a,+oo])>
v(le,+o0)) )2

= P (Z2 <0) >0, since P(Zy=0) > 0.

For X (1) to be positive it follows that a — fsl zv(dz) >0 forall e € (0,1). Hence a > 0 and

/ min {z,1} dz < co.
0

Moreover, for € | 0 it holds Z; 40 and consequently

Px(1)(s) = exp {is (a - /01 fw(dx)> - /OOO <€m — 1) y(dx)} , seR.

Example 4.3.2 (a-stable subordinator):
Let X = {X(¢), t > 0} be a subordinator with a = 0 and the Lévy measure

1
Z/(dgj) _ ﬁmd.ﬁ, T > 0,
0 —wdz =0, z<0.

By Lemma 4.3.1 it follows that X is an a-stable Lévy process.
We show that Iy, (s) = Ee™*X(®) = ¢75% for all s,¢ > 0.

« 1

Px(p(s) = (cpxu)(S))t = exp {t/ooo (em — 1) m_a)wdx} , sER.

It has to be shown that

o dzx

azi Ool_ —uxr > .
u I‘(l—a)/o (1—e )lerOl’ u>0

This is enough since ¢x()() can be continued analytically to {z € C:Imz >0}, ie.
Ox ) (iu) = fX(t) (u), w > 0. In fact, it holds that

/OO (1— ) 22 /Oo /x —uy gy pi-ag
—e = ul e yx x
0 .’L'1+d 0 0
Fubini o0 > 1
= / / ue” Yo~ "% xdy
0 y
oo o
= / / 1 %rue”Wdy
0 Jy
u o0
= —/ e Wy %y
«@ Jo
(o]

Subst. U ., 1 z
= —/ e T —d| =
« u—e U

0
= u—/ e 2 (Ima)=1g,
0

(e}
(0%
uOé
= —I(1-
(1 - a)

and hence follows iX(t)(s) =e " t,5>0.
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4.4 Additional Exercises

Exercise 4.4.1
Let X be a random variable with distribution function F' and characteristic function ¢. Show
that the following statements hold:

a) If X is infinitely divisible, then it holds ¢(t) # 0 for all ¢ € R. Hint: Show that
limy, o0 [@n(5)[2 = 1 for all s € R, if o(s) = (pn(s))™. Note further that |on(s)|* is
again a characteristic function and limy,_, zn =1 holds for x > 0.

b) Give an example (with explanation) for a distribution, which is not infinitely divisible.

Exercise 4.4.2
Let X = {X(t), t > 0} be a Lévy process. Show that the random variable X () is then infinitely
divisible for every t > 0.

Exercise 4.4.3
Show that the sum of two independent Lévy processes is again a Lévy process, and state the
corresponding Lévy characteristic.

Exercise 4.4.4
Look at the following function ¢ : R — C with

o(t) = e¥® where (t) =2 Z 27%(cos(2Ft) — 1).

k=—o00

Show that ¢(t) is the characteristic function of an infinitely divisible distribution. Hint: Look
at the Lévy-Khintchine representation with measure v({+2F}) =27% k € Z.

Exercise 4.4.5

Let the Lévy process {X(t),t > 0} be a Gamma process with parameters b, p > 0, that is, for
every t > 0 it holds X (¢) ~ I'(b, pt). Show that {X(¢),t > 0} is a subordinator with the Laplace
exponent £(u) = [°(1 — e ")v(dy) with v(dy) = py~ e ®dy, y > 0. (The Laplace exponent
of {X(t),t > 0} is the function ¢ : [0,00) — [0, 00), for which holds that Ee=%X(t) = ¢=#(®) for
arbitrary ¢,u > 0)

Exercise 4.4.6

Let {X(t),t > 0} be a Lévy process with characteristics Lévy exponent n and {7(s),s > 0} a
independent subordinator witch characteristic Lévy exponent . The stochastic process Y be
defined as Y = {X(7(s)),s > 0}.

(a) Show that
E (ei9Y(8)) — 6“/(*1'77(9))87 0 € R,

where Imz describes the imaginary part of z.

Hint: Since 7 is a process with non-negative values, it holds Eeif7(s) = ¢70)s for all
6 € {z € C:Imz > 0} through the analytical continuation of Theorem 4.1.3.

(b) Show that Y is a Lévy process with characteristic Lévy exponent ~v(—in(-)).
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Exercise 4.4.7
Let {X(t), t > 0} be a compound Poisson process with Lévy measure

M2 a?

v(dr) = e 22dzx, x€R,

O/ T

where A\,o > 0. Show that {cW (N(t)), t > 0} has the same finite-dimensional distributions
as X, where {N(s), s > 0} is a Poisson process with intensity 2\ and W is a standard Wiener
process independent from N.

Hint to exercise 4.4.6 a) and exercise 4.4.7
e In order to calculate the expectation for the characteristic function, the identity E(X) =

E(E(XY)) = J[g E(X|Y = y)Fy(dy) for two random variables X and Y can be used. In
doing so, it should be conditioned on 7(s).

2 as2
o [ cos(sy)e” zTady = 2ma- e fora>0and s € R.

Exercise 4.4.8
Let W be a standard Wiener process and 7 an independent F-stable subordinator, where
€ (0,2). Show that {W(7(s)),s > 0} is a a-stable Lévy process.

Exercise 4.4.9
Show that the subordinator 1" with marginal density

t

2y

is a 3-stable subordinator. (Hint: Differentiate the Laplace transform of T'(t) and solve the
differential equation).

B R
s 2e 1{s >0}

fT(t)(S) =




5 Martingales

5.1 Basic ldeas

Let (Q, F,P) be a complete probability space.

Definition 5.1.1
Let {F;, t > 0} be a family of o-algebras F; C F. It is called

1. a filtration if F3 C F, 0 < s <.

2. a complete filtration if it is a filtration such that Fy (and therefore all Fg, s > 0) contains
all sets of zero probability.
Later on we will always assume that we have a complete filtration.

3. a right-continuous filtration if for all t > 0 Fy = Ng>t Fs.

4. a natural filtration for a stochastic process {X(t), t > 0}, if it is generated by the past of
the process until time t > 0, i.e. for all £ > 0 F; is the smallest o-algebra which contains
the sets {w € Q: (X(t1),..., X (tn)" € B}, foralln € N, 0<ty,...,t, <t, B € B(R").

A random variable 7 : Q — R is called stopping time (w.r.t. the filtration {F;, t > 0}), if
forallt >0 {weQ:7(w) <t} e F.
If {F:, t > 0} is the natural filtration of a stochastic process {X (), ¢ > 0}, then 7 being a
stopping time means that by looking at the past of the process X you can tell whether the
moment 7 occurred.

Lemma 5.1.1
Let {F;, t > 0} be a right-continuous filtration. 7 is a stopping time w.r.t. {F;, ¢t > 0} if and
only if {r <t} e F forallt>0.

|

{we:T(w)<t}eF:

Proof , < ¢

Let {r <t} € F4,t > 0. To show: {r <t} € F.

Since {7 <t} =N {r <t+ 1} for all € > 0 it follows {7 < t} € Ny s = Fy.

, : “

To show: {r <t} e F, t>0= {r <t} € F, t>0.

{T < t} = UsE(O,t){T <t-— 3} S UsE(O,t)Ft—s C F. 0

Definition 5.1.2

Let (2, F,P) be a probability space, {F;, t > 0} a filtration (F;, € F, t > 0) and X =
{X(t), t > 0} a stochastic process on (2, F,P). X is adapted w.r.t. the filtration {F;,¢ > 0}
if X (t) is Fi-measurable for all ¢t > 0, i.e. for all B € B(R) {X(t) € B} € F;.

Definition 5.1.3
The time 75 = inf{t > 0 : X(¢) € B} is called first hitting time of the set B € B(R) by the
stochastic process X = {X (¢), t > 0} (also called: first passage time, first entrance time).

70
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Theorem 5.1.1

Let {F:, t > 0} be a right-continuous filtration and X = {X(¢), t > 0} an adapted (w.r.t.
{Fi, t > 0}) cadlag process. For open B C R, 7p is a stopping time. If B is closed then
7p =inf{t > 0: X(t) € B or X(t—) € B} is a stopping time, where X (t—) = limg; X (s).

Proof 1. Let B € B(R) be open. Because of Lemma 5.1.1 it is enough to show that
{r <t} € F;, t > 0. Because of right-continuity of the trajectories of X it holds:

{78 <t} = Useqnio,n{X(s) € B} € UseqroFs © Fi, since Fs C F, s <t.

2. Let B € B(R) be closed. For all ¢ > 0 let B, = {z € R: d(z, B) < €} be a parallel set of
B, where d(z, B) = infyep |z — y|. B is open for all € > 0.

{7fp <t} = ( U {X(s)eB} u{X(t)e B}) U (ﬂ U {X(s)€ Bi}) € Fi,
s€QN(0,t) n>1seQN(0,t)

since X is adapted w.r.t. {F;, ¢t > 0}.

Lemma 5.1.2
Let 71,7 be stopping times w.r.t. the filtration {F;, ¢t > 0}. Then min{7, 72}, max{rm, o},
71 + 72 and a7y, a > 1, are stopping times (w.r.t. {F;, t > 0}).

Proof For all ¢ > 0 it holds:

1. {min{r,n} <t} ={n <t}u{rn <t} € F,
—_—
eFt eFt

2. {maX{Tl,TQ} < t} = {7‘1 < t} N {7‘2 < t} € Fi,
3. {an <t} ={n < é} € Fi C Jy, since é <t,

4. {T1+72§t}C:{Tl+T2 >t}:{7‘1 >t}U{7’2>t}U{7’1 2t,7‘2>0}U{7’22t,7’1 >0}U
—_——— ———

eFy eF: eFt EFt
{O<T2<t,T1+T2>t}U{O<T1<t,7’2+T1>t},
To show: {0 < 7o < t,7p +720 >t} € Fr. {0 <7 <t,m+mn >t} € F works
analogously.)

{<n<t,n+rn>tt= U {s<n<tn>t—s}teF
s€QN(0,t)

Theorem 5.1.2

Let 7 be an a.s. finite stopping time w.r.t. the filtration {F;,¢ > 0} on the probability space
(Q, F,P), i.e. P(T < 0o) = 1. Then there exists a sequence of discrete stopping times {7, } nen,
T > T > 73> ... such that 7, | 7, n — 0o a.s.
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Proof For all n € N let

o 0, if7r(w)=0

TR iR <r(w) < EEL forake N

FOI‘&HtZO&IldfOI‘&HﬂENHkIGNO1Qﬁnft<%7i-e‘ ithOldS{TnSt}:{TnS?% -

{r < 9:} € Fix CFi = 7y is a stopping time. Obviously 7, | 7, n — oo a.s. -
2”

Corollary 5.1.1

Let 7 be an a.s. finite stopping time w.r.t. the filtration {F:, ¢t > 0} and X ={X(¢), t >0} a
cadlag process on (2, F,P), F; C F for all t > 0. Then X (w,7(w)), w € Q is a random variable
on (2, F,P).

Proof To show: X(7) : Q — R is measurable, i.e. for all B € B(R) {X(7) € B} € F. Let
Tn 4 7, n — 00 be as in Theorem 5.1.2. Since X is cadlag, it holds that X (7,) — X(7) as..

Then X (7) is F-measurable as the limit of X (7,,) which are themselves F-measurable. Indeed,
for all B € B(R) it holds

(X(r) e By = | {Tn k}ﬂ{X(an)eB} e F

k=0

5.2 (Sub-, Super-)Martingales

The word "martingale" originates from the betting strategy named after citizens of french city
Martignes who were famous in 18th century for their simplicity and stupidity. The strategy

" & la martengalo" can be best explained in a pitch-and-toss game: a gambler with initial capital
2" Euro wins a stake if a coin comes up heads, and he looses his stake, otherwise. At the initial
point of time, the gambler bets 1 Euro, and doubles his bet after each loss, till the first win.
After each win, the next bet has to be 1 Euro again, and so forth. It is easy to see that if the
win comes in m < n games, the gambler wins in total 1 Euro. Hence, this gamble strategy is
simply a redistribution of the gain over m games. However, the probability of loss in this series
of m games is (1/2)™, thus a small number, but not zero. Is m > n then the gambler looses
his whole capital. Hence, the strategy is very risky, since the gain of 1 Euro is opposed to the
loss of 2" Euro. The expected gain in any number of games is here obviously zero.

Definition 5.2.1

Let X = {X(t), t > 0} be a stochastic process adapted w.r.t. to a filtration {F;, t > 0},
Fi C F, t >0, on the probability space (2, F,P), E|X ()| < oo, t > 0.

X is called martingale, resp. sub- or supermartingale, if E(X (t) | F5) = X (s) a.s., resp. E(X (1) |
Fs) > X(s) as. or E(X(t) | Fs) < X(s) a.s. for all s,¢ > 0 with ¢ > s. For a martingale, it
holds obviously E(X(¢)) = E(X(s)) = const for all s, ¢; accordingly, E(X(t)) > (<)E(X(s)) for
s <t if X is a sub- or supermartingale.

Definition 5.2.1 means that the best (in L?-sense) prediction of X (t), ¢t > s on the basis of
observations X (u), u € [0, s], is the actual last value X(s).
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Definition 5.2.2
A discrete (sub-, super-) martingale w.r.t. a filtration {F, },en is a sequence of random variables
{X,}nen on a probability space {Q, F,P) such that X,, is measurable w.r.t. {F,}n,en and

E(Xpi1|Xn) & Xn(azS Xn,alg& X,,) for all n € N. A discrete stopping time w.r.t. {Fp}nen

is a random variable 7 :  — N U {oco}, such that {r < n} € F, for all n € NU {oc}, where
oo - U{U =1 'F }

Very often martingales are constructed on the basis of a stochastic process Y = {Y (¢), ¢t > 0}

as follows: X(t) = g(Y(t)) — Eg(Y (t)) for some measurable function ¢ : R — R, or by

X(t) . etuY (1)

W for any fixed u S R.

Examples

1. Poisson process
Let Y = {Y(¢), t > 0} be the homogeneous Poisson process with intensity A > 0.
EY (t) = VarY (t) = At since Y (t) ~ Pois(At), t > 0.

a) X(t) = Y(t) — A, t > 0 = X(t) is a martingale w.r.t. the natural filtration
>

{Fs, s > 0}. Indeed, by stationarity and independence of increments of Y, it
holds
E(X(0) [ Fs) = EXY(@E)—M—(Y(s) = As) + (Y(s) = As)) | Fs)
= Y(s) = As+EY(t) —Y(s) — A(t —s) | Fs)
By (5) = As + E(Y () = Y(5)) — At — 5)
T Y (s) — As + E(Y(t — 5)) —A(t — )

=A(t—s)
= Y(s) —As = X(s) forany s <t.

b) X(t) = X2(t) — X, t > 0 = X(t) is a martingale w.r.t. {Fs, s> 0}.

X2(t) = At Fy) = E((X () = X(5) + X(5))* = At | Fo)

E(X(t) | Fs) = E
((X(1) = X(5))% +2(X (1) = X(5))X(s) + X*(5) = As = A(t — ) | F)

= E

= X(s)+ E(X() - X(5)® +2X(s) E(X(t) — X(s) -\t — 5)
=Var(Y (t)-Y (s))=A(t—s) =0

= X(s), s<t.

2. Compound Poisson process
Let Y(t) = ZN(t) Ui, t > 0, where N = {N(t),t > 0} is a homogeneous Poisson pro-
cess with intensity A > 0, U; are independent identically distributed random variables,
E|Ui| < oo, {U;} independent of N. Let X (¢t) =Y (¢t) —EY(t) = Y (t) — MEU;, t > 0.
Exercise 5.2.1
Show that X = {X(¢), t > 0} is a martingale w.r.t. its natural filtration.

3. Wiener process
Let W = {W(t), t > 0} be a Wiener process, {Fs, s > 0} be the natural filtration.
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a) Y ={Y(t), t > 0}, where Y (¢) := W2(t)—EW?2(t) = W2(t)—t, t > 0, is a martingale
w.r.t. {Fs, s> 0}.
Indeed, it holds

E(Y ()| F) = E(W(t) = W(s)+W(s)? —s—(t—s) | F)
= E(W(t) = W(s)* +2W(s)(W(t) = W(s)) + W(s)* | Fs) =5 — (t = 5)
= E(W(t) = W(s))*) +2W (s) EW (t) — W (s)) +E(W?(s) | Fs) — s — (t — 5)

=0
= t—s+W?s)—s—(t—s)
= W3s)—s=Y(s), s<t.

b) Y(t) := W= >0 and a fixed u € R.
E|V(t)] = e 2Ee*W (1) = ¢=%*3¢%"2 = 1 < co. We show that ¥ = {Y (£), t > 0} is

a martingale w.r.t. {Fs, s> 0}.

E(V() | F) = E(WO-WEHW()-u?s -5 ) )

W W (s) g E(etWO-W) | x,)

=V (s) 2 (=9
—=e 2

4. Lévy martingale
Let X be a random variable (on (€2, F, P)) with E|X| < co. Let {Fs, s > 0} be a filtration
n (9, F,P).

Construct Y (t) = E(X | F),t > 0. Y ={Y(¢), t > 0} is a martingale.
Indeed, E|Y (¢)| = E|[E(X | )| < E(E(|X] | t)) =E|X| < o0, t>0.
E(Y(t) | Fs) = E(E(X | ) | Fs) © E(X | F5) =Y(s), s <t since Fs C Fy.

Remark:

If {Y(n)|n =1,..,N}, where N € N, is a martingale, then it is Lévy since Y (n) =
E(Y(N) | 7)) for all n = 1,..., N, i.e. X := Y(N). However, the latter is not always
possible for processes of the form {Y (n)| n € N} or {Y(¢)| t > 0}.

5. Lévy processes
Let X = {X(t), t > 0} be a Lévy process with Lévy exponent n and natural filtration
{Fs, s >0}

a) If E[X(1)| < oo, define Y (t) = X(¢) —tEX(1), ¢ > 0. As in the previous cases it
———
—EX (1)

can be shown that Y = {Y'(¢), ¢ > 0} is martingale w.r.t. the filtration {Fs, s > 0}

(Compare Examples 1 and 2).

b) In the general case one can use the combination from Example 3 b) — normalize
uX(t) eluX(t)

eX () by the characteristic function of X(t), i.e. let Y(t) = € o = Som
X(t)

etuX(W=tn(w) ¢ >0 4 eR.
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To show: Y = {Y(¢), t > 0} is a complex-valued martingale.
E|Y(t)] = |e ()| < o0, since 17 : Ry — C. EY(t) = 1, t > 0. Furthermore, it holds
E(Y(t) | Fy) = E(eMXO-X@E)=(t=s)n(w)giuX(s)=sn(u) | )
= luX(s)=sn(w) o= (t=s)n(u) g (iu(X ()= X(s)))

= Y(s)e Emom@el=s)nw) —y(5),  s<t.

6. Compensated martingale
Let {Y}, }nen be a sequence of random variables with E|Y,,| < coVn € N, F, = a(Y1,...,Y,),
Fo =1{0,9Q}. Introduce S, = Y71 Yi, Znn = > 1 E(Yi|Fk—1). Set X;, = Sp,—Z,, n € N.
Then { X, }nen is a martingale w.r.t. the filtration {F;, }nen, since

E(XnJrl’]:n) = E(SnJrl - Zn+1|fn)

= E(Xn + Yn+1 - E(Yn+1|-/—:n)|]:n)
E(Xn‘Fn) + E(Yn+1|]:n) - E(Yn+1|]:n)

- Xn7

since X, is F,-measurable. So, an arbitrary sum .S,, can be compensated to a martingale
Sn — Zy, by subtracting a predictable sequence Z,,, in the sense that Z,, can be predicted
knowing S1,...,S—1.

7. Monotone Submartingales/Supermartingales
Every integrable stochastic process X = {X(t¢), t > 0}, which is adapted w.r.t. to
a filtration {Fs, s > 0} and has a.s. monotone nondecreasing (resp. non-increasing)
trajectories, is a sub- (resp. a super-)martingale.

In fact, it holds e.g. X(£) = X(s), t > s = E(X(t) | Fs) = E(X(s) | F) 2 X(s). In
particular, every subordinator is a submartingale.

Lemma 5.2.1

Let X = {X(t), t > 0} be a stochastic process, which is adapted w.r.t. a filtration {F, ¢ > 0}

and let f : R — R be convex such that E|f(X(¢))] < oo, t > 0. Then Y = {f(X(¢)), t >0} is
a sub-martingale, if

a) X is a martingale, or
b) X is a sub-martingale and f is monotone nondecreasing.

Proof Use Jensen’s inequality for conditional expectations:

E(F(X() | Fs) = FE(X(1) | Fo)) = F(X(s)).

b

>X(s), 2X(s)

5.3 Uniform Integrability

It is known that in general X, —> X or X, —> X do not yield X, —> X. Here
X, X1, X5,... are random varlables deﬁned on the probablhty space (9, F, P) When does
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»Xn % X=X, % X *“hold? The answer provides the notion of uniform integrability
n oo n o
of {X,, n e N}.

Definition 5.3.1
The sequence {X,,, n € N} of random variables is called uniformly integrable, if E|X,| < oo,
n € N, and sup E(|X,,|1(| X,,| > x)) —— 0.

neN T—+00

Remark 5.3.1

Let {X,}n>0 and {Y,}n>0 be uniformly integrable sequence of random variables, ¢ be a con-
stant. Then {c¢X,}n>0, {¢ + Xn}n>0, {Xn + Ya}n>o0, {max{|X,|, |Ys|}n>0 are uniformly inte-
grable as well.

Lemma 5.3.1
The sequence {X,,, n € N} of random variables is uniformly integrable if and only if

1. supE|X,,| < co (uniform boundedness) and
neN

2. for every € > 0 there is a 6 > 0 such that E(|X,|1(A)) < e for all n € N and all A € F
with P(A4) < 4.

Proof Let {X,} be a sequence of random variables. It has to be shown that

1) supE|X,| < oo
neN
sup E(IXn[1(1Xn] > 7)) === 0= 2) Ve >036 > 0: E(|X,|1(4)) < ¢

VneN, VAe F:P(A) <9
”<:“

Set A, = {|Xy| > 2} for all n € N and z > 0. It holds P(4,) < 1E|X,| by Markov’s inequality
and consequently sup,, P(A,) < %SUPn E|X,| << — 0

= dN > 0:Ve > N P(4,) <9 2 sup,, E(| X,,|1(4,)) < e. Since € > 0 can be chosen
arbitrarily small

= sup, E(|Xa|1(|Xn| > 7)) — 0.

T—00

«
» =

SpE[X,| < sup(E(IXal L(1Xal > 2) + E(Xal1(1Xa| < 2)))

n
< sup(E(|Xn|L(|[Xn| > 2)) + 2 P(|X,| < z))
n ——
<1
< e+x <

2. For all € > 0 3z > 0 such that E(|X,|1(|X,| > x)) < § because of uniform integrability.
Choose 0 > 0 such that 0 < §. Then it holds

E(|Xn[1(4)) = E(@l(an\ < z) 1(A4)) + E(| X0 |1(| Xn| > x)w)
<z <1 <1
<

2P(A) + E(|X | 1(| X0 > 7)) < &
——

<

<

N

£
2
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Theorem 5.3.1

The sequence of random variables { X, },,>0 is uniformly integrable iff exists function ¢ : R — R
such that ¢ (x)/z 1 oo for x — o0, sup, ey E¥(|Xy|) < oo. For the necessity, ¢ can be chosen
to be convex.

Proof Without loss of generality, we may assume X,, > 0 a.s. Vn € N.
Sufficiency: Let v(x) = ¢(x)/x. Then

—_
—_
—_

B L(Xn > 2)) £ s Bt (Xa)L(Xn > 2) < s BU(X) < o sup EU(Xn) =3 0,

since by assumption v(x) is monotonously increasing to oo, so for X, > =z it holds

v(Xy) > v(z) = vf}é’s) > 1, and zv(x) = ¢¥(x).

Necessity: Since { X}, },,>0 is uniformly integrable, it holds u(x) := sup,cy E(Xp1(X,, > x)) — 0

monotonously as x — oo. Choose a sequence yg = 0, y» — 400 as k — oo s.t.
Yoreovulyr) < ¢ < oco. Set g(z) = \/@ if x € [y, Yk+1). It holds % 1 o0 as r — o0,
since £¥:=0 < 1 — 9Wk) for a1l k € N. Furthermore, it holds

Yk Vulyr—1) \/u (Yx) Yk

:iEg(Xn) 1(Xn € Yk, Yk+1)) ZE<\/7) (Xn G[ykvyk-i-l))
Z\/ﬁ yk Z\/ yk <c< @

k=0

by definition of u(yx). To prove our statement, it is sufficient to construct a convex function
Y < gs.t. Y(x)/x T oo for x — oo. Let the graph of ¢(x),z > 0 be a linear interpolation

between points (yx, g(yx — 0)),k € Nsup{0}, cf. Figure 5.1. Since % = (u(yp_1))"'/?

U1 Y2 Ys Ya Us

Fig. 5.1: Functions ¢ and g¢
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grows monotonously with k& — oo, so the supergraph of ¢ is a convex of the supergraph of
the discontinuous function g(x), hence, g(z) > ¥ (z) Yo > and 9(-) is convex by contradiction.

Let us show that YW — 9we=0 1 o 4o g0 YW 4 Log as 2 — +oo. For

Yk Yk Vu(yr) k—oo Yk
T € Yk, Yk+1), it holds % = ak—bf, where b, > 0, by construction of g and v, so monotonicity
is clear. O

Lemma 5.3.2
Let {X, }nen be a sequence of random variables with E|X,| < oo, n € N, X, % X. Then
n [o.¢]

X, i—1> X if and only if {X,, },en is uniformly integrable.
n—,oo

Particularly, X, P .x implies EX,, —— EX.
n—oo n—oo

Proof 1) Let {X,,}nen be uniformly integrable. It has to be shown that E|X,, — X| —— 0.

n—oo
Since X, _)L> X one obtains that (X,,)nen has a subsequence (X, )ren converging almost
n o0
surely to X. Consequently, Fatou’s Lemma yields

E|X| <liminf E|X,, | < sup E|X,|,
k—o0 neN

and therefore E|X| < co by Lemma 5.3.1, 1.).
Moreover, one infers from  lim P(|X,, — X| > ¢) =0 and Lemma 5.3.1, 2.) that
n—oo

Jim E(X, = X|L(X, - X| > ) =0
for all e > 0. (By Remark 5.3.1 the uniform integrability of {X,},ecn implies the uniform

integrability of {X,, — X },en.)
Consequently it follows

lim E|X, — X| = lim [E(|X, — X[L(1X, — X| > &) + E( X, — X[1(| X, — X| <2))] < 2

n—oo

forall e >0, ie. X, ——— X.
n—oo
2) Now let E|X,, — X| —= 0 The properties 1) and 2) of Lemma 5.3.1 have to be shown.
n—oo
1. supE|X,| <supE|X,, — X|+ E|X]| < oo, since X, 2 x.
n n
2. Forall AC F,P(A) <é:

E(1 X, [1(4)) < E(1 X, — X| 1(4)) + E(X]L(4)) < X, — X] +

<1 <

with an appropriate choice of ¢, since E| X| < oo and since for all ¢ > 0 3N, such that for
alln > N E|X, — X[ < 5.

Corollary 5.3.1
Let X,, —— X.
n—oo
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1. If f:R — R is continuous and
a) bounded
b) {f(Xn)tnen is uniformly integrable
then f(X,) —“— f(X).

n—

2. Dominated convergence theorem of Lebesgue: if |X,| < Y a.s. Vn and EY < oo then

1
there exists EX and X, L . x
n—oo

3. If {|Xn|"}nen,” > 1 is uniformly integrable then X, % X. If E|X,,|" < oo and
n—oo

X, —2 X for r > 1 then {|Xn|" }nen is uniformly bounded.

n—o0

4. Tf E|X,|""™ < ¢ < oo for all n € N and some r > 1, > 0 then X, %) X.

Proof 1,b): By continuity Theorem (cf. Theorem 6.4.3, WR), f(X,) ﬁ f(X). The asse-
tion follows by Lemma 5.3.2.

1,a): Show that {f(X,)}nen is uniformly integrable. Since f is bounded, {f(X,,)}nen is uni-
formly integrable by Theorem 5.3.1 with ¢ (z) = 2'7%,§ > 0. Application of 1,b) finishes the
proof.

2): By Lemma 5.3.1, we need to show the following:

a) sup,en E|Xpn| < EY < 00. b) Ve > 035 > 0 : E(|X,]1(A) < E(Y1(A)) < &,¥n € N,
VA e F:P(A) < 0 since Y is integrable.

3): Set Z, = | X, — X[",Vn € N. It holds Z, ﬁ 0 and | X,|" ﬁ |X|" by continuity
theorem. {Z,}nen is uniformly integrable by Minkowski inequality, since {|X,|" }nen and | X|"
are uniformly integrable. The application of Lemma 5.3.2 to {Z, },en finishes the proof.

4): Apply Theorem 5.3.1 with () = z1+%/T to see that {|X,|"} is uniformly integrable. Then

apply 3). O

5.4 Stopped Martingales

Notation: z4 = (x)4+ = max(z,0), x € R.

Theorem 5.4.1 (Doob’s inequality):
Let X = {X(t), t > 0} be a cadlag submartingale, adapted w.r.t. the filtration {F;, ¢ > 0}.
Then for arbitrary ¢ > 0 and arbitrary x > 0 it holds:

P < sup X(s) >m> < w
0<s<t

Proof Since P(supg<s<; X(s) > 2) = P(supg<s<(X(s))y > x) for all t > 0, 2 > 0, assume
w.lo.g. X(t) >0,t>0 as. Introduce A = {sup;, ; X(s)> x} for arbitrary times 0 < #; <
tog <...<ty, <t. Then A =U}_, Ay, where

A1 = {X(tl) > x},
Ag = {X(tl) < :L',X(tg) > l‘},

A = {X(h) <2, X(t) < v X(tor) < 7, X(t) > 2},
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k=2,...,n, AiNA; =0, i # j. It has to be shown that P(A) < w Indeed,

E(X(t,)) > E(X Z 1(Ap)) > J:Z P(Ay) = zP(A),
k=1 k=1
k=1,...,n—1, since X is a submartingale and thus it follows that

E(X(tn)1(Ar)) = B(X(t1)1(AR)) = E(z1(Ax)) = 2P (Ap),

k=1,...,n—1,t, > tx. Let B C [0,t] be a finite subset, 0 € B, t € B = it is proven similarly
that P(maxsep X(s) > z) < EXT(t) Since Q is dense in R, B = [0,t) N QU {t} = U2, By,
B C [0,t) NQU {t} finite, By C B, k < n. By the monotonicity of the probability measure
it holds

P (supX(s) > x) =P ( sup X(s) > x) =P (Un{gxelaBi{LX(s) > a:})

sEB s€Un, Bn

= lim P(maxX( )>x) <

n—o0 seB €T

EX(
xr

~
—

By the right-continuity of the paths of X it holds P(supy<s<; X(s) > ) <

Corollary 5.4.1
Let p>0and Y = {Y(t) = W(t) — ut; t > 0} be a Wiener process with negative drift. Then

P (sup Y(t) > m) <e T x>0,

>0

Proof From Example 3 of Section 5.2 X (t) = exp{u(Y (t) + tu) — “72'5}, t > 0 is a martingale
w.r.t. the natural filtration of W. For u = 2y it holds X (t) = exp{2uY(¢)}, ¢t > 0. By Theorem
5.4.1

P{ sup Y(s) > x} = P{ sup eV () > 2z

0<s<t 0<s<t

—2px
— e2nx e2nx ? ?

} Ee2nY(t)  EX(t)

since by martingale property of X it holds EX(¢) = EX(0) = 1, and consequently

P(supY(s) > z) = lim P(sup Y(s) > x) < e 242,
5>0 =00 0<s<t

Theorem 5.4.2

Let X = {X(t), t > 0} be a martingale w.r.t. the filtration {F;, t > 0} with cadlag paths. If
7 :Q — [0,00) is a finite stopping time w.r.t. the filtration {F;, ¢t > 0}, then the stochastic
process {X (7 At), t > 0} is a martingale (the so-called stopped martingale) w.r.t. the same
filtration. Here a A b = min{a, b}.

Lemma 5.4.1
Let X = {X(t), t > 0} be a martingale with cadlag-trajectories w.r.t. the filtration {F;, ¢ > 0}.
Let 7 be a finite stopping time and let {7,, },en be the sequence of discrete stopping times out
of Theorem 5.1.2, for which 7, | 7, n — o0, holds. Then {X (7, At) },en is uniformly integrable
for every t > 0.
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Proof As in Theorem 5.1.2, consider stopping times

0 , ifr=0
Ty —
" %, 1fk<7<k2t1,f0rak‘ENo

1. Tt is to be shown: E|X (7, At)| < oo for all n.
EIX(m, A t)] < Zk: K E\X(Qn)\ + E|X(t)] < oo, since X is a martingale, therefore
integrable.

2. It is to be shown: sup,, E(|X (7, A t)|1(| X (10, A )| > z)) —— 0.
—_—

T—00
An

sup E(1X(mn A 1)[1(AR))

— s Z E(‘X(; ‘1({ }OA>>+E(|X(t)|1(7’n>t)1(An))

F )
!

| X (t)] - subm

M sup ZE(X {Tn_} >)+E(|X(t)\1({7’n>t}ﬂAn))

k2n<t
= swlE[Ix0) ({—} Au) | +EQXOIL ({7 > )01 An)
- sngEuX()rl( ) <SE (X1 > 1)

= E(X®[1(Y > ),

where 1(A,) < 1(sup | X (7, A t)] > x). It remains to prove that P(Y > x) —= 0 (The
n

—_———
Y

latter obviously implies lim E (IX@®)|1(Y >z)) =0, since E|X ()| < oo for all t > 0.)
T—r 00
Doob’s inequality yields

EIX ()]
P(Y >2) <P(sup | X(s)|>x) <
(¥ > ) <P sup [X() >0 < =

0,

since {| X (¢)|, t > 0} is a submartingale.

Proof of Theorem 5.4.2
It is to be shown that {X (7 A t), ¢ > 0} is a martingale.

1. E|X(7At)| < oo for all t > 0. As in Corollary 5.1.1 7,, | 7, n — oo yields X (1, At) —=2

n—o0

X (7 At). Since E|X (7, At)] < oo for all n (cf. 1. of the proof of Lemma 5.4.1) it follows
E| X (7At)| < oo because of Lemma 5.4.1, since uniform integrability gives L!-convergence.

2. Martingale property
It is to be shown:

IS
w0

SAE

E(X(TAt) | Fs) X(tAs), s<t

IS
[

E(X(r At)1(A)) E(X(r As)1(A)), A€ F,
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First of all, we show that {X (7, At), t > 0} is a martingale, i.e. E(X (7, At)1(A)) =
E(X(mnAs)1(A)), A€ Fs,n € N. Let t1,...,t; € (s,t) be discrete values, which 7,, takes
with positive probability in (s, ).
E(X (A1) [ Fs) = EEX(mant)| Fy) | F)
= EEX(m A1) 1 <ti) | Fy,) | Fo)
———
X(7n)
+ E(E(X (mn A ) (T > tg) | Fr) | Fs)
—_———
X(t)
= E(l(rn < tp)B(X (1) | Fiy) [ Fs)
+ E(1(m, > tp)E(X(t) | Fr) | Fs)

= E(X(1)l(rn <tg) | Fs) + E(L(ro > tr) X (tr) | Fs)

= EX{pxAm) | Fs)=...=E(X({txs_1 AT0) | Fs) = ...

= E(X(t1 A7) | Fs)

= EX({t1 Am)l(mn <) | Fs) + E(X(t1 A1) 1(70 > 5) | Fs)
= 1(rp < 8)X(m) + 1(m > s)E(X (1) | Fs)

= U7 < 8)X(10) + 1(m > )X (9)

2 X (1t A s),

where ,, ... “ means the above reasoning. Since X is cadlag and 7, | 7, n — 00, it holds
X(th A T) % X (7 A't). Furthermore, by Lemma 5.4.1 {X (7, A t)}nen is uniformly
integrable. Therefore it follows that
E(X(tm At)1(A)) = E(X(mAs)L(A)) forall Ae F;
] 3
E(X(tAt)1(A) = EX(1As)1(A)

= {X(r At), t >0} is a martingale.

Definition 5.4.1
Let 7 : Q@ — R, be a stopping time w.r.t. the filtration {F;, ¢ > 0}, 7y € F, t > 0. The
stopped o-algebra F; is defined by A € Fr & An{r <t} € F forall t > 0.

a.s.
Lemma 5.4.2 1. Let n, 7 be stopping times w.r.t. the filtration {F;, ¢ > 0}, n < 7. Then
it holds F, C F-.

2. Let X = {X(¢), t > 0} be a martingale with cadlag-trajectories w.r.t. the filtration
{Fi, t > 0} and let 7 be a stopping time w.r.t. {F;, t > 0}. Then X (7) is F-measurable.

Proof 1. Let Ac F,. Then An{n <t} e F,t>0and
An{r<t}=An{n<t}n{r <t}u_B € F,
—_— ————
cF: eFy €%o

for all t > 0, where B C {n > 7} has probability zero since (2, F,P) is a complete
probability space. = A € F, since {F;, t > 0} is a complete filtration.
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2. It has to be shown: {X(7) € B}nN{r <t} € F forallt >0, B € B(R). Since X is cadlag
it holds

X(s,w)=X(0,w)l(s =0)+ lim iX(tH w)l(k_lt<s<k) s € [0,¢]
) - ) - n—00 k:2 277/ Y 2n — 2n Y ) *
= X(s,w) is By X Fi-measurable. Then for w € {7 <t} it holds

2 k—1 k—1 k
X(1(w)) = X(0,w){7(w) =0} + lim X({t—,w|l|—t<7(w —t
(r(w)) = X(0,)1{r(w) }wk;(?” )1(5t < v < ot)

is Fi-measurable, since X (0, w) is Fo-measurable, Fy C F;, 1{7(w) = 0} is Fp-measurable,
X(t%,w) is JFyp/on-measurable, Fypon C Fp and 1{]"’2_71175 < 71(w) < 2ﬁnt} is Fyp/on-
measurable. = X (7) is F | Fr-measurable.

O

Theorem 5.4.3 (Optional sampling theorem):
Let X = {X(t), t > 0} be a martingale with cadlag trajectories w.r.t. a filtration {F%, ¢t > 0}
and let 7 be a finite stopping time w.r.t. {F;, t > 0}. Then E(X(¢) | Fr) & X(1 At), t > 0.

Remark 5.4.1

The meaning of this theorem is the following: the predictor (or sampler) of X (¢) under the
observations {X(s), s € [0,7]} (i.e. F;) is either X (¢) itself if it was observed (¢ < 7) or the
last observable value X (7), otherwise (if ¢ > 7).

Proof First of all we show that E(X(t) | Fr,) © X(r, At), t > 0, n € N, where 7, | 7,
n — 00, is the discrete approximation of 7, cf Theorem 5.1.2. Let t1 <ty < ... <t =t be
the values attained by 7, At with positive probability. It is to be shown that for all A € F,
it holds: E(X(¢)1(A)) = E(X (7, At)1(A)). Then

k—1
(X(1) = X(m ADLA) "=" (X (1) = X(E))A({m At =1} N A)

=1
k

= Y (X (te) = X(tim1)I({ma At =ti1} N A)
=2
k k

= D ) (X(tj) - X(t—))({m At =tii ) N A)
i=2 j=i

(X(tj) = X(tj—1)1({m At =ti-1} N A)

I
Mu

<
||
N
<.
||
N

(X () = X(tj—1)1({mm At < tj1} N A),

I

<
||
N
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M=

E((X(t) = X(mn A1)L(A)) = E[(X(#) = X(t-1)1({ma At < tj} N A)]

.
||
N

I
M=

E[EIX() — X(tm) ) 1Um AL < b0 A)]I7, ]

.
||
N

]-'tj71 —meas. ]:tj—l —meas.
k
— YE[L{n At <t} NAE [X(G)IF, ] X))
=92 —_————
’ =X(tj-1)
= 0 a.s.

by Definition 5.4.1 and martingale property. Hence it holds E(X (¢) | Fy,) © X (7, A t), since
X (1) is Fr,-measurable. 7 < 7, = F; C Fy,. Since {X(7, A t)}nen is uniformly integrable
for ¢t € [0, 00), it holds
E(X(t) | Fr) = lim E(X(t) | Fr,) = lim X(mo At) = X(T AL) a.s.,
n—oo

n—oo

since X is cadlag. O

Corollary 5.4.2
Let X = {X(t), t > 0} be a cadlag martingale and let n,7 be finite stopping times such

a

that P(n < 7) = 1. Then it holds E(X(t A7) | F)) ¥ X(nAt), t > 0. In particular,
E(X (7 At))) =E(X(0)) holds.

Proof Since X is a martingale { X (7 At), t > 0} is also a martingale by Theorem 5.4.2. Apply
Theorem 5.4.3 to it:

E(X(TAL)|F) E X(TAnAt)E X(nAt),

since 7 a'gs' 7. Set 7 =0, then E(E(X (7 At) | Fo)) = EX(0At) = EX(0). 0

5.5 Lévy Processes and Martingales

Theorem 5.5.1
Let X = {X(t), t > 0} be a Lévy process with characteristics (a, b, /).

1. There exists a cadlag modification X = {X(t), t > 0} of X.
2. The natural filtration of cadlag Lévy processes ist right-continuous.

Without proof

Theorem 5.5.2 (Regeneration theorem for Lévy processes):

Let X = {X(t), t > 0} be a cadlag Lévy process with natural filtration {F;X, ¢t > 0} and let
7 be a finite stopping time w.r.t. {FX, ¢ > 0}. The process Y = {Y(t), t > 0}, given by
Y(t) = X(t+t)—X(7),t > 0, is also a Lévy process, adapted w.r.t. the filtration {FX ,, ¢t > 0},
which is independent of FX and has the same characteristics as X. 7 is called regeneration
time.
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Y

Fig. 5.2: Construction of the process Y by means of regeneration time 7.

Proof For any n € N, take arbitrary 0 < tp < --- < t, and uy,...,u, € R. We claim that all
assertions of the theorem follow from the relation

( eXp{ZZ“J Y (t- 1))}) (5:5.1)
=P(A)E (exp {iin(X(tj> - X(tj—l))})

1. By Lemma 5.4.2, since 7+ s and 7+t, s,t > 0, s < t are stopping times with 7+s < 741¢
a.s., we have ]:r)is C FX, ie. {FX b0 is a filtration, and Y (t) = X (7 +t) — X(T) is
{F. +t} -adapted: X (7) is F:X-measurable, X (7 +t) is F2 ,-measurable, FX C FX ,.

for all A € FX.

2. It follows from (5.5.1) for A = € that X 4 Y, ie., Y is a Lévy process with the same
Lévy exponent 1 as X.

3. Tt also follows from (5.5.1) that Y and F.X are independent, since arbitrary increments
of Y do not depend on FX.

4. Now let us prove (5.5.1). We begin with the case of

a) 3¢ > 0: P(r < ¢) = 1. By Example 5, b) of Section 5.2, Y; = {Y;(t)}izo0,
Jj =1,...,n with Y;(t) = exp{iu; X (t) — tn(u;)}, t > 0 are complex-valued mar-
tingales. Furthermore, it holds

A)exp{_iu; (Y (t;) = Y(tj-1))})
j=1

= E(1(4) eXp{Z tuj (X (7 +t5) = X(7) = X(7 + ;1) + X(7)))})

B ( ﬁ y G(r+1t5)  exp{n(u;) (T +t;)} )

(7 +tj—1) exp{n(u;) (7 + tj-1)}
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= E|E (I(A) 11 }m exp{(t; — tj—1)n(u;)} | ]:r)itnl))

n—1 ~7 _
} +t‘) L | eltn—tn—1)n(un) -
= e 1) [T 22T e T e ) X
Yn(7+tn—l)
e
= B[ 1(4) | J] 22558 cltimtimontw) | pltamtantun)
i1 Yi(r +t)
= = E(]_(A) H e(tﬂ_tJfl)U(uj)) — P(A) H e(tj ti—1)n(u;)
j=1 7j=1
= P(A)E(exp{i ) (u;(X(tj) — X(tj-1))})
j=1

b) Prove (5.5.1) for arbitrary finite stopping times 7: P(7 < co) = 1. For any k € N it
holds Ay = AN{r <k} € FX,. Then it follows from 4. a) and relation (5.5.1) that

E (1(Ak) exp {zn: iuj(Yk,tj - Yk,tjl)}) (552)

= P(A)E (exp {zn: i (X (t) — X(tj—1>)})

for Yy = X((t AN k) +t) — X(7 A k). Now let & — oo on both sides of (5.5.2). By
Lebesgue’s theorem on majorized convergence, (5.5.1) follows for any a.s. finite 7,
since T A k%Y 1 as k — oo.

5.6 Martingales and Wiener Processes

We would like to show that if W = {W(¢t), ¢t > 0} is a Wiener process then it holds

2 “+o00 2
P(max W(s) > z) = \/—/ e~ mdy, x>0.
s€[0,4] 7t Jy

Theorem 5.6.1 (Reflection principle):
Let 7 be an arbitrary a.s. finite stopping time w.r.t. the natural filtration {7}V, t > 0}. Let
X ={X(t),t > 0} be the reflected Wiener process at time 7, i.e.

X(t) =W(rAt)— (W(t) — W(r At)), t > 0. Then X < W holds.

Proof It holds

W (t) ,t<T

X(t) =W(rAt) = (W(t) - W(rAt)) = {QW(T) -w@) L, t=>T
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X(t)
WD+ --—7-————4-——————— —

W

A

Fig. 5.3: Reflection principle.

Let Xi(t) = W(r At), Xo(t) = W(r +t) — W(r), t > 0. From Theorem 5.5.2 follows that
X» is independent from (7,X;) (W — Lévy process and 7 — regeneration time). It holds
W(t) =X1(t) + Xo((t —7)4), X(t) = X1(t) — Xo((t — 7)+), t > 0. Indeed,

(t) + X2(0) = W(t t
X1(t) + Xo((t — 7)4 { ) + Xaf (t), <7

+t—7)=W(r)=W(t), t>r.
= W(t) = X1(t) + X2((t — 7)+), t > 0. Furthermore

W () — X2(0) = W (1), t<r

Xl(t) — XQ((t — T)-‘r) = {W(T) . W(T S+t 7—) 4 W(T) = QW(T) — W(t), t>T.

= X(t) = Xi(t) — X2((t — 7)4), t > 0. From Theorems 5.5.2 and ?? it follows that X» 4 w,
~W £ W and hence

(TlaX17X2) = (T)le_XQ)
1 A
W L X

O

Let W = {W(t), t > 0} be the Wiener process on (Q, F,P), let {FV, ¢t > 0} be the natural
filtration w.r.t. W. For z € R let TFZ/} =inf{t > 0: W(t) = z}. TVZ} =7V is an a.s. finite
stopping time w.r.t. {FV, ¢t > 0}, z > 0, since it obviously holds {7V <t} € F}V. Since W
has continuous paths (a.s.), {F}V, t > 0} is right-continuous.

Corollary 5.6.1
Let My = max,oyqW(s), t > 0. Then it follows for all z > 0, y > 0, that
P(My > 2, W(t) <z—y)=P(W(t) >y+2).

Proof M, is a random variable, since W has continuous paths. Let 7 := TZW . By Theorem 5.6.1,
it holds for Y'(t) = W (rAt)— (W (t) =W (rAt)), t > 0, that Y £ W. Hence {r/V, W} < {zY Y},
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since W(r) = z, 7V = 1. Therefore

Pr<t,W(t)<z—vy)= P(T;/ <t,Y(t)<z-—vy),

whereas {7} <t} N{Y(t)<z—y}={rY <tIn{2z-W({) < z—y}. If 7 =7 <t then
Y (t) =2W(r) — W(t) = 2z — W(t), and hence

P(r <t,W(t) < z—y) =P(r < t,2:=W(t) < z—y) = P(r < t,W(t) > z+y) = P(W(t) > z+vy).

Per definition of 7 = 7}V it holds:
Pir<t,W({t)<z—y)=PM;>2,W(t)<z—y)=P(W({)>y+=2)

since 7}V <t <= maxe(o, W(s) > 2. 0

Theorem 5.6.2 (Distribution of the maximum of W):

For t > 0 and x > 0 it holds
2 o0 2
P(M, > z) = ‘/E/x e~ T dy.

Proof In Corollary 5.6.1 set y = 0 = P(My > 2z, W(t) < z) = P(W(t) > z). It holds
PW(t) > z) = P(W(t) > z) for all t and all z, since W(t) ~ N(0,¢), thus continuously
distributed.

= P(M; > 2,W(t) < 2)+ P(W(t) > 2) =P(W(t) > 2) + P(W(t) > 2)

= P(M;>2,W(t) <z)+P(M;>2z,W(t)>z)=P(M; > z) = QE(W(t) > 2)

2

= P(M; > z) =2P(W(t) > z) = 2\/%“ e e Edy = VE e 7 dy. 0

Let X(t) = W(t) — tu, t > 0, u > 0, be the Wiener process with negative drift. Consider
P(supy>g X (t) > z), = > 0. To motivate it, calculate the following ruin probability in risk
theory. Let z > 0 be the initial capital of an insurance company. Let u be the volume of
premium collection per time unit. Then ut are earned premiums at time ¢ > 0. Let W (t) be
the loss process (price development). Then R(t) = x + tu — W(t) is the remaining capital at
time ¢. The ruin probability is thus

P(%gg R(t) <0)=P(z — §1>1E>X(t) <0) = P(igE)X(t) > ).

In Corollary 5.4.1, the upper bound P(sup;>o X (t) > x) < e” " was proved. Show that it is
exact.

Theorem 5.6.3
It holds
P(sup X (t) > z) =e 2", >0, u>0.
t>0

Proof Let 7 = 7X =inf{t > 0: X(t) = z}. It holds

P(sup X (t) > z) = P(t < 00) = lim P(7 <t).

t>0 t——4o00
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Compute this limit. For that, introduce the process Y = {Y'(¢), t > 0},

Y(t)zexp{uX(t)—t(f—uu)}, t>0,

u > 0 fixed. It can easily be shown that Y is a martingale. 7/ = 7 At is a finite stopping time
w.r.t. {F~, t > 0}. By Theorem 5.4.2, EY (') = EY(0) = ¢ = 1. On the other hand,

1=EY (™) =EY (1T <t)) +EXY(F)1(r > 1)) = E(Y(7)1(7 < t)) + E(Y () 1(r > 1)).
If we can show that

lim E(Y(r')1(r > t)) =0, (5.6.1)

t—4o00

then lim; 4o E(Y(7)1(7 < t)) = 1. Since Y (1) = exp {ux -7 (“72 - ,uu) }, it follows

. ’LL2 —uzx
tlgpooE [exp{—T (2—uu>}1(7<t)] =e ",

and for v = 2y it holds

: 0 1 _ 2ux
tl}eroo E [e 1(r < t)} = tl}gloo Pir<t)=e .

Hence, P(sup;so X (t) > x) = e~ 2. Now let us prove (5.6.1). By Corollary 3.3.2, it is known

that Wit
t( ) as, 0, (t— +o0).

X)L (W) _
i 5 = i (552 ) =

= X(t) = —o0, (t = 00). Then,

Hence,

Y()1(r > t) = exp{2uX ()}1(r > 1) 30 (¢t — o0).
By Lebesgue’s theorem, it holds E[Y (7")1(7 > t)] — 0, (t = +00). 0

Theorem 5.6.4 (Monotone time substitution):

Let X = {X(t), t > 0} be a Lévy process and let 7 = {7(¢), t > 0} be a subordinator,
which are both defined on a probability space (2, F,P). Let X and 7 be independent. Then
Y ={Y(t), t > 0}, defined by Y (¢) = X(7(t)), t > 0, is a Lévy process.

Without proof

5.7 Additional Exercises

Exercise 5.7.1
Let X,Y : Q — R be arbitrary random variables on (2, F, P) with

E|X| <oo, ElY|<oo, E|XY|<oo,

and let G C F be an arbitrary sub-o-Algebra of F. Then it holds
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E(X{0,Q}) = EX,E(X|F) =
E(aX +bY|G) = aE(X|G) 4+ bE(Y'|G) for arbitrary a,b € R,

E(XY|G) =YE(X|G), if Y is a (G, B(R))-measurable random variable,

)
)
(c) E(X|G) <E(Y|G),it X <Y,
)
) E(E(X|G2)|G1) = E(XG1), if G1 and Gy are sub-o-algebras of F with G; C Ga,
)

E(X|G) = EX, if the o-algebra G and o(X) = X }(B(R)) are independent, i.e., if P(A N
A"y =P(A)P(A’) for arbitrary A € G and A’ € o(X).

(g) E(f(X)|G) > f(E(X]|G)), if f:R — R is a convex function, such that E|f(X)| < co.

Exercise 5.7.2

Look at the two random variables X and Y on the probability space ([—1,1], B([-1,1]), 3v)
with E|X| < oo, where v is the Lebesgue measure of [—1,1]. Determine o(Y') and a version of
the conditional expectation E(X|Y") for the following random variables.

(a) Y(w) = w® (Hint: Show first that o(Y) = B([—1,1]))

(b) V(w) = (~1)* for we [E52 572) k=1, dand Y (1) =
(Hint: Tt holds E(X|B) = E5{38) for B € cr( ) with P(B) > 0)

(c) Calculate the distribution of E(X|Y') in (a) and (b), if X ~ U[-1,1].

Exercise 5.7.3
Let X and Y be random variables on a probability space (€2, F,P). The conditional variance
Var(Y'|X) is defined by

Var(Y|X) = E((Y — E(Y|X))?X).

Show that
VarY = E(Var(Y|X)) + Var(E(Y|X)).

Exercise 5.7.4
Let now S and 7 be stopping times w.r.t. the filtration {F;,¢t > 0}. Show:

(a) AN{S<rt}eF,VAe Fg
(b) Jtmin{S,T} =FsNFr

Exercise 5.7.5 (a) Let {X(t),t > 0} be a martingale. Show that EX(¢) = EX(0) holds for
all t > 0.

(b) Let {X(t),t > 0} be a sub- resp. supermartingale. Show that EX(¢t) > EX(0) resp.
EX(t) < EX(0) holds for all ¢t > 0.

Exercise 5.7.6
Let the stochastic process X = {X(¢),t > 0} be adapted and cadlag. Show that

EX(t)?
P X > < - — 7
(g, X(0) >2) < Xy

holds for arbitrary x > 0 and ¢ > 0, if X is a submartingale with EX (#) = 0 and EX (t)? < oc.
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Exercise 5.7.7

Let X = {X(n),n € N} be a martingale. Show that the sequence of random variables X (7 A
1), X(7 A 2),... is uniformly integrable for every finite stopping time 7, if E|X(7)| < oo and
E(|X(n)|1{r>ny) — 0 for n — oco.

Exercise 5.7.8

Let S ={S, =a+ Y=, X;,n € N} be a symmetric random walk with ¢ > 0 and P(X; =1) =
P(X; = —1) = 1/2 for i € N. The random walk is stopped at the time 7, when it exceeds or
falls below one of the two values 0 and K > a for the first time, i.e.

= mi < > .
T I]zlzlgl{Sk_Oor Sp > K}

Show that M, = Y1 (S; — 355 is a martingale and E(}Y[_y S;) = 3(K? — a?)a + a holds.
Hint: To calculate E(M,|FM), n > m, you can use E(Zli:k X)3P=01<k<Il, M, =
o Sr + > r—my1 Sr — %SE’L and S, = S, — Sy + S

Exercise 5.7.9

Let {X,}nen be a discrete martingale and 7 a discrete stopping time w.r.t. {F,}nen. Show
that{ Xiin{r,n} fnen is also a martingale w.r.t. {Fp}nen.

Exercise 5.7.10

Let {S), }nen be a symmetric random walk with S, = >°7 | X; for a sequence of independent and
identically distributed random variables X7, Xo,..., such that P(X; = 1) = P(X; = —1) = 1.
Let 7 = inf{n : |S,| > V/n} and F, = o{X1,..., X}, n € N.

(a) Show that 7 is a stopping time w.r.t. {F}, }nen.

(b) Show that {G,}nen with G, = S?

min{r.n} min{7,n} is a martingale w.r.t. {F,}nen-
(Hint: Use exercise 5.7.9)

(¢) Show that |G, | < 47 holds for all n € N.
(Hint: It holds |G,| < |S2 }| + | min{r,n}| < anin{T ny T T)

in{r,n



6 Stationary Sequences of Random Variables

6.1 Sequences of Independent Random Variables

It is known that the series

since the drift of neighboring terms in the second series has order ﬁ? ie.

N R VO B
2 e +kzl<(2k:)a (2k+1)a>’

n

n=1 n
whereas
11 @kt —@kr (L) 1 1 1o ()
(2k)e  (2k+ 1)~ (2k)*(2k+ 1) (2k+1)> (2k + 1)~

:mzo<(%;ﬂ)=0<njﬂ>, n =2k,

For which o > 0 does the series > 2, EL—Z converge, where d,, are i.i.d. random variables with
Ed, =0, e.g. P(6, = £1) = 17
More general question: Under which conditions holds >>7°; X,, < oo a.s., where X,, are
independent random variables?
It is known that for a sequence of random variables {Y,,} with Y, %) Y it holds that
P

Y, —= Y. The opposite is in general not true.
n o0
Theorem 6.1.1
Let X,,, n € N be independent random variables. If S,, = "% | X; LN S, then S,, =2 .
n—oo n—oo

Without proof

Corollary 6.1.1
If the X,,, n € N are independent random variables with Var X,, < oo, EX,, = 0, n € N and
o> 1 Var X, < oo, then Y >°; X,, converges a.s.

Proof Let S, = 31" | X; for n € N. Prove that {S, },en is a Cauchy sequence in L?*(Q, F, P).
Namely, for n > m it holds

E(Sy = Sin)* = S0 = Smlfa = > VarX; ———0,
i=m+1 e

92
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since Y72, Var X; < oo. Hence, {5, }nen is a Cauchy sequence in L?(€2, F, P). Then

(e}
38 = lim S, = X;X = S,
1=
in the mean square sense and thus .5, % S. The statement of the corollary then follows
n—oo
from Theorem 6.1.1. O

Corollary 6.1.2
If 52, a2 < oo, where {a,}nen is a deterministic sequence, and {8,} is a sequence of i.i.d.
random variables with ES, = 0, Varé, = 0? < oo, n € N, then the sequence >°°; a,d,

converges a.sS.

Exercise 6.1.1
Derive Corollary 6.1.2 from Corollary 6.1.1.

In our motivating example 6, iid., E§, = 0, Vard, = o > 0 (e.g. P(6, = £1) = 1),
an = -5, n €N, Z;’lez—g<oo, ifzzozln%<oo, ie. for a> 3.
Corollary 6.1.3 (Three-Series-Theorem):
Let { X, }nen be a sequence of independent random variables with Y oo | EX,,, >°>°, Var X, <

0o. Then >>0° ; X, Z .

Proof Let Y, = X,, — EX,,, thus X,, = EX,,+Y,,, n € N, and EY,, = 0, > 7" a, < oo by

=an
our assumptions. Then > >° Y, 5 by Corollary 6.1.1, since VarX,, = VarY;,, n € N,
Yo Var Xy, <oco =30 X =300 an + 3 02 Yo Z . O

6.2 Stationarity in the Strict Sense and Ergodic Theory
6.2.1 Basic Ideas

Let {X,}nen be a stationary in the strict sense sequence of random variables, i.e. for all
n, k € N the distribution of (X,,, ..., X,4%)? is independent of n € N. In particular, this means
that all X, are identically distributed. In the language of Kolmogorov’s theorem:

P((Xn,Xn+1, .. ) € B) = P((Xl,Xz, .. ) S B),
for all n € N and all B € B(R*), where R =R xR x ... x....

Example 6.2.1 (Stationary sequences of random variables): 1. Let {X, },en be a se-
quence of i.i.d. random variables, then {X,, },cn is stationary.

2. Let Y,, = ao Xy + ... + ap X4k, where k is a fixed natural number, {X,,},en from 1),
ap, . ..,a € R (fixed), n € N. 'Y}, are not independent anymore but identically distributed.
The sequence {Y}, },en is stationary.

3. Let Y, = Z;’;O a;j X4 for arbitrary n € N. The sequence {a;}jen, is a sequence of
real numbers with 3272 a? < 00 and { X, }nen are i.i.d. random variables with EX,, =
0,Var X,, < oo (compare Corollary 6.1.2). It is obvious that {Y,},en is a stationary
sequence. (This construction is important for autoregressive time series (AR processes),
e.g. in econometrics).
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4. Let Y,, = 9(Xn, Xn+1,...), n € N, g : R® — R measurable, {X,,},en as in 1). Then
{Y, }nen is stationary.

Remark 6.2.1 1. An arbitrary stationary sequence of random variables X = {Xj}nen
can be extended to a stationary sequence X = { X, }nez. In fact, the finite dimensional
distribution of X can be defined as:

d
(Xny--~7Xn+k):(X1;-~-7Xk+1)7 née€Z, keN.

Therefore, by Kolmogorov’s theorem, there exists a probability space and a sequence
{Y.}nez with the above distribution. We set X = {Y,}necz, it hence follows that

{(Yihnen £ { X0 }nen

2. We define a shift of coordinates. Let x € R®_, # = (x),k € Z). Define the mapping

0: R — R>,, (0x)r = x41 (shift of the coordinates by 1), k € Z. If 0 is considered
on R, then it is bijective and the inverse mapping would be (0~ 'z);, = z1_1, k € Z.

Let now X = {X,,, n € Z} be a stationary sequence of random variables. Let X = 60X,
X = 071X. It is obvious that X and X are again stationary and X dx4d X, ie.,

PO'X € B)=P(0X € B)=P(X € B), B¢cBR™,).
0 is a measure preserving map. There are also other maps which have a measure preserving

effect.

Definition 6.2.1
Let (2, F,P) be an arbitrary probability space. A map T : Q — Q is called measure preserving,
if

1. T is measurable, i.e. T"'A e F forall A€ F,
2. P(T7'A) =P(4), AcF.

Lemma 6.2.1

Let T be a measure preserving mapping and let Xy be a random variable. Define X, (w) =
Xo(T"(w)),w € Q,n € N. Then the sequence of random variables X = {Xo, X1, Xo,...} is
stationary.

Proof Let
X(w) = (XO(W)v XO(T(W))a XO(TQ(W)>7 e ')7

0X (w) = (Xo(T(w)), Xo(T?(w)), Xo(T?(w)), .- ),

BeBR®),A={weQ: X(w) € B}, A ={w € Q: 0X(w) € B}. Therefore w € A; &

T(w) € A. Since P(T71A) = P(A), it holds P(A;) = P(A). For 4, = {w € Q: "X (w) € B}

the same holds, P(4,) = P(A), n € N (Induction). Hence the sequence X is stationary. O
The sequence X in Lemma 6.2.1 is called a sequence generated by T'.

Definition 6.2.2

A map T : Q) — Q is called measure preserving in both directions, if

1. T is bijective and T'(Q) = Q,



6 Stationary Sequences of Random Variables 95

2. T and T~! are measurable,
3. P(T71A) = P(A), A € F, and therefore P(T A) = P(A).

Thus, exactly as in Lemma 6.2.1, we can construct stationary sequences of random variables
with time parameter n € Z:

X(w) ={Xo(T"(w))nez, w €,

where T is a measure preserving map (in both directions), Xo(7T%(w)) = Xo(w), (T° = Id).

Lemma 6.2.2
For an arbitrary stationary sequence of random variables X = (Xg, X1,...) there exists a
measure preserving map 7" and a random variable Yy such that YV (w) = {Yp(T"(w)) }nen has the

same distribution as X: X < Y. The same statement holds for sequences with time parameter
n € Z and measure preserving maps in both directions.

Proof Consider the canonical probability space (R, B(R*),Px), Y(w) = w,w € R*®, Yp(w) =
wp for w = (wp,w1,wa,...) € R® T =40. Thus, Y is constructed since Px(A) =Px(Y € 4) =
Py(A), A € B(R™). 0

Example 6.2.2 (Measure preserving maps): 1. Let Q = {w1,...,wi}, k > 2, F = 29,
Plwi) = %, i = 1,...,k, be a Laplace probability space. Then Tw; = w;+1 for all
i=1,....,k—1, Tw, = wy, is measure preserving.

2. Let Q@ =[0,1), F = B([0,1)), P = 11 — Lebesgue-measure on [0,1). Let Tw = (w + s)
mod 1, s > 0. T is measure preserving in both directions.

Stationary sequences of random variables, which in these examples can be generated by the
map 7', are mostly deterministic resp. cyclic. In Example 1) we can consider a random variable
Xo : @ — R, such that X (w;) = z; are all pairwise distinct. Therefore X, (w) = Xo(T"(w))
uniquely defines the value of X,,11(w) = Xo(T""!(w)), for all n € N.

Remark 6.2.2

Measure preserving maps play an important role in physics. There, T is interpreted as the
change of state of a physical system and the measure P can e.g. be the volume. (Example: T
— change of temperature, measure P — volume of the gas.) Therefore the ergodic theory to be
developed can be immediately transfered to some physical processes.

Theorem 6.2.1 (Poincare):
If T is a measure preserving map on (2, F,P), A € F, then for almost all w € A the relation
{T"(w) € A} holds for infinitely many n € N.

That means, the trajectory {T"(w), n € N} returns to A infinitely often, if w € Q, P(4) > 0.
Proof Let N = {w € A: T"(w) ¢ A,Vn > 1}. It is obvious that N € F, since {w € Q :
T"(w) ¢ A} € Fforalln > 1. NNT"N = for all n > 1. In fact, if w € NNT "N, Vn € N,

then w € A, T"(w) ¢ A for alln > 1, w1 = T™(w), w1 € N. Hence it follows that w; € A, i.e.
T"(w) € A. That is a contradiction with w € N. For arbitrary m € N it holds

T~"NANT~ "N =T~ (NAT"N) =T"™(0) = 0.
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Hence follows that the sets T~"N, n € N, are pairwise disjoint, belong to F and P(T""N) =
P(N) =a > 0 holds. Then

o oo
1> P(Up>oT "N)=> P(T""N) = a,
n=0 n=0

which is possible only if a = 0, i.e., P(N) = 0. Hence it follows that for almost all w € A
(w € A\ N) there exists a n; = n1(w), such that 7™ (w) € A. Now use T* be instead of T,
k € N in the above reasoning. It holds P(Ny) = 0 and for all w € A\ Ny, there exists ny = ng(w)
such that (T*)" (w) € A. Since kny > k it follows for almost all w € A that T"(w) € A for
infinitely many n. O

Corollary 6.2.1
Let X > 0 be a random variable, A = {w € Q : X(w) > 0}. Then it holds for almost all w € A
that >>0° X (T"(w)) = 400, where T' is a measure preserving map.

Exercise 6.2.1

Prove it.

Remark 6.2.3

The proof of Theorem 6.2.1 holds for the sets A € F : P(A) > 0. If however P(4) = 0, it is
possible that A\ N = () and thus the statement of the theorem is trivial.

As an example we consider 2 = [0,1), F = Byg 1), P = v1 — Lebesgue-measure, T'(w) = w + s(
mod 1), s ¢ Q. Set A = wp, wo € 2. Then T"(wp) # wp holds for all n, because otherwise
there exists k,m € N, such that wo + ks —m = wp and hence follows s = 7+ € Q. Thus we get
a contradiction.

6.2.2 Mixing Properties and Ergodicity

Here we study the dependence structure in a stationary sequence of random variables, which
is generated by a measure preserving map 7.
Let X = {X,},cy be a stationary sequence (in the strict sense) of random variables. Then

there exists a measure preserving map T : 2 — Q such that X,,(w) 4 Xo(T™(w)) and X, 4 Xo,
and thus X gives the marginal distribution of the sequence X. In turn, the map T is responsible
for the dependence within X (it indicates the properties of multidimensional distributions). We
shall therefore now examine the dependence properties of X generated by T'.

Definition 6.2.3 1. Event A € F is called invariant w.r.t. (a measure preserving map)
T:Q—-Q ifT71A4=A.

2. Event A € F is called almost invariant w.r.t. T, if P(T"'AAA) = 0. Here A is the
symmetric difference of sets.

Exercise 6.2.2
Show that the set of all (almost) invariant events w.r.t. T is a o-algebra J(J*).

Lemma 6.2.3
Let A € J*. Then there exists B € J such that P(AAB) = 0.

Proof Let B = limsup,_,o, T "4 = N, U, T *A. It is to be shown that B € J,
P(AAB) = 0. Tt is obvious that T-1(B) = limsup,,_,., T~ "*YA = B and hence B € J.
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It is easy to see that AAB C U (T FAAT~ (1D A). Since P(T"*FAAT~(+1) A) = 0 for all
k> 1 due to A € J*, it follows that P(AAB) = 0. O

Definition 6.2.4 1. The measure preserving map T : Q —  is called ergodic if for every
Aeld

2. The stationary sequence of random variables X = { X}y is called ergodic if the measure
preserving map 7' : 2 — ), which generates X, is ergodic.

Lemma 6.2.4
The measure preserving map 7T is ergodic if and only if the probability of almost invariant sets

P(A) = { Y forall A

Proof , <«

Obvious, since arbitrary invariant set are also almost invariant, i.e. J C J*.

” :> 14

Let T be ergodic and A € J*. According to Lemma 6.2.3 it follows that there exists B € J
such that P(AAB) = 0. Therefore P(A) = P(AN B) = P(B). Since T is ergodic and B € J it
follows

Definition 6.2.5
A random variable Y : Q — R is called (almost) invariant w.r.t. a measure preserving map
T:Q—Qif Y(w) =Y (T(w)) for (almost) all w € .

Theorem 6.2.2
Let T : Q2 — € be a measure preserving map. The following statements are equivalent:

1. T is ergodic.
2. If Y is almost invariant w.r.t. 7" then Y = const a.s.
3. If Y is invariant w.r.t. T then Y = const a.s.
Proof 1) = 2)=3)=1)
1) =2)
Let T be ergodic and Y — almost invariant. It is to be shown that Y (w) = const for almost all

w € Q. It holds Y(T'(w)) = Y(w) almost surely. Let A, = {w € Q:Y(w) < v}, v € R. Hence
it follows that A, € J* for all v € R and by Lemma 6.2.4

P(A,) = { (1) for all v.
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Let ¢ = sup{v:P(4,) =0}. Show that P(Y = ¢) = 1. It holds 4, T Q, v — o0, A, | 0,
v — —00 = |c| < co. Thus

P(Y<c):P(u,g°°:1{Y§c—1}) < iP(ACJ) —0,
n=1 ———=

n n
=0

by definition of ¢. Analogously one proves that P(Y > ¢) = 0 and hence P(Y =¢) = 1.
2) = 3) is obvious.

3) = 1) It is to be shown that 7T is ergodic, i.e. P(A) = (1) for all A € J.

0

Let Y = 14. It is invariant w.r.t. T, hence it follows that 14 = const = { (1) and P(A) = { 1

O

Remark 6.2.4 1. The statements of Theorem 6.2.2 stay true if you demand 3) for a.s.
bounded random variables Y.

2. If Y is invariant w.r.t. T then Y,, = min{Y,n}, n € N, is also invariant w.r.t. 7.
Example 6.2.3 1. Let Q = {w1,...,wq}, F = 2% P({w;}) = é, i=1,...,d. Let T(w;) =

. T . . . . .
wit1, t=1,...,d—1, wg— wy. T is obviously ergodic and hence any invariant random
variable is constant.

2. Let Q =[0,1), F = By 1), P =11, T(w) = (w+s) mod 1. Show that T" is ergodic <=
s ¢ Q.

Proof ,, < ¢

Let s ¢ Q, Y be an arbitrary invariant random variable. Let Y be bounded a.s. so that
EY? < co (compare Remark 6.2.4, 1)). We decompose the random variable Y into a Fourier-
series. The Fourier series of Y is Y(w) = Y% 5 a,e?™™¥. We want to show that a, = 0,
n > 0, and hence follows that Y (w) = ag a.s.. Then T is ergodic by Theorem 6.2.2. Indeed, by
definition of T, T(w) = w+ s — k, k € N. Since T' is measure preserving and since Y is invariant
w.r.t. T' it holds

a, =< Y(w), eQm‘nw >po= E(y(w)e—%rinw) — E(y(T(w))e—%rinw)e—%rins _ e—QWinsan_

Therefore if s ¢ Q then a, = 0.
” :>“
If s = ™ € Q, then T is not ergodic, i.e. there exists A € J such that 0 < P(A) < 1.

Indeed, set A = U}, {w eQ: % <w< 2’;—:;1} . It is clear that P(A) = £. A is invariant, since

T(4)=(A+%2) mod1=A4. 0

Definition 6.2.6 1. The measure preserving map 7" : Q@ — € is called mizing (on average),
if for all Ay, Ay € F it holds: P(Al N T_nAQ) m P(Al)P(AQ)
(% P P(AINTFAy) — P(A1)P(A2), respectively), i.e., by repeated application of
n oo
T to As, A1 and As are getting asymptotically independent.
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2. Let X = {Xn}neNo be a stationary sequence of random variables which are generated by
a random variable X and a measure preserving map 7. X is called weakly dependent (on
average), if the random variables X} and X}, are getting asymptotically independent
for n — oo, i.e. for all By, By € Bgr and k € Ny

P(Xk € By, Xi4n € Bg) m P(Xo S Bl)P(Xo S Bg)

1 n

( Z P(Xo € By, X\ € Ba) — P(Xo € B1)P(Xy € Bs), respectively) .

n n— 00
k=1

Theorem 6.2.3

Any stationary sequence of random variables X = {Xn}nGNO7 generated by the measure pre-

serving map 7T, is weakly dependent (on average) if and only if 7" is mixing (on average).

Proof We prove the equivalence of mixing and weak dependence. The proof of the equivalence
of mixing and weak dependence on average is analogous and left as an exercise to the reader.
» < “If T'is mixing we have to show that X = {X,, },en, with X, (w) = Xo(T™(w)),n € Ny is
weakly dependent. Let By, By € Bg. W.l.o.g., choose k = 0. Then

P(Xo € By, XooT" € By) = P(Xy, ' (B1) NT"(Xy ' (B2)))
—_—
=A; =T—"Asy
— P(A)P(A2) = P(Xo € B1)P(X; € Bs).

n—o0

» = “ Let any X = {X,, }nen, with X, (w) = Xo(T"(w)),n € Ny be weakly dependent. For
any A, As € F construct the random variable

0, w¢ AjUA,
Xo(w) = 1, weAmAg_
2, weA NA;
3, weAfN A

Since Xy, (w) = Xo(T™(w)) yields a weakly dependent sequence, it holds
P(AiNT"Ay) =P({1 < Xop <2} n{X, >2}) — P(Xo € [1,2])P(Xo > 2) = P(A1)P(A2).
Hence, T' is mixing. O

Theorem 6.2.4
Let T be a measure preserving map. 7T is ergodic if and only if it is mixing on average.

Proof , <«
It is to be shown, that if T is mixing on average then T is ergodic, i.e. for all A € J it holds
P(A):{ ) Let Ay € F, A= A€ J Then

LS P(AINT™™(Ag)) = P(A1NA,) —— P(A1)P(Az), which is possible only if P(A1NAz) =

——
—As
P(A1)P(As). For A; = A, we get P(A) = P?(A) and hence P(A) = { (1)

” j 13
Later. O
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Now we give the motivation for the term , mixing®.

Theorem 6.2.5
Let A € F, P(A) > 0. The measure preserving map 7 :  — Q is ergodic (i.e. mixing on
average) if and only if

P(Up T "A) =1,

i.e. the preimages T "A, n € Ny cover almost the whole €.

Proof ,, = ¢
Let B = U, T~ "A. Obviously, T7!B = U, T~"A C B. Since T is measure preserving,
i.e. P(T7'B) = P(B), it follows that P(T"!BAB) = P(B\T"'B) = P(B) — P(T"'B) = 0.

Hence, B € J* (B is almost invariant w.r.t. 7') and P(B) = by Lemma 6.2.4. Since

0
1
P(B) >P(A) >0= P(B)=1.

n =
Let T' be non-ergodic. It is to be shown that P(B) < 1 for some A € F,P(A) > 0. If T is not
ergodic, there exists A € J such that 0 < P(A) < 1. Hence, B = Uy2 ;177" A = A and hence

—
A

P(B) < 1. 0
Remark 6.2.5
So far, the fact that the random variables X are real-valued was never explicitly used. Therefore

the above observations can be transfered without modifications to sequences of random elements
with values in an arbitrary measurable space M.

6.2.3 Ergodic Theorem

Let X = {X,},2, be a sequence of random variables on the probability space (Q, F,P). If X,
are i.i.d. then by the law of large numbers

1 n—1
— Y X 5 EXo, if E[Xo| < oo
=0 n—oo

We want to prove a similar statement about stationary sequences.

Theorem 6.2.6 (Ergodic theorem, Birkhoff-Khinchin):

Let X = {Xn}neNo be a stationary sequence of random variables generated by the random
variable X and a measure preserving map 1" : 2 — Q. Let J be the g-algebra of the invariant
sets w.r.t. 7" and E|Xy| < co. Then

1 n—1 s
-3 Xy —5 E(Xo | J).
k=0

If X is weakly dependent on average (i.e. T is ergodic), then E(Xy | J) = E(Xj).

Lemma 6.2.5
Let {X,}, T be as above. Let S, (w) = 3724 Xo(T*(w)), My (w) = max {0, S1(w), ..., Sp(w)}-
Under the conditions of Theorem 6.2.6 it holds

E(Xo1(M, >0)) >0, neN.
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Proof Let w € {w : My(w) > 0}. For all £ < n it holds Si(wp) < My,(wp),wo € 2. Take
wp = T'(w). We can add Xy and get

Xo(w) + Mn(T(w)) = Xo(w) + Si(T(w)) = Skt (w).

For k =0,...,n — 1 it holds Xo(w) > Sgy1(w) — M,,(T(w)). Hence it follows that Xo(w) >
max {S1(w), ..., Sn(w)} =M, (T(w)). Since My(w) > 0, then M, = max{Si,...,S,}. It fol-

=Mn(w)
lows that

E(Xo1(M, > 0)) > E(M,, — M,(T))1(M,, > 0)) > E(M,, — M,,(T)) =0,
since T is measure preserving. a

Proof of the Theorem 6.2.6 W.l.o.g. let E( | J) = 0, otherwise replace X¢ by
Xo—E(X | J). It has to be shown: lim,,_,o 52 20, S,, = ZZ’ o Xk It is enough to show that

0< hmlnfs— < hmsups— <0
n—oo n n—oo M
with probability one. First we show that S = limsup,,_, ., %” < 0. It is enough to show that
PS>e) = 0 for all & > 0. Let X5 = (Xo — e)la, S; = Y452 X3(T9(w)),
Ae
M} = max{0,57,...,S;}. By Lemma 6.2.5, it follows E(X51(M,;; > 0)) > 0 for all n > 1.
But

S S,
{M}; >0} = { max Sj > 0} Thosoo 4 SUPSE > 0p =Ssup—£ >0p = sup =& > £ bNA. = A,
1<k<n E>1 k>1 k k>1 k
since {supk>1 2> 5} D {S > 5} = A.. By Lebesgue’s theorem
0 < E(X§1(M;: >0)) — E(X§14.), since E|X| < E|Xo| + €. Hence
n—oo

0 <E(X(la.) = E((Xo —e)1a,) = E(Xola.) — eP(A:) = E(E(Xol4a, | J)) — eP(A)

=1E(14, E(Xo | J)) — eP(A:) = —eP(A,)
=0
which means that P(A;) <0, i.e. P(A:) =0 for all € > 0.

In order to show 0 < liminf,, o S;L—” = S it is enough to look at —X instead of Xy, since
limsup,,_, o0 (—22) = —liminf, oo (52). Since P(—S < 0) = 1 it holds P(S > 0) = 1. Consider

n
now the case if T' is ergodic. Since Y = E(Xy|J) is an invariant random variable by definition

of J, it follows from Theorem 6.2.2,3) that Y = const a.s., i.e., Y = EY = E(E(X|J)) = EXj.

O

! Since S = limsup,,_, ., 2* is invariant w.r.t. T (S(T) = S) then A. = {S > ¢} € J, and hence 1a,ps is
J-measurable. Then
E(Xola.|J) =14, E(Xo]J).
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Remark 6.2.6
The peculiarity of the Ergodic Theorem in comparison with the strong law of large numbers
lies in the fact that the limiting value E(X | J) is random.

Example 6.2.4
We consider the probability space from Example 6.2.3 a): Q = {w1,...,wq}, d =21 € N. Let
T :Q — Q be defined by

T(wl) = Wi4+2 izl,...,d—2,
T(wg—1) = w1
T(Wd) = w2

Let A1 = {wi,ws,...,wy_1}, As = {wa,ws,...,wy}. Since (2, F,P) is a Laplace probability
space (P({w;}) = 1, for all 4) it follows that P(4;) = £, i = 1,2. On the other hand, A, Ay € J
w.r.t. T and therefore T is not ergodic. For an arbitrary random variable X : £ — R it holds

1 Z Xo (T"(w i —t Xo(waji1), with probability %, if we Ay,
oo _1 Xo(wa;) , with probability %, if we As.

Proof of Theorem 6.2.4 It has to be shown: If T : 2 — ) is ergodic then 7T is mixing on
average, i.e. for all Ay, Ay € F

1 n—1
- > P(A1NT*Ay) —— P(A1)P(A2).
k=0

Since T is ergodic, Y, = 2 070 1(T 7% A,) % P(A2) a.s. By Lebesgue’s theorem it
follows from 1(A4;)Y, m 1(A;)P(A3) that

E(1(A)Y;) = HZIP Ay N T Ag) —— P(A4)P(42).
k 0

Lemma 6.2.6

If {X,},cn is a uniformly integrable sequence of random variables and p,; > 0 are such that
Yie1Png = 1 for all n € N then the sequence of random variables Y, = > 71" pn i | Xi|, n € N,
is uniformly integrable as well.

Without proof

Corollary 6.2.2
Under the conditions of Theorem 6.2.6 it holds

1 n—1
—ZXk —> E(Xo|J)
k=0
resp.
1%
— Z X, 2 E(Xo)
n =0 n—o00

in the ergodic case.
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Proof As in the proof of Theorem 6.2.6, assume E(Xy|J) = 0 w.lo.g. If { X}, }nen, is stationary,
it is uniformly integrable because it then holds

sup E(|X,4[1(1 X, | > €)) = E(|Xo[1(|Xo| > £)) —— 0,

since E|Xo| < oo. Let S, = 23020 X = S0y pniXio1, Pni = 25 Sn = 5 X020 1 Xkl =
> PnilXi—1]. By Lemma 6.2.6, {Sn} - is uniformly integrable and so is {Sy, }nen since
n

Sy < Sp, 1(]S,| > ) < 1(S,, > €), consequently

sup E(|S,|1(|Sn| > €)) < supE(|Sn|1(]S,| > €)) Ve > 0.
neN neN
By Lemma 5.3.2, it follows from S, ka—s> 0 that S, i—1> 0. O
—00 n—oo

6.3 Stationarity in the Wide Sense

Let {X,},cz be a sequence of random variables, which is stationary in the wide sense:
E|X,|? < o0, n €N, EX,, = const, n € N, cov(X,, X)) = C(n —m), n,m € Z.

6.3.1 Correlation Theory

Theorem 6.3.1 (Herglotz):
C : Z — C is a positive semi-definite function iff there exists a finite measure p on (—m, 7) such
that

C(n) = /7r ¢ u(dz), n e 7.

-
u is called the spectral measure of C.
Remark 6.3.1

Since the covariance function of a stationary sequence is positive semi-definite the above rep-
resentation holds for an arbitrary covariance function C.

Proof of Theorem 6.3.1 , < ¢
If C(n) = " e (dx), n € Z, then for all n € N, for all 21,...,2, € Cand t1,...,t, € Z

2
p(dz) > 0.

> 27,0t — tj) = /_

i,j=1

n
. itj:B
E zZ5€
j=1

Hence it follows that C' is positive semi-definite.

” :> “ . i
For all N > 1, € [-m, ], define the function gy (z) = 525 Z,]Xj:l C(k—j)e h=1% > 0, since
C is positive semi-definite. It is continuous in z. It holds

w@ =5 ¥ (1-8D) oe,
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since there are N —|n| pairs (k, j) € {1,...,N}* such that k—j = n,n € {—~(N—1),...,N—1}.
Define the measure py on ([, 7], Bl_zx]) by un(B) = [5gn(x)dx, B € B([-n,7]).

[ i = [ e | (=)0 <

—r — 0, otherwise,

since {e™*} _ is an orthogonal system in L*[—m,]. For n = 0 it holds

un([—m,7]) = C(0) < oo, hence {%} . is a family of probability measures, which is tight
n
since py have compact support [, 7]. By Lemma 4.2.2, there exists a subsequence {NNi.};

Ny — 00 as k — oo such that pn, %) . v is finite measure on [—, 7|, and hence it follows
—00

/ e (dr) = lim eimuNk (dr) = lim (1 — |n|) C(n) = C(n) for all n €Z

— - k—oo J 7 - k—o0 N, k
by definition of weak convergence since e*® is continuous and bounded in z. O
Let X = {X,},cz be a stationary in the wide sense sequence of random variables. Then the

following spectral representation holds:
a.s g 3
X, = / e Z(dzx), nez,
—T

where Z is an orthogonal random measure on ([—7, 7], B([—m,7])). Therefore both Z and
I(f) = J". f(x)Z(dx) are to be introduced for deterministic functions f : [-m, 7] — C.

6.3.2 Orthogonal Random Measures

Let us briefly sketch the construction scheme of Z and stochastic integral I(-) on a o-finite
space A:

1. Z is defined on a semiring K of subsets of a o-finite phase space A (e.g. A = [—m, 7| as
above).

2. Z is defined on the algebra A, which is generated by K.

3. Define the integral I w.r.t. Z for a simple function on o(A) where p(A) < oo for a given
measure f.

4. Define I as L? — lim, .o, I(f,) for arbitrary non-random functions € L2(A), f, f =
limy, 00 frn, fn simple, u(A) < oc.

5. Define I on a o-finite space A = UpA,, p(A,) < oo, Ay N Ay, = 0, n # m, as
I(f) = >, I.(f | Ay), I, — integral wr.t. Z on A,. Hence Z is extended to
{A€o(A): n(A) <oo}as Z(A) =1(1(A4)).

Now dwell on the above steps in more detail:
Step 1

Let K be a semiring of the subsets of A (A — arbitrary space), i.e. for all A,B € K it
holds AN B € K; if A C B, then there exist Ay,..., A, € K, A;NA; =0, i # j, such that
B=AUUL,A,.
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Definition 6.3.1 1. A complex-valued random measure Z = {Z(B), B € K}, given on the
probability space (€2, F,P), is called orthogonal if

a) Z(B) € L*(Q, F,P), BeK,
b) A,BeK, ANB =0 = (Z(A), Z(B)) 120, rp) = E(Z(4) - Z(B)) = 0,

¢) the o-additivity holds: If B, By,..., Bp,... € K, B = UyBy, BiNB; = 0, i # j,
then Z(B) Y, Z(B,,), where the convergence of this series is interpreted in L?
sense.

2. The measure p = {u(B), B € K} defined by u(B) = E|Z(B)|?> = (Z(B),Z(B)) 120, 7,p)>
B € K, is called structure measure of Z. It is easy to see that p is in fact a measure on K.
If A € K then p is finite, otherwise o-finite (here A = U, A, Ay, € K, AN Ay = 0,n # m,
such that p(A,) < 00).

3. The orthogonal random measure Z is called centered if EZ(B) =0, B € K.

Example 6.3.1

Let A =[0,00), K ={[a,b), 0 <a <b< oo}, Z([a,b)) =W(b) —W(a), 0 <a<b< oo, where
W = {W(t), t > 0} is the Wiener process. Z is an orthogonal random measure on K since
W has independent increments. Analogously, this definition can be transferred to an arbitrary
quadratic integrable stochastic process X with independent increments instead of W.

Step 2

Theorem 6.3.2

Let 1 be a o-finite measure on the algebra A, which is generated by I (by the theorem of
Caratheodory p is uniquely continued on o(A)). Then there exists a probability space (€2, F, P)

and a centered orthogonal random measure Z on (2, F,P), defined on {B € A : u(B) < oo},
with structure measure (or control measure) p.

Without proof

Now define Z on A: for B€ A, B=U" B;, B; € K, BiNB; =0, i # j, we set Z(B) =
" Z(B,).
=1 2

6.3.3 Integral with respect to an orthogonal random measure

Step 3

Let f: A — C be a simple function, i.e. f(x) = >, ¢l(z € B;), for ¢; € C and B; € A,
i=1,...,n, such that U'_ B, = A, BN B; =0, i # j, and (A, &, p) be a measurable space
with p(A) < oo.

Definition 6.3.2

The integral of f w.r.t. an orthogonal random measure Z defined on (2, F,P) is given by
I(f) = Jp f(@)Z(dx) = 321, i Z(By).

Exercise 6.3.1

Show that the definition is correct, i.e. I(f) does not depend on the representation of f as a
simple function.
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Lemma 6.3.1 (Properties of I):
Let I(:) be the integral w.r.t. the orthogonal random measure, defined on simple functions
A — C as above. The following properties hold:

L. Isometry: (I(t),1(9))2a) = (f,9)12(), where f and g are simple functions A — C,

s o) = Sy f(2)gl)(da).
2. Linearity: For every simple function f,g: A — C holds I(f + g) = I(f) + I(g).

Exercise 6.3.2
Prove it.

Step 4

Consider the space A with p(A) < co. Let now f € L2(A, &, i1). Then there exists a sequence
2(A

of simple functions f,, = >.i-; ¢;1{z € B;}, B; € A such that f, iT(oc);) f (simple functions are

tight in L2(A)). Then define I(f) = lim, o0 I(f,), whereas this limit is to be understood in

the L2(Q, F,P)-sense. One can show that the definition of I(f) is independent of the choice of
the sequence {f,}.

Lemma 6.3.2
The statements of Lemma 6.3.1 hold for integral I : L2(A, &, ) — L*(Q, F,P), u(A) < co.

Proof Use the continuity of (-, -). 0

Remark 6.3.2
If Z is centered then EI(f) = 0 holds for arbitrary functions f € L%(A, &, u).

Step 5

Let now A be o-finite, i.e. A = UyAy,, u(Ay) < 0o, Ay N Ay =0, n # m. Then for all
feL*AE p) holds f =3, fla,- On L?(Ayn, £ N Ay, p) the integral I, w.r.t. Z is defined as

in 1)- 4). Now set I(f) := >, In(fla,)-

Theorem 6.3.3
The map I : L?(A, &, ) — L?(2, F,P) is an isometry. The random measure Z can be continued
to{B €& :u(B)<oo}as Z(B):=1I(1p).

6.3.4 Spectral Representation

Let X = {X(t), t € T} be an arbitrary complex-valued stochastic process on (2, F,P), T —
an arbitrary index set, E|X(#)|? < oo, t € T, EX(t) = 0, t € T (w.l.o.g., otherwise consider

X(t)=X(t)—EX(t), t € T), with C(s,t) = E(X(s)X(t)), s,t € T

Theorem 6.3.4 (Karhunen):

The above process X has the spectral representation X (t) = [, f(t,)Z(dx), t € T, where
(A, &, 1) is a o—finite measurable space and Z is a centered orthogonal random measure on
{Be&:u(B) <o}, f(t,") € L*(A, &, u), Vt € T with control measure p if and only if there
exists a system of the functions f(t,-) € L?(A, &, ), t € T, such that

C(s,t) = [y f(s,z)f(t,x)u(dx), s,t € T, and this system F is complete in L?(A,E,p)
(le. (f(t,);¥)2n)=0,0 € L2(A, &, p) for all t € T implies 1) = 0 p-almost everywhere).
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Without proof

Theorem 6.3.5
Let {X,,, n € Z} be a centered complex-valued wide sense stationary sequence of random vari-

ables on (€Q,F,P).  Then there exists an orthogonal centered random measure on
([=m, 7], B([-7,7])) (defined on (Q, F,P)) such that X,, = ["_e"*Z(dzx), n € Z.

Proof Let F = {e"* x € [-m, 7], n € Z}. This system is complete in L?([—m,x]) (cf. the
theory of the Fourier series). By Theorem 6.3.1, it follows that
™

Clnym) = E(XnXm) = / ¢TI (),

—T

where p is the spectral measure of X, thus a finite measure on ([—, 7], B([—m, 7])). By Theorem
6.3.4 there exists an orthogonal random measure on (Q, F,P) such that X,, =" [T ¢ Z(dx),
n € 2. O

Theorem 6.3.6 (Ergodic theorem for stationary (in the wide sense) sequences of
random variables):
Under the conditions of Theorem 6.3.5 it holds

—ZXk Z({0}) as k — oo.

L?(Q
In particular if X is not centered, i.e. EX,, = a, n € Z, then %Zz;é X % a, if
n oo

E|Z({0})|> = 0, thus Z (and therefore x) have no atom at zero.
—_————

n({0})
1 -1 ikx %11162:;7 T 7é 0
Proof Let S, = 3770 X), = [T Ze Z(dz). Tt holds v, (z) = S , for
—
Yn(z
all n € N. Then S, — Z({0}) = [T (¢n(z) — 1(xz =0)) Z(dz) = |"_@n(zx)Z(dx).
2 N en(x)
190 = Z({0) 1220 = llen (@72 mp) = Jor lon(2)|?u(dz) — > 0 by Lebesgue theorem
since |, (2)] < 8‘ —¢"l n—oo 0 x € [—m,m|. O
Y T = Y

6.4 Additional Exercises

Exercise 6.4.1

Let Z1, Za, ... be a sequence of random variables such that the series Y ;2 Z; converges almost
surely. Let aj,ag,... be a monotone increasing sequence of positive (deterministic) numbers
with a,, — 00, n — co. Show that

—ZakagO, n — 00.
n =1
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Exercise 6.4.2
Let X be a random variable on a probability space (2, F,P) and T :  — Q a measure
preserving map. Show that EX = E(X o T), i.e.

/QX(T(w))P(dw) :/QX(w)P(dw).

(Hint: algebraic induction)

Exercise 6.4.3
Let (2, F,P) = ([0,1),B(]0,1)),v), where v denotes the Lebesgue measure on [0,1). Let
A€ (0,1).

1. Show that T'(x) = (x + A) (mod 1) is a measure preserving map, where a (mod b) :=
a—|%] -bforacRandbeZ.

2. Show that T'(z) = Az and T'(z) = 22 are not measure preserving.

Exercise 6.4.4

Let a stationary sequence X,,n > 0 be generated by a random variable Xy and a measure
preserving map 7. Assume that X is m-dependent, that is, families of random variables
{Xk,k <n}and {X;,j >n+m} are independent for any n. Prove that 7' is ergodic.

Exercise 6.4.5

Let © = R? and P be a normal distribution in R? with zero mean and identity matrix of
covariances. Assume that transformation 7" :  — Q acts in polar coordinates as T'((r, ¢)) =
(r,2¢ (mod 2m)), r > 0,0 < p < 2.

1. Prove that T preserves the measure P.

2. Find the limit

n—

I R - 2

7g&n< fUW@O,xER
k=0

for fi = a3, fa(x) = 21,22

Hint: At first, prove this fact for the functions of the form

f(ryo)=>"1vo ckl{e € [, Be] HI{r € [k, yk]}, and then pass to a limit.

Exercise 6.4.6
Let X,,n > 0 be a centered Gaussian stationary sequence with covariance function
C(n) = E(X;Xjk4n). Let C(n) — 0,n — oco. Prove that the measure preserving map 7', which

corresponds to X, i.e. X, 4 Xo(T™), is mixing (on average) and, consequently, ergodic.

Exercise 6.4.7

Let X,,n > 0 be a stationary sequence, and g : R*® — R be a measurable function. Prove
that the random sequence Y;, := g(Xp41, Xn+2,...),n > 0 is stationary as well. Prove that if
{Xy,n > 0} is ergodic then the sequence {Y;,,n > 0} is ergodic, too.

Exercise 6.4.8

Let X,, = cos(ny),n > 1, where ¢ is U[—m, n]-distributed random variable. Prove that the
random sequence {X,,n > 1} is stationary in a wide sense but not stationary in the narrow
sense.
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Exercise 6.4.9
Let {N;,t > 0} be a Poisson process with intensity A > 0. Consider the process X; := &(—1)",
t > 0, where ¢ is a random variable independent of N with P({ = —1) =P({ =1) = 1/2.

1. Compute the mean value and the covariance function of the process X. Show that the
random sequence {X,,n > 0} is stationary in wide sense.

2. Find the spectral density of the covariance function of the random sequence {X,,,n > 0}.

Exercise 6.4.10
Let {W(t),t € Ry} be a Wiener process. Define the family of random variables Z((a,b]) :=
W(b) — W(a) on the semiring K = {(a,b], —00 < a < b < c0}.

1. Show that Z is an orthogonally scattered random measure on K.

2. Let I(f) be the stochastic integral of f € L?(R) with respect to Z. Show that I(f) is a
Gaussian random variable. Find EI(f) and E[I(f)?].

3. Prove that I(f) is a Gaussian random variable for any orthogonally scattered Gaussian
random measure Z.

Exercise 6.4.11
Let Z be the orthogonal random measure from Exercise 6.4.10.

1. Find its structure measure u.

2. Find
2

E

/ "sint dz(t)

0

E (/Olt dZ(t)/Ol(Q +12) dZ(t)) .

3. Find
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