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Motivation

® Geometrical random structures in nature

Alcaline zinc—nickel layer on steel Nickel foam
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Motivation
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Motivation

#® Modelling the structure of materials

Polyurethan foam Edges of a 3D Voronoi tesselation
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#® Estimation of the image characteristics

Microscopic structure of Cu powder:
the form and the size of particles
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Mathematical morphology

® Basic notation

K family of all compact convex sets (bodies) in R
R ={JK;: K; €K, i=1,...,n, Vn} convex ring
1=1

S ={K: KNW eR, VIW € K} extended convex ring
B, (a) ball with center in ¢ and radius r
K volume of Bi(o) inR?, j =0,...,d
Kie K, = |J (K1+ x) Minkowski addition

rzeKo
Kieo Ky, = () (K14 x) Minkowski subtraction

reKo
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Mathematical morphology

#® Morphological operations

B{n}

C’/ & " ( ;J}f_m{n}

S _‘\._‘__,4-'
Dilation: parallel set K & B,.(0) of K

# Dilaton K~ K& (—B)
® Erosion K+— Ko (—B)
# Threshold filter f(z)— 1(z: f(z) > a),z € W

Noticethat K& (-B) @ BC K CK®(-B)e B
-]
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Intrinsic volumes

Steiner formula in R?

Forany K ¢ Kandr > 0
A(K @ B,(0)) = A(K) +rS(K) + 7r*x(K) ,

where

® A(K)=theareaof K

#® S(K) =the boundary length of K

® Y (K) =1 the Euler number of K (“porosity”)
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Intrinsic volumes
Steiner formula in R¢
® There exist functionals V;, W, : K — [0,00), 7 =0,...,d,

(Minkowski functionals, quermassintegrals or intrinsic volumes)
such that for any » > 0 and K € K it holds

d
Va(K @ B,(0 Zd%djj ZT] K)

J=0

® where W;(K) = % Vi(K), VK eK, and

# the functionals 14, ..., V, are additive, motion invariant,
monotone with respect to inclusion, and locally bounded
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Intrinsic volumes

In R*: Forany K € K, 0K € C?, it holds

® V3(K)=|K| (volume of K)

® 2V5(K)= S(K) (surface area of K)

o 7Vi(K)=(1/2) [ (1/R1+1/Ry)do (integral of mean
curvature of 8Kalc§r, equivalently, 27 x mean breadth of K)

® 4nVo(K)=4r = [(1/Ry-1/Ry)do (4wx Euler number =

oK
integral of Gaussian curvature of 0K),

where R; and R, are the principal radii of curvature of 0K.
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Intrinsic volumes

Theorem 1 (Hadwiger (1957))

Let I' : K — R be any additive, motion invariant and continuous
functional. Then, I' can be represented in the form

d
F =3 aV,
=0
for some constants aq, . . ., aq € R.

Thus, the intrinsic volumes 14, ..., V, form a basis!
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Intrinsic volumes

Additive extension to the convex ring R

e @

Foreach j = 0,...,d, there exists a unique additive extension of
Vi K — [0,00) to R given by the inclusion—exclusion formula:

n

Vi(K1U. . UK,) = (=17 Y V(KN . .NKy,), Ki,...,K, €K

1=1 11<...<J;
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Intrinsic volumes

Geometrical interpretation: For any K € R with K # 0,
Va(K) = |K| (volume)
2V 1(K) = S(K) (surface area)
Vo(K) = x(K) (Euler number)

In R*: x(K) = #{clumps} — #{holes}
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Intrinsic volumes

Steiner formula on R (Schneider (1980))

® Letthe functional p, : R — R be given by

d—1
rdjﬁ;d]] KeR
J=0

® For K € K, itholds p,(K) = V(K @ B,(0)) \ K)

#» Geometrical interpretation of p,.(K) for arbitrary K € R?
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Intrinsic volumes

#® [ndex function J
For any ¢,z € R?

® put J(0,q,x)=0
® ForKeR, K #10, let

1 — 1 lim Vo (KN Bia_y—c N B 7 e K,
J(K,q,x) — 51>I4I—105—1>r4r_lo 0 ( |z—q| (CIZ) 5(@)) q
0 q¢ K.
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Intrinsic volumes

® Foranyr > 0and K € 'R, itholds

o (K) = / 1(K,2)dr, - where I,(K,z) = 3= J (K 1\ B,(x),q.2)

pr(K) = volume of (K @ B,(0)) \ K weighted with multiplicities
]
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Computation of intrinsic volumes

# Simultaneous computation of all V5(K), ..., Vi(K)

® letF,:R—R,i=0,...,dbe additive, motion invariant and
continuous functionals. Then, by Hadwiger’s theorem,

F(K) = ijo w,Vi(K), VKER

o IfF=(F(K),...,FiK))" can be easily computed and the
matrix A = (a;;)¢,_, is regular,

® thenV = (Vy(K),...,V4(K))'" can be computed as the
(uniquely determined) solution V' = A~ ' of the system of
linear equations /' = AV
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Computation of intrinsic volumes

® Example: Steiner’s formula on R
® F(K)=p (K),r;>0,r;#rjfori=0,...,d—1

® A= Aro...rd_l —
( rdkg T8 kg1 ... TRy k1 0 \
rlcq 9 'kaer ... T?ke Tk O
d d—1 9
ry_1Kd Ty 1Kd—1 ... Tg_qR2 7Tq—1k1 0
\ 0 0 0 0 0 1
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Computation of intrinsic volumes

® InR?

® Forany ryg,r; > 0 with ro # ry, it holds
—1
WK)\ [ 75 270 Pro(K)
(%(K)) E (w% 2n) (pmuo)
B . 2r1  —2rg Pro (K)
e ( —art g ) <pm<f<>)

® V5(K) = A(K) has to be computed separately

Evgueni Spodarev, Séllerhaus, 26.- 29. March 2006 — p.20



]
Random sets

Let (2, F,P) be an arbitrary probability space
¢ = family of all compact sets in R?

§ = family of all closed sets in R

© o o o

o(§) = o—algebra in §, generated by the sets
Fe={FegF:FNnC#0}foranyC € ¢

An (F,o(F))—measurable mapping = : 2 — § is called a random
closed set (RACS). lts distribution is uniquely determined by the

capacity functional 7=(C') = P(=ZnC #0),C e €
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Random sets

Characteristics of the capacity functional:

1. 0<Te <1, T=(0) =0.
2. From C,, | C follows T=(C,,) | T=(C).

3. S, (Cy; Cy,...,C,) =0forall Cy,...,C,, e €and n € N,
where
So(Co) =1 —=T=(Ch),
S1(Co; C1) =T=(Co U Cy) — T=(Ch),
Sp(Co; C1, ..., C) =
Sn-1(Co; C1y ..., Chq) — Sp1(Co U Cy; Chy ..o, Cq).
]
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Random sets

Theorem 2 (Uniqueness)

— — : — d —
® [f=, and =, are two random sets with T=, = 1=, then =, = =,.

® [fT is a functional on ¢ satisfying the properties 1-3 then there
exists a random set = with T= = T..
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Random sets

Stationarity and isotropy

4

[1]

A RACS = is called stationary if =+, Vo € RY and isotropic

if =< g2, Vg e SO(d)
Theorem 3 (Matheron (1975))

® The RACS Z is stationary (isotropic) <— T=(C + x) = T=(C)
Vz e RYand T=(gC) = T=(C) V g € SO(d), respectively

® Each stationary RACS = +# () is a.s. unbounded

® For any stationary convex RACS Z, it holds = € {(),R¢} a.s.
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Characteristics of random sets

# Volume fraction: p= = P(xz € =), Vz € R
It holds p= = T=({0}) = E|=nW|/|W| where || is the volume
of the observation window W'

# Covariance function: Cz(z) = P({o,z} € ), z € R
It holds Cz(z) = 2p= — T=({0,2}) = E|l=2N (2 —x) N W|/|W].

# Centered covariance function: Cov=(z) = Cz(x) — pz. It holds
Covz(z)=FE|[llo€e 2)1(z € Z)| - EFlloe E)E1(x € ).

)E
# Contact distribution function: Hx(r) = P(dk(0,Z) < 7|0 &€ Z),
r > 0, where K is a convex body with o € K and
di(z, F) =min{r >0: (z +rK)NF #0}, F € F, r € RL
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Examples

#® Germ—grain models: == |J(=; + X;), where
1=1

® {X;, Xs, ...} =point process (of germs) and
® {=,=,,...} =sequence of nonempty compact RACS
(random grains)

Theorem 4
Each RACS = can be represented as a germ—grain model

1=1
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Examples

Stationary germ—grain models in R?

a7

Realizations of germ—grain models: Boolean model with spherical and polygonal
grains, respectively; cluster process of segments
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Examples

Boolean model
The germ—grain model = = | J (Z; + X;) is called a Boolean model
1=1

if
# the point process of germs { X, X5, ...} is a stationary Poisson
process in R? (with intensity \)

# the grains =, =,, ... are i.i.d. and independent of { X, X, ...};
d

—
—_,
e

1

—
L]
d

0
® Fl=2gd K| <oo, VKEeK.
Capacity functional: Te(C) =1 — e *I=20)C1 1 yO c ¢

Evgueni Spodarev, Séllerhaus, 26.- 29. March 2006 — p.28



Examples

Boolean models in R?
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Examples

Random sets made from 3D Voronoi tesselations
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Specific intrinsic volumes
® Model assumptions

® Let = be stationary, = € S a.s.
o E2NEN0UY) « 5 where N(0) = 0 and

N(K)=min{m e N: K = GKi, K;e K} forK e R\ {0}
=1

7

e Y EV;(E2NW,
# Specific intrinsic volumes: Let V;(Z) = lim ]|(W | )

forj =0,...,d, where {IV,,} = sequence of monotonously
Increasing sampling windows W,, = nWW with W € K and
W1 >0

In particular, V(=)= Ploc =)= El=nW|/|[W|
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Estimation of (V(Z),... V(=)'

Problem: Estimate V(2) = (V(Z),...V4(Z2))" on the basis of a
single sample from =N W
Solution: Foreach i =0, ..., d, consider a random field

Y; = {Yi(z), z € R?} such that

# Y, is stationary of second order, i.e. EY;(z) = u; and
Cov(Y;(x),Y;(x + h)) = Covy,(h) ¥V z,h € R¢

d
® 1, =FEY;(0)= ];0 a;;V ;(Z), where the matrix A = (a;;)f,_, is

regular
Then, it holds 1/ (Z) = A~ ', where = (uo, . . ., tta) '
]

Evgueni Spodarev, Séllerhaus, 26.- 29. March 2006 — p.32



Estimation of (V(Z),... V(=)'

® Steiner formula:

d—1
. Ep.(ENnW,) d—j 7 (—
lim = r* kg Vi(2), r > 0.
n— 00 Vd(Wn) g d—j ]( )
# Writing the above formula for radii ro, ... ,7q_1, 7 # 75,1 F# J
o EVa=nWy) =
together with Va(E N W) = V4(=), we get a system of d + 1
Va(Wh) B

linear equations with variables V;(=Z), 7 =0, ..., d.
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Estimation of (V(Z),... V(=)'

In matrix form: A,, ,, ,v=c, where v = (V,(Z),... ,Vd(E))T,
o ( o Epg(ENW) o Ep (ENW.) EVi(EN Wn)>T
n— 00 Vd(Wn) ’ ' n—o0 Vd(Wn) 7 Vd(W’n)
( T‘g/{d Tg_lkd_l ce 7“8/{2 7“0]@1 0 \
rfkd rf_lkd_l . T%kg rikq 0
A’r’o...’l“d_l —
’I“g_lkd Tg:%kd—l c . Tg_lkg Td—lkl 0
\ 0 0 .0 0 1
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Comparison of grey scale images

#® Grey scale image +— family of binary images

Individual grey scales can be represented by binary images
that are analyzed in the sequel.
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Comparison of grey scale images

#® Comparison of particular grey scales

Histological section of prostate tissue: cancer diagnostics

Evgueni Spodarev, Séllerhaus, 26.- 29. March 2006 — p.36



Comparison of grey scale images

# Binary images: comparison of their estimated (specific)
Intrinsic volumes

gl

Bone structure: calcium phase of the healthy and deceased
bone (osteoporosis)
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Random fields: motivation

#® Motor car insurance (Bavaria): significant changes of the
number of cancellations of insurance policies

= 063-2.435

I 13.265- 15.071

! | 2435- 424
. ] 424-6.045
] 6.045- 7.85

I 7.85- 9.655

. bl‘ I 0.655- 11.46

[ | Keine Daten

1{ 11.46 - 13.265
- En
B

8

Centers of regions with the same Extrapolated numbers of
postal code cancellations in 1998
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Random fields: motivation

# Quality of ground water in Baden—W(rttemberg

Nitratgehalt 1994 (in mg/l)

e _‘__f"‘ NN

I iiber 44.03
- 38.83 - 44.03
34.85 - 38.83
30.47 - 34.85
26.24 - 30.47
21.70 -26.24
17.81-21.70
i 12.74 - 17.81
I 7.66-12.74
B 681- 766
|

unter 6.81

Bores Concentration of nitrate in the water
(1994)
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Random fields

# Random field {Z(z,w) : z € R%, w € Q} is a family of random
variables:

® Z(z,-)is arandom variable (briefly: Z(x))

® /(-,w) is arealization of the random field Z (briefly: z(z))
® Z(x)=m(z)+ Y (r) where m(z) = F Z(x) is the mean (drift)

and Y (x) = Z(z) — m(x) is the deviation from the mean

(residual). Itholds FY(z) =0 V.

® Let W c R?be an observation window (normally a rectangle)

® Letxy, ..., z, € W be measurement locations placed arbitrarily
within W. Let z(z), ..., 2(z,) be the measured values at these
locations.
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Random fields

SO

NS ‘

o S 0.:,{. N
\\

b ’,, SRS

o ’fi;':‘_q\‘:’:?!“!‘

3§ e

E_%

T,

A realization {z(x)},.cr2 Of the Four simulated realizations of a
random field: z(z) = wheat harvest in random field
pounds at z
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Stationary random fields

#® A random field Z is called (strictly) stationary if all its finite
dimensional distributions are translation invariant: for all
heRY,neN,z,...,z, € R?holds

(Z(z1+h), ..., Z(xn + 1) = (Z(21), ..., Z(x)).

#® A random field Z is called stationary of second order if
® FE(Z(x)) =m(x)=z2=const Vx
® cov(Z(x),Z(x+h))=FE[Z(x)Z(x+ h)] — 2> = C(h),
the covariance function C exists and depends only on the
difference h.
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Stationary random fields

# Strict stationarity </~ /= stationarity of second order

#® A second order stationary random field is called isotropic if
C(h) = C(|h]), h € R

#® A random field Z is mean square continuous (m.s.c.) if
E(Z(x) — Z(x9))? — 0, z — x, for all z; € R

# A second order stationary random field is m.s.c. <= C'(h) is
continuous at h = 0.

Evgueni Spodarev, Séllerhaus, 26.- 29. March 2006 — p.43



Stationary random fields of second order

Covariance function

# (is positive definite: Vn € N, w; € R, z; € R?

Z ?,UZZU]C(QZ'Z — il?j) = Var (Z ZUZZ(CCZ)> > 0
1=1

1,J=1

® |C(h)| < C(0) = VarZ
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Stationary random fields of second order

Examples of covariance functions

#® Nugget effect (white noise): C(h) = ¢ > 0 for |h| = 0 and
C'(h) =0, |h] > 0.

® Exponential model: C(h) = be~"/2, where b > 0 is the sill and
a > 0 1s the range.

® Spherical model: for positive a and b

/

b(1—3/2|h|/a+1/2[hP/a®), 0<|h|<a,

C(h) =
(#) <O, |h| > a.

\
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Stationary random fields of second order
Variogram

® y(h) Y LE(Z(z+h) - Z(x))’

® ltholds v(h) = C(0) — C(h) = E[Z(x)*] — E[Z(x)Z(x + h)],
7(0) = 0.
® ~ is conditionally negative definite: for n € N, w; € R with

w; = 0 and xT; € R? it holds Z wzwﬂ(ajz — Qi'j) < 0.
—1 i—1

.

7

® ~is avariogram < V )\ e\ is a covariance function.

® Ify(h) <~v(oc0) < oo forall hthen C'(h) = vy(oc0) — y(h) is a valid
covariance function.
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Stationary random fields of second order

Variogram

# |f v, and +, are variograms then v = v; + v, is a variogram as
well.

# If Z is stationary and isotropic then ~(h) = ~(|h]), h € R,

#® Many istropic variogram models can be constructed using
models for covariance functions. But not all of them:
v(h) =0blh|*, b > 0,0 < a < 2.

® Anisotropic variogram models? e.g., geometrically
anisotropic...
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Stationary random fields of second order

Exponential geometrically anisotropic variogram

/

0, h=0,

v(h) =< S
o+ b(1 —e VA KR £,

\
#® Nugget effect a: discontinuity of the data at the microscopic
scale

# Sill b: variability of the data at large distances h

# Range c: the correlation range of random variables Z(z) and
Z(x+ h)

#® K is the matrix of the composition of a rotation and a scaling.
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Examples of random fields
® Random sets as random fields

Binary image: Z(x) = I{x € 2}, x € R for a random set =.

Difference map of nitrate concentrations in the ground water of
Baden-Wdrttemberg, 1993—-1994
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Examples of random fields

#® Random fields induced by random sets

® Z(x)=V;:(ENn(W+2z)),z€R j=0,...,dwhere V; are
the intrinsic volumes

e Z(x)= >  J(ENB(x),¢x),zecR?
qeI=ZNBy(z)\{z}

#® Gaussian random fields: Z is a Gaussian random field if all its
finite dimensional distributions are normal: for all n € N,
r1,...,2, € R*and wy,...,w, € R holds
w Z(x1) 4+ ... FwpZ(x,) ~ N(-,-).
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Examples of random fields

Two realizations of a Gaussian random field

Gaussian random fields are characterized uniquely by their drift
m(x) = F Z(x) and their covariance function C. Hence: strict
stationarity < stationarity of second order.
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Examples of random fields

Brownian field: m(z) =0, C(z,y) = 1/2(|z| + |y| — | — y|),
v(h) =1/2[h|

A realization of the Brownian field
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Extrapolation of spatial data

Let Z be a stationary random field of second order with mean z,

covariance function C' and variogram -.
Goal: Extrapolation of the field Z from the measured data

2(x1), ..., 2(xy).

Estimation of Z(z) Vax = ordinary kriging
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Ordinary Kkriging
Construct the best linear estimator Z (x) = f: NZ (i), x €W
1=1

where the weights )\; satisfy the following requirements:
® Z(z)isunbiased: EZ(z) =z — Y\ =1
1=1
® The variance of the estimation error is minimal:
E[(Z(x) — Z(x))?] — min
The minimization problem — solve the Lagrange equations:

)\]’}/(QTJ—.I'Z)‘I‘,U:’V(m—ZCZ), i:17°'°7n7
=1

J
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Ordinary Kkriging

To find the weights )\; from the system of linear equations, the
variogram ~(h) has to be known or estimated from the data

2(x1), ..., 2(xy).

® Matheron’s estimator:
ﬁ/(h) — QNl(h) Z (Z(CE%) — Z(xj))2 3

1,]:T;—xj~h
N (h) is the number of pairs (z;,z;) : ©; — x; = h.
Computations are made for 4 on a grid in R<.

# 4(h) not conditionally negative definite = a valid variogram
model has to be fitted to 4(h)
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Extrapolation of spatial data

What if Z is not stationary? Z(z) = m(z) + Y (x)

— Estimation of the drift m and the residual Y

#® Estimation of m: e.g. the moving average
m(r) =+ > Z(x;) where R(z) is the neighborhood of

Ny
zr;€ER(x)

and N, = #{i: z; € R(x)}.

# Estimated residual Y*(x;) = Z(z;) — m(x;)

# Extrapolation of V' from the data Y*(x1),...,Y*(z,), €.9. by
ordinary kriging provided that Y is stationary of second order.
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Applications

#® Synthetic data: disturbed Boolean models
Let = be a stationary Boolean model with intensity A and

deterministic rectangular primary grain =, = [a, b]*. Let
¢ = B,(0) be a deterministic disturbance.

® mr)=1I1(xe€f
® V(r)=1I(x € =)— p=z Wwhere

pe=FEI{o€Z}=Ploe =) =1—e Mool =1 _ g72ab

IS the area fraction of =.
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Applications

Y is a stationary random field of second order with the covariance
function

C(h) = 2pz — 1+ (1 — pg)2eonEoh)

and the anisotropic variogram
1(h) = €(0) = C(h) = 1 = pz = (1 — pz)*eX=NE .
In the special case of =, = [a, b]? it holds

(k) = e~Hab (1 B 6—A(ab—|Eoﬂ(Eo—h)|)) |
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Applications

Disturbed Boolean models

Realisation of Zand ¢  Measurement points

L1...Tp

Z(x) =m(z) +Y(z) =
I(x€&)+1(x€2)—p=
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Applications

Disturbed Boolean models

Theoretical variogram v Estimated variogram 4*  Fitted variogram ~*
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Applications

Disturbed Boolean models

Estimated residual Estimated drift Extrapolated field
Y*(x) m(x) Z(x) =m(x)+ Y*(x)
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Applications

Disturbed Boolean models

Realisation of Extrapolated field
Z(x) =m(x) + Y(x) Z(x) =m(x) + Y*(x)
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Applications

#® Making road traffic maps

13.02.2002,

Traffic velocities

N

Berli

i positions in

Tax

18.00-18.30
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