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Exercise 1 Let ν be a finite measure, given on (Rd,B(Rd)), d ≥ 1. Let Y,X1, X2, . . . be
independent random elements on a probability space (Ω,F ,P) such that Y ∼ Poi(ν(Rd))
and X1, X2, . . . i.i.d. d-dimensional F |B(Rd)-measurable random vectors such that PX1(B) =
ν(B)/ν(Rd), B ∈ B(Rd). We introduce the Poisson random measure W : B(Rd)× Ω by

W (B,ω) =
Y (ω)∑
j=1

1B(Xj(ω)), B ∈ B(Rd).

Show that the Poisson random measure given on a semiring of bounded Borel sets in Rd is an
orthogonal non-centered random measure.

Exercise 2 Let {Wt, t ∈ R} be a complex-valued L2-process such that
i) E|Ws −Wt|2 → 0 for any s ∈ R with s ↓ t,
ii) it has independent increments, i.e. E(Wt2 −Wt1)(Wt3 −Wt2) = 0 for any t1 < t2 < t3.

We introduce the family of random variables W ((a, b]) := W (b) − W (a) on the semiring
K = {(a, b], −∞ < a ≤ b < ∞}, where (a, a] = ∅. Show that W is an orthogonal random
measure on K.

Exercise 3 Let E be a measurable space, and ν a σ-finite measure given on a semiring K(E)
of subsets of E. Show that simple functions of the form f : E → C, f = ∑mi=1 ci1Bi , where
ci ∈ C, Bi ∈ K(E), i = 1, . . . ,m, ⋃mi=1 Bi = E, Bi ∩Bj = ∅ for i 6= j, are dense in L2(E, ν).

Exercise 4 Show Lemma 2.3.4 4): Let E be a measurable space, and ν a σ-finite measure
given on a semiring K(E) of subsets of E. Let W be a centered orthogonal random measure,
i.e. EW (A) = 0, A ∈ K(E). Show that EJ(f) = 0 for f ∈ L2(E, ν).


