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Exercise 1

(a) Let W = {W (t), t ∈ [0, 1]} be the Wiener process. Show that there exist constants
α, c > 0 such that √

E(|W (s)−W (t)|2) ≤ c

| log |s− t||1/2+α

for all s, t : |s− t| < ε, ε > 0.

(b) Let W = {W (t), t ∈ [0, 1]d} be the Brownian sheet. Show that

E(|W (s)−W (t)|2) ≤ 2d|t− s|, s, t ∈ [0, 1]d.

(c) How can one derive from a) (resp. b)) the continuity and boundedness (with probability
one) of the underlying Wiener process (resp. Brownian sheet)?

Exercise 2 Prove the basic, but very important Gaussian inequality(1
x
− 1
x3

)
ϕ(x) < Ψ(x) < 1

x
· ϕ(x),

where ϕ(x) is the density function and Ψ(x) =
∫∞
x ϕ(u) du the tail distribution function of a

standard Gaussian random variable. Hint: For the lower bound use the substitution u 7→ x+v/x
and the inequality e−z > 1− z, z > 0.


