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Abstract

Imposing a symmetry condition on returns, Carr and Lee [2009] show that (double) barrier deriva-
tives can be replicated by a portfolio of European options and can thus be priced using fast
Fourier techniques (FFT). We show that prices of barrier derivatives in stochastic volatility mod-
els can alternatively be represented by rapidly converging series, putting forward an idea by
Hieber and Scherer [2012]. This representation turns out to be faster and more accurate than
FFT. Numerical examples and a toolbox of a large variety of stochastic volatility models illustrate
the practical relevance of the results.
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Barrier derivatives are among the most liquidly traded over-the-counter (OTC) products. Their pay-
out depends on whether the underlying crosses some prespecified level(s) until the maturity of the
contract. If the final payoff depends on an upper and a lower threshold (contracts termed “double
barrier derivatives”), barrier products constitute a simple possibility to obtain a long/short position in
volatility.

Closed-form prices for barrier derivatives were first obtained in the Black—Scholes model; the sin-
gle barrier pricing formulas can be referred to, e.g., Black and Cox [1976] or Reiner and Rubinstein
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[1991]. Later, those results were extended to (stochastic and local) volatility models that fulfill cer-
tain symmetry conditions in the return distribution (see, e.g., Derman et al. [1994], Carr et al. [1998|,
Dupont [2002]|, Carr and Lee [2009], Carr et al. [2011]). Related to this work, several authors price
barrier derivatives analytically (e.g. by fast Fourier techniques (FFT)) for special cases of the stochastic
volatility models of Heston (see, e.g., |Lipton, 2001, p. 235], Carr et al. [2003], Sepp [2006], Kammer
[2007], Escobar et al. [2011]) and Stein-Stein (see, e.g., Gtz [2011]). Those extensions allow to include
important stylized facts that are criticized in the seminal Black-Scholes model: (1) volatility varies
over time (stochastic volatility) and (2) implied volatility depends on the strike price (smile feature).

The contribution of this paper is as follows:

e We review existing results on the pricing and risk management of double barrier derivatives
under stochastic volatility. We aim at providing a reader friendly recipe on pricing and hedg-
ing double barrier derivatives under stochastic volatility. We provide a toolbox of (single and
multi-factor) stochastic volatility models that allow to price barrier derivatives in closed-form,
an aspect that has not been the prime focus of earlier works. Examples include single and
multi-factor CIR-type stochastic volatility (which is the type of volatility used in the Heston
[1993], Schobel and Zhu [1999], or Christoffersen et al. [2009] model), or the Stein and Stein
[1991] model. Jump processes for the volatility are also discussed, an idea that was, for example,
applied in the Barndorff-Nielsen and Shephard [2001] model.

e We show that the existing results based on FFT techniques can be significantly improved in terms
of computational efficiency. Double barrier derivatives can (in the same stochastic volatility
setting) be priced by rapidly converging infinite series, extending an idea by Hieber and Scherer
[2012]. In contrast to Fourier techniques, this result avoids the integration over contours of the
complex plane and is (in all examples we considered) faster than FFT. We provide error bounds
that allow for a straightforward implementation of the results.

Increasingly popular and numerically demanding tasks, like the pricing and risk management of large
portfolios of barrier derivatives or their calibration to over-the-counter prices (see, e.g., Carr and Crosby
[2010] and Kilin [2011]), have flagged the need for fast and reliable numerical techniques. Closed-form
prices for barrier derivatives in (special cases of) several well-known models can be used as a benchmark
to assess the performance of other numerical techniques or as a control variate for variance reduction
in Monte-Carlo simulations.

The paper is organized as follows: After introducing the basic notation in Section 1, Section 2 presents
the toolbox of specific stochastic volatility models. Sections 3.1 and 3.2 review the pricing results of
single and double barrier derivatives and show that they can fast and accurately be priced by Fourier in-
version, using results by Carr and Madan [1999], Bakshi and Madan [2000], and Raible [2000]. Section
4 shows that (double) barrier derivatives can alternatively be priced by rapidly converging infinite se-
ries. Numerical results are presented in Section 6, validating the improvement in terms of computation
time and accuracy of the proposed methodology compared to FF'T methods.



1 Model description

1 Model description
We consider on the filtered probability space (2, F,F, Q) the process
dSy

St
where W = {W,}4>0 is a standard Brownian motion, {o;}+>¢ the (stochastic) volatility, independent
of W, and {r;};>0 the (deterministic) risk-less interest rate?. The processes {o;}¢>0 and {r;};>0 are
adapted to the filtration F and satisfy the regularity conditions fg 75| ds < oo and Eq_g, [ fg o2 ds] <
oo Q-a.s. for all t > 0. We define a (lower) barrier Dy := D exp(fg rsds) and an (upper) barrier
P =P exp(f(;t rsds), where D < Sy < P. We define a bank account By = exp(f(f rsds) and denote
the first-exit time by

= rydt + or dWy, Sy > 0, (1)

T:=inf {t > 0]S; ¢ (D¢, P,)}, (2)
where inf () := co. Besides, 7 :=7if S; = P; and 7_ := 7 if S; = D,, i.e. if the upper barrier is hit
first, we set 74 := 7; if the lower barrier is hit first, we set 7— := 7.

For a given maturity 7', our objective is to price derivatives that depend on whether or not {S;}+>0

crosses the thresholds {D;}>0 or {P;}+>0. We consider contracts X lg)(}g)T)(So) that consist of a positive

payoff g(St) (where E[g(ST)] < 00) if none of the barriers {Dt}t20: {P;}+>0 is hit until maturity T
(and 0 otherwise). The price of those contracts is given by

S 1
ng)(,pT)(So) =B, Eq.s, [1¢r>13 9(ST)], (3)
where we denote Eq ,[-] := Eg[- | So = z]. A special case are single barrier contracts, i.e.
X95(5) =~ Egs,[1 S 4
D, (So) = Br Q,So[ {r_>T} q( T)]- (4)

2 Stochastic volatility models

Various parameterizations of the stochastic volatility model (1) have been proposed in the literature.
This section discusses some of the most famous examples that are used by both practitioners and
academics. These include the CIR-type stochastic volatility model (Section 2.1), which is the type of
volatility used in the Heston [1993] or Christoffersen et al. [2009] model. In Section 2.2, the volatil-
ity follows an Ornstein—Uhlenbeck (OU) process, which results in the Stein and Stein [1991] model.
Finally, jump processes for the volatility are discussed (Section 2.3), an idea that was, for example,
applied in the Barndorff-Nielsen and Shephard [2001] model.

We explicitly discuss richer volatility structures including multiple risk factors. Multi-factor models
have become very popular for modeling short rates, where it is widely accepted that one factor is
not sufficient to capture the time and cross-sectional variation in the term structure; however, their
application has only recently (see, e.g., Christoffersen et al. [2009]) reached the area of option pricing.

2A comment on generalizations to stochastic interest rates is given in Remark 17.



2.1 CIR-type stochastic volatility

2.1 CIR-type stochastic volatility

This section discusses two models that rely on a CIR-type stochastic volatility: The 2-factor stochastic
volatility model considered in Christoffersen et al. [2009] (allowing for a rich volatility structure, see
Example 2), and the (1-factor) Heston model (Example 1). Extensions to more than two factors are
straightforward, due to their high number of parameters, however, they are not frequently used in
practice.

Exzample 1 (Heston-type stochastic volatility)
The Heston [1993] model was introduced as

ds,
?t:rtdtjtwvtth, S() >0, (5)
t

dvy = 0(v — vy)dt + ’y\/@th, vy > 0,

where 0, v, and~ are non-negative constants; {Wi }+>0 and {W;}i>o one-dimensional Brownian motions
with correlation p. The Feller [1951] condition 20v > +? guarantees that the process is almost surely
positive. The characteristic function of the log-asset process in the Heston model is given by, see Heston

[1993], Rollin et al. [2011]

T
or(u, So) = E[eWIH(ST)] = exp (zu In(Sy) + zu/ Tt dt)
0

20v

. exp(07'/2) " exp v (lu+ u?) sinh(oT'/2) (6)
cosh(eT/2) + & sinh(oT/2) ¢ cosh(eT/2) + & sinh(eT/2) |~

where 0 = /(0 — vpiu)? + 2 (iu +u2), & = 0 — ypui. The special case p = 0 is considered in, e.g.,
Ball and Roma [199/], [Lipton, 2001, p. 235/, Carr et al. [2003], Sepp [2006], Kammer [2007], and
FEscobar et al. [2011].

Example 2 (2-factor stochastic volatility)
Following Christoffersen et al. [2009], a 2-factor stochastic volatility model can be introduced as

dS; 1 1 2 2
S o P, 00 g

dv,gl) =61(v1 — vt(l))dt 4+ vt(l)th(l), v(()l) > 0,
dv§2) = Oy(vy — v,gz))dt + 721/ vt(2)th(2), v(()z) > 0,

where {Wt(l)}tzo, {Wt(z)}tzo, {Wt(l)}tzo, and {Wt(2)}t20 are Brownian motions. {Wt(l)}tzo has cor-
relation py with {Wt(l)}tzo, {Wt@)}tzo has correlation pa with {Wt(2)}t20- The remaining correlations
are assumed to be zero. The parameters 01, Os, v1, Vo, y1, and o are positive constants.

Using independence between the volatility processes, the characteristic function of the log-asset process
is a straightforward deduction from Equation (6), i.e.



2.2 OU-type stochastic volatility

T
or(u, Sy) = E[ei“m(ST)] = exp <zu In(Sy) + zu/ T dt)
0

. exp v (it u?)sinh(0T/2) expd o) (it u?)sinh(02T/2)
01 cosh(o1T/2) + 2—1 sinh(017/2) 02 cosh(p2T/2) + 2—2 sinh(027'/2)

1 2

2099

. ( exp(617/2) ) 71%1 < exp(62T/2) ) 3 ®)
cosh(01T/2) + % sinh(017/2) cosh(02T/2) + % sinh(271/2) ’

where g; = \/(Hj — yjpjiu)? + ’yf(zu +u?), & = 0; — yjpjui, for j = 1,2. To stay within our model
framework (1), volatility and asset process have to be independent. Thus, we have to restrict ourselves
to the case where p = p1 = pa = 0. This case is used in, e.g., Gtz [2011], Kiesel and Lutz [2011].

2.2 OU-type stochastic volatility

If the volatility is of OU-type, we obtain the stochastic volatility model of Stein and Stein [1991], an
approach that was later extended to include dependence between S and o by Schébel and Zhu [1999].

Ezample 3 (Stein—Stein model)
Stein and Stein [1991] introduce the stochastic volatility model

ds,
?t = rydt + op dWy, Sy > 0, (9)
t

doy = E(oy — »)dt + kdW;, oo >0,

where &, »x, and k are positive constants; {Wt}tz(] and {W}i>0 independent one-dimensional Brownian
motions. In this model, the volatility is governed by an arithmetic Ornstein—Uhlenbeck process, with a
tendency to revert back to a long-run average level of »x. The characteristic function of the log-asset
process is given by, see, e.g., Stein and Stein [1991]

T
or(u) = E[emln(sﬂ} = exp (zu In(Sp) + iu/o Tt dt)
. exp (L((m +u?)/2)02/2 + M((iu+u?)/2) 00 + N ((iu + u2)/2)), (10)

where the functions L(u), M(u), and N(u) are defined in Appendiz A.

Similar to the Heston-type extension (Example 2), this model can also be extended to several factors,
allowing for richer volatility structures.

2.3 Volatility with jumps
Jumps in the volatility process have also become recognized stylized facts, see — among many others —
Naik [1993], Barndorff-Nielsen and Shephard [2001], and Eraker et al. [2003]. While a jump in returns

has no impact on the distribution of future returns, jumps in volatility are highly persistent. Bates



3 Fourier pricing

[1996] and Barndorff-Nielsen and Shephard [2001] assume that (external) shocks lead to a sudden
increase in volatility. Then, volatility gradually returns to its original level (see Example 4). Those
kind of processes are also popular in insurance applications, see, e.g., Dassios and Jang [2003].

Ezxzample 4 (Jumps in the volatility)

Barndorff-Nielsen and Shephard [2001] propose to include jumps in the volatility process. Different
applications in insurance or finance can be found in, e.g., Cox and Isham [1980], Dassios and Jang
[2003].

d
%zndt%—\/ﬁth, Sp > 0, (11)
t
vy = v exp(—0t) + Z M; exp ( —(t — si)), v > 0,
si <t

where vg > 0 is the initial variance, 6 > 0 the exponential decay rate, {s;}2, are the jump times of a
time-homogeneous Poisson process with intensity v > 0, and M; are the jump sizes with distribution
G(y), y > 0. The characteristic function is given by, see, e.g., Dassios and Jang [2003]

T
or(u, So) = E[emln(ST)} = exp (zu In(Sy) + zu/ Tt dt)
0

(iu + u?)vg /T i+ u?
exp ( S5 (L= exp(=01)) — ¥ 0 [1 g( S (1= exp(3(T t))))} ),  (12)
where vg > 0 and g(u) == [;° exp(—uy) dG(y) is the Laplace transform of the jump size distribution
G(y), y > 0. Special cases include, for example, exponential jump diffusions g(u) = 1/(1 + u/(), in
which case the integral in (12) can be computed explicitly.

There are many other parameterizations of a stochastic volatility not covered in this paper. Frequently
used is the Hull-White model (see, e.g., Hull and White [1987]). This type of model also occurs as
a continuous diffusion limit of GARCH models (see, e.g., Kliippelberg et al. [2004], Brockwell et al.
[2006]). However, the characteristic function of the log-asset price is not known explicitly in these
models and has to be evaluated numerically. Furthermore, it is also possible to consider 1-dimensional
marginals of multivariate stochastic volatility models (e.g. da Fonseca et al. [2007], Pigorsch and Stelzer
[2009]).

3 Fourier pricing

The following sections are devoted to the pricing of down-and-out contracts on one barrier (Section
3.1). Up-and-out contracts can be treated similarly, as well as products on two barriers (Section 3.2).

3.1 One barrier

First, the pricing results for single barrier derivatives are reviewed. The price of a down-and-out
contract under the stochastic volatility model (1) is given in Theorem 5.



3.1 One barrier

Theorem 5 (One barrier: Down-and-out contract)
In model (1), consider a lower barrier {D;}i>0 with D := Doy < Sy, E[g(ST)] < 00, and a derivative

with payoff 1. <7y g(St). Then

S 1 S
X,%(,O?(So) =B, <EQ,SO [ﬂ{sT>DT} Q(ST)} - 50 Eq,p2/s, []I{ST>DT} g (ST)D'

Note that the included expectations do not depend on the whole path {St}i>0, but on the integrated
quantities ST = Sy exp (fOT(rt —o2/2)dt + fOT oy th) and Dr = D exp(fOT redt).

Proof
See, e.g., Carr and Lee [2009]. O

In the following, several well-known examples for the payoff g(St), digital and barrier options as well
as bonus certificates, are presented. The results allow for an interpretation as a static replication
of the exotic barrier derivatives by path-independent standard vanilla calls, puts, and digitals. If
the characteristic function of the log-asset price In(S7) is known, Fourier inversion techniques by
Carr and Madan [1999], Bakshi and Madan [2000|, and Raible [2000] allow for an efficient evaluation
of the given expectations.

3.1.1 Digital options

First, we consider digital options, i.e. options that pay $1 at maturity T if the barrier is not hit during
the lifetime of the contract and Sy > Kp, where K7 := K exp( fOT r¢dt) > Drp, i.e. their conditional
payoff function is g(S7) = L{s;>K,}- Lemma 6 presents risk-neutral prices of this payoff.

Lemma 6 (Digital options)
Consider the stochastic volatility model (1). The price of a digital option with maturity T (i.e. con-

ditional payoff function g(St) = lyg,>Ky, K1 = K exp(foT re¢dt) > Drp, in Theorem 5) is given
by

Ix(So; D, T) = L [Qso (Sr > Kr) — % Qp2/s, (ST > KT)}: (13)

By
where Qz(-) :=Q(- | Sy = x),

1 1 o0
QSO<ST>KT)=2+/ Re
™ Jo

e In(K7/So) T (u — 1, S())
. . d
M QDT(_Z; SO)

and pr(u,Sy) = E[ei“ IH(ST)] is the characteristic function of the log-asset price In(St).

The integrals in Lemma 6 can be evaluated using FFT, see, e.g., Carr and Madan [1999]. This result
is a straightforward application of Theorem 5. For Equation (14), we refer to, e.g., Bakshi and Madan
[2000]. In the Black—Scholes model (i.e. o0y = o, r, = r), we obtain

q) <ln(S0/i(\)/%02T/2> B % o <ln(D2/(S(;I5¥— aZT/2>

1
IK(S();D,T) = B7T

(15)




3.1 One barrier

3.1.2 Barrier options

Down-and-out call, respectively put, options are also a special case of Theorem 5 with payoff g(S7) =
max (St — Kr,0), respectively ¢(St) = max(Kp — S7,0), at time T for a given strike Kp :=
K exp( fOT ridt) > Dp. Before pricing those contracts, we want to consider the simpler case of call
options. If the characteristic function o7 (u, So) := E[exp (iuIn(S7))] of the log-asset price In(Sy) is
known, Carr and Madan [1999] and Raible [2000] propose to price a call option with strike K7 by

— Lﬂ /oo o—iuIn(Kr) or(u— (14 a)i, So)
Br w 0 a2 +a—u2+i2a+ 1)u

Ck (S0, T) (16)

The latter integral can — for many strikes simultaneously — be evaluated using FFT. The damping
factor a« > 0 is usually chosen from the interval [1,2], for a more detailed discussion, we refer to
Carr and Madan [1999].

Lemma 7 (Barrier options)
Consider the stochastic volatility model (1). The price of a down-and-out call, respectively put, option

with strike Koy .= K exp(fOT ridt) > Dy and maturity T is
So

DOCK(Sp; D,T) = Ck (So, T) — ) Ck(D?*/8,T), (17)
DOPx(So; D,T) = Pk (S0, T) — % Pg(D?/So,T)
S
= DOCx(80: D, T) + (K — 50) = 7 (K = So), (18)

where Py (So,T) := Cx(So,T) —So+ K. If the characteristic function or(u,Sy) of the log-asset price
In(St) is known, the price of a call option Ck(So,T) on {Si}i>0 with strike Kt and maturity T is
given by Equation (16).

Lemma 7 is again a straightforward corollary to Theorem 5 using the conditional payoff function
g(St) = max(St — Kr,0), respectively ¢(S7) = max(Kp — Sp,0). The case 0 < K < D can be
treated similarly.

3.1.3 Bonus certificates

Many exotic derivatives can be replicated by using the results in the previous sections. In this section,
we present one example called “bonus certificates” and show how the results in Theorem 5 can be
applied. For a given bonus level Ly := L exp( fOT r¢dt) > Dp and a barrier {D;};>0, the payoff at
maturity 7T is given by

max(St, Lr), 7- > 1T,

payoff(T') = { (19)

St else.

Under the risk-neutral measure Q, its price is given by

1
BO(So; D, T) = B—T Eq []l{r_>T} max(St, Lt) + ]l{r_gT}ST]



3.2 Two barriers

1
— Eg[1{_ >y max(0, Ly — St) + St

1 max —
= 5~ Eo[Sr] + X7 X(OLr=51) 5y = Sy + DOPL(So; D, T). (20)
T b

This leads to the result in Lemma 8.

Lemma 8 (Bonus certificates)

Consider the stochastic volatility model (1). The price of bonus certificates with bonus level Lp :=
L exp(fOT ridt) > Dp and payoff (19) at maturity T is given by

BOL(Sy; D, T) = Sy + DOPL(So; D, T). (21)

If the characteristic function or(u,Sy) of the log-asset price In(St) is known, the price of a bonus
certificate BO(So; D, T) can thus be found via Equation (16).

3.2 Two barriers

As a second step, we investigate exit-and-out contracts on two barriers, i.e. we derive X %(%T)(SO) (as
defined in Section 1) for certain payoff functions. Examples include double barrier optiéns, double
digital options, or corridor bonus certificates. The price of those contracts is represented as an infinite
series of path-independent derivatives, a result that has been obtained by, e.g., Carr and Lee [2009).

Theorem 9 (Two barriers: Down-and-out contract I)
In model (1), consider a derivative with payoff 1¢;~ry g(St), where Elg(St)] < oo. Its price is given
by
S 1 =, D" So
X550 (S0) = Br 2« Pn (E@,sgw [ﬂ{sTewT,PT)}g(ST) — 5 Egsen-v [ﬂ{sTe(DT,pT»g(ST)]),

(22)

where S(()Q”) = SoP?"/D?*" and Sé2n_1) = P2 /(D*""28), n € Z.

Note that the included expectations do not depend on the whole path { St }+>0, but on the integrated quan-
tities St = Sy exp (fOT(rt —02/2)dt + fOT o dWy), Dp =D exp(fOT r¢dt), and Pr = P exp(fOT e dt).

Proof
See, e.g., Carr and Lee [2009)]. O

3.2.1 Double digital options

As a first application of Theorem 9, we consider double digital options, i.e. options that pay $1 at
maturity 7 if the barriers {D;}:>0 and {P;}:+>0 are not hit during the lifetime of the contract and
St > Krp, where Kp := K exp(fOT r¢dt) € [Dp, Pr], i.e. their conditional payoff function is g(Sr) =
L{s;>Ks}- In the Black-Scholes model, risk-neutral prices for double digital options are presented
in many different representations (see, e.g., Darling and Siegert [1953], Geman and Yor [1996], Lin
[1999]). Lemma 10 provides the price in the more general model framework (1).



3.2 Two barriers

Lemma 10 (Double digital options I)
Consider the stochastic volatility model (1). The price of double digital options with strike Kp =

K exp(f(;[ r¢dt) € [Dr, Pr] and maturity T (i.e. payoff function g(St) = 1is,>x,y n Theorem 9) is

S

Qqenn (St € (K1, Pr))),  (23)

where S(()Qn) = SoP?"/D* and S(g%_l) = P?"/(D?*""28), n € Z.

This lemma is a straightforward application of Theorem 9.

3.2.2 Double barrier options

The second derivative we consider are double barrier options. Conditional on survival, i.e. stay-
ing within the boundaries, they have the same payoff ¢(Sy) = max(Sp — Kp,0) (where Kp =
K exp( f(;[ r¢dt) € [Dp, Pr]) as in the single barrier case. Applying Theorem 9, Lemma 11 presents
the corresponding prices. In the Black—Scholes model, prices for double barrier options have — for
different parameterizations — been presented in the literature (see, e.g., Geman and Yor [1996], Lin
[1999], Pelsser [2000]). The presented equations, however, often tend to be rather complicated and
usually lack the intuitive (and for replication very convenient) interpretation as a portfolio of infinitely
many standard vanilla options.

Lemma 11 (Double barrier options I)

Consider the stochastic volatility model (1). The price of double barrier options with strike Kp =
K exp(f(;[ r¢dt) € [Dp, Pr] and maturity T (i.e. conditional payoff function g(St) = max(St — Kr,0)
in Theorem 9) is

— D" n n n
EOCk (S0 D, P.T) = Y S (Cu (S8, T) = Co(S¢,T) + (P = K) Ip (S P.T))

n=—oo

D" S - - -
- (CK(S(()2 D.T) = Cp(S$0,T) + (P — K) Ip(SY ”;P,T)) o (24)

where S(()Qn) = SoP?"/D?*" and S((Jzn_l) = P2 /(D*""28), n € Z.

Proof
Apply Theorem 9 with g(St) = max(Sp — Kp,0). We find that

n

- S
EOCk(S0; D, P, T) BL _Z ( 0,52 [ﬂ{sTe(DT,PT)}g(ST)} - 5015@’55%—1) [1{5TG(DT,PT)}9(5T)D

pr . . "
o (Cre(SE.1) = Cp(SE,T) + (P~ K) Ip (¢ P,T))

1 [ee]
" Br ; pn
D" S, (2n—1) (2n—1) (2n—1),
o o (Cue (¢, 1) = oS¢V T) + (P = K) Ip(S5 Y P T) )

10



4 Time-change representations

Concluding this section, we have established how single and double barrier derivatives can be priced
using the FFT results by Carr and Madan [1999], Bakshi and Madan [2000], and Raible [2000].

Alternatively, double barrier derivatives be priced exploiting that model (1) can be represented as a
time-changed geometric Brownian motion, see Section 4. In financial applications, this time change
can be interpreted as a measure of activity or “business clock”.

4 Time-change representations

For the discounted process S = {gt}tz[) = {Si/Bt}+>0, representations as a time-changed Brownian
motion are available. The time-change representations are interesting from a numerical point of view:
They allow for fast converging infinite series instead of Laplace or Fourier inversions. Digital options
in this setting can be priced using first-passage time results by Hieber and Scherer [2012]. We describe
S as a time-changed geometric Brownian motion Gj,, i.e.

d
% =dW;, Gy:= 85y >0, (25)
t

and A = {A¢}+>0 is a (pathwise) continuous and increasing stochastic process with Ag = 0 and
limy 00 Ay = 00 Q-a.s.. If the Laplace transform of A is known, it is denoted by ¥5.(u) := E[exp ( —
uM7)]. Then, the characteristic function of In(S;) =In(Gy,) is given by Gr(u, So) = exp(iuln(Spy)) -
05 ((iu + u?)/2) (see, e.g., Equation (2.3) in Hurd [2009]). Theorem 12 presents the time-change
representations for all models from Section 2.

Theorem 12 (Time-change representations)
S = {S;/Bi}i>0 can be represented as a time-changed geometric Brownian motion Gy, in the following
cases of interest’:

e In Examples 1 and 2, this is achieved by Ap := fOT Asds and Ay = vy for all t > 0. The Laplace
transform of the integrated process A is given by

I7(u) = E{exp ( - u/T )\sds)}
0 2071 203v9

_ exp(617/2) i exp(62T/2) 3
cosh(017/2) + % sinh(017'/2) cosh(p271'/2) + Z—Z sinh(027'/2)
o )\((]1) usinh(017/2) /\62) usinh(p21'/2) (26)
cexp{ — _ 20 ,
P 01 cosh(01T/2) + Z—l sinh(p17/2) 02 cosh(02T/2) + 2—2 sinh(027'/2)

1

2
where 0; = ,/9? +’yj2u, for j =1,2. Model (5) is obtained if one sets v = vy, 0 = 61, v = 71,
Mo =AY, and 6, = AP = 0.

e [n FExample 3, one sets Ap := fOT Asds and Ny = o for all t > 0. The Laplace transform of the

integrated process A is given by

U7 (u) = E{exp ( - u/OT )\sds)} = exp (L(u)Xo/2 + M (u)v/ Ao + N(u)), (27)

3For Examples 1 and 2, we refer to, e.g., Cox et al. [1985], Dufresne [2001]; for Example 3 to Stein and Stein [1991];
for Example 4 to, e.g., Dassios and Jang [2003]. 11



4 Time-change representations

where the functions L(u), M(u), and N(u) are defined in Appendiz A.

e In Example 4, this is achieved by Ap := f(;f Asds and Ny = vy for all t > 0. Then,

U7 (u) == E[exp < — u/OT )\Sds)}
= exp <— UTAO(I—eXp(—éT)) —@Z)/()T {1 — (

where the parameters are defined as in Example 4.

(1— exp(8(T — ))))} dt), (28)

SRS

Then, exit-and-out contracts can be priced by rapidly converging infinite series. In contrast to Section
3.2, where one had to compute two Fourier integrals per term, Theorem 13 presents infinite series
that need a single evaluation of the Laplace transform of the time change per term. This allows for a
faster computation and an easier control of the truncation error (we present error bounds in Section 5).
Theorem 13 presents the general pricing result for exit-and-out contracts that pay ¢g(Sr) at maturity
T if the path survives until 7.

Theorem 13 (Two barriers: Exit-and-out contract II)

Consider a time-changed geometric Brownian motion G, with a (pathwise) continuous time-change
A, independent of G. Denote the Laplace transform of Ar by ¥5.(u) := Elexp(—uAr)], v > 0. Then,
the price of a derivative with payoff 1.~y g(St) (where E[g(St)] < o0) at maturity T is given by

g(Sr) 1 2e2 & ”27T2 (@ = b)Y sy
XD,P (SO BT a—b Z 79T < b) S11 a—b Zn ) (29)

where Z35T) .= I e~ % sin (%) g(e¥)dy, x :=1n(S), a :=In(P), and b := In(D).

Proof
The transition density function describes the probability density that the process {In(St)}i>0 starts at

= In(Sy), survives until time T, and ends up in y := In(St). In the Black-Scholes model, this
density is given by (see, e.g., Cox and Miller [1965], Pelsser [2000])

2% N _(14on? _ B
fab(T? y) - 626 Ze (8+2(“*b)2)Te_% sin <n7r(xb)> sin (Tm(yb)) .

a— a—>b a—>b

n=1

In the Black-Scholes model, we then find that the price of an exit-and-out contract with payoff 1¢~1y g(St)
at maturity T is given by

BSg( / fab T y ey)
1 92¢5 (+2n277r22>T . [ nm(z—0) /a _y . (nm(y—Db)
_ § (a—b) = 7 e Y
Bra—b4=" - ey Jeem)

12



4 Time-change representations

If the interval [0, T] is continuously transformed to [0, Ar], the latter expression is the price of an exit-
and-out contract conditional on the time change T = Ap. If this time-change has Laplace transform
V5 (u) := Elexp(—ulAr)], u > 0, we conclude that

ol (]| = (3 )

and thus obtain the price of exit-and-out contracts on time-changed geometric Brownian motion

0

E

The result in Theorem 13 can also be used to price options on one barrier. Therefore, e.g., the upper
barrier is set to a very high value (i.e. @ = 100+/T) that guarantees that the probability of hitting the
upper barrier is negligible (i.e. smaller than le-16). In our numerical examples (see Section 6), this
approach is still significantly faster than FFT techniques.

Theorem 14 is a first application of Theorem 13 to price (double) digital options.

Theorem 14 (Double digital options II)

Consider a time-changed geometric Brownian motion G, with a (pathwise) continuous time-change
A, independent of G. Denote the Laplace transform of Ap by V5 (u) := Elexp(—uAr)], u > 0. If the
strike price is denoted Kp = K exp(fOT ridt) > Dy, the price of a double digital option with payoff
Lot sp>rpy at maturity T is given by

1 262 ° n2m? nw(x - b)
D,P,T) T G (PE0) ) Sg(sn)
I (So; BTa—bZ < a—b)2>sm< P ) 9(57)
where
o8 1 b (sin (M) 4 2% cos (M) )
79(5T) —
n 1 n2x2 5
17 (amb2
= In(Sy), k :=In(K), a := In(P), and b := In(D).
Proof

From Theorem 13, we can conclude that

a o a
ZTQL(ST) — / 6_% sin <nﬂ-(yb)> g(ey)dy = / 6—
b a—>b k
< 1 (m(y—m) nr <m<y—b)>) '
=1 2.2 | 5sm B R P
4+(Z7lg) 2 a=b a-b ot

13
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=
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3
3
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4 Time-change representations

1 n2m2
1y

In the special case k = b, this is a result derived in Hieber and Scherer [2012}4, i.e.

—a pr(—1)"t! —E
Zg(ST) _ e a—b e 2
n .

1 n2m?
11 a2

The same idea can now be used to price (double) barrier options. The result in Theorem 15 builds
on a representation of the Black—Scholes price of a double barrier option that is rarely used in the
literature, see, e.g., Pelsser [2000].

Theorem 15 (Double barrier options II)

Consider a time-changed Brownian motion G, with a (pathwise) continuous time-change A, inde-
pendent of G. Denote the Laplace transform of Ar by 95 (u) = Elexp(—uAr)], v > 0. If the strike
price is denoted Kp := K exp(fOT r¢dt) > Dp, t > 0, the price of a double barrier option with payoff
Lirsmy (ST — Kr)T is given by

267 — 1 n?m? nm(z —b)
EOCk(Sy;: D,P,T) = —— Zﬁ% ( + 2) sin <> 79(51), (30)

a—b 8 2(a—10) a—"b

where

N n a— nm(k—b
; Z_ (—1)"*!sinh (Tk) sm( a(_b )>
Z95r) = , ©:=1In(Sy), k :=In(K), a :=In(P), and b := In(D)
1 n2m2
ez (Z + (a—b)2>
Proof

Applying the results from Theorem 13, we get

Zz(ST) :/ e~ 5 sin <n7r(y—b)> g(e¥)dy :/ e~ 5 sin <n7r(y—b)> (ey _ ek)dy
b a—b k a—b

¥, k¥ b nﬂ(e%—ek_%) b
e“‘g % sin (M ¥ )> — cos (””(ﬁ‘ )>
1
1

a—b

. a—b . a T2
- 1 272 - _k 2,2
it a2 e 2 (% + (Zw)?)
In the case of Brownian motion (Ap =T ) this pricing result is given in, e.g., Pelsser [2000]. O

4Using that sin (%) = (—=1)" sin (%), one obtains the results in Hieber and Scherer [2012], Theorem 2
(uw=—-1/2, 0 = 1, a generalization to u € R and ¢ > 0 is straightforward).

14



5 Error bounds

Remark 16 (Single barrier limit as special case)
One can show that in the limit P — oo, the prices of the exit-and-out contracts in Theorems 13, 14,
and 15 converge to the already presented single barrier expression

1 S
X%(,ig)(so) =B (EQ,SO []I{ST>DT} g(ST)] - 501@@,132/50 []l{sT>DT} g (ST)D

in Theorem &5 (see Appendix B for the computations).

However, it turns out that if one wants to evaluate the latter expectations numerically, it is very
convenient to still use the series representation for the double barrier contract (Theorem 13). Therefore,
the upper barrier a = In(P) is, for example, set to 100V T, a value that guarantees that the probability
of hitting the upper barrier is negligible, i.e. it is smaller than 1e-16.

Remark 17 (Stochastic interest rates)

If necessary, it is possible to include stochastic interest rates in the model framework (1) while still
keeping the analytical tractability. If {r:}i>0 is independent of W = {Witi>o and {ot}i>0, this is
straightforward: 1/Br must simply be replaced by Eq[1/Br]. Dependence between {r:}i>0 and {o¢}i>0
can be introduced as follows: One defines ry := yi—p. 02, where {V¢ }+>0 is independent of W = {W; }>0
and {0t }1>0. ps« € R can be used to include either a positive or a negative dependence between volatility

and interest rates. The results in Theorems 14 and 15 can rather easily be modified; V5 (% + %)

then changes into V% (% + % + p*). The Fourier pricing results can also be adapted easily.

5 Error bounds

To implement the pricing formulas in Theorems 13, 14, and 15, the infinite series have to be approx-
imated by finite series. Lemma 18 presents error bounds if the Laplace transform of the time change
is exponentially bounded, i.e. if ¥9p(u) < Jexp(—Mu), where J, M are positive constants, and if the
Laplace transform is bounded by J* exp(—M™*\/u), where J*, M* are again positive constants. This
applies to all examples presented in Section 2.

Lemma 18 (Error bounds)

Consider a time-changed geometric Brownian motion {Gp, }+>0 with a (pathwise) continuous time-
change A, independent of G. Set again a := In(P), b :=In(D), and = := In(Sy) and denote the Laplace
transform of Ar by 95(u) := Elexp(—uAr)], u > 0. Assume that the conditional payoff function g(e¥)
is bounded for y € [a,b]. Set

K* ::/ e ¥ 1g(e")] dy.
b

If the infinite series in Theorem 13 is truncated after N summands, the (absolute) computation error
of the option price is defined as

267 1 n?m? nm(z — b)
9 (= 7 ) gin [ 27} 79(S7)
abng\;ﬂ T(8+2(ab)2> s1n< a—>b > "

€=

. (31)

For a given precision € > 0, a lower bound for the summation index N € N is required.

15



5 Error bounds

(a) If the Laplace transform of the time change is exponentially bounded, i.e. if 97 (u) < Jexp(—Mu),
where J, M are positive constants, we find that

2(a —b)?2 BrMn?
(a2 i e . (32)
m=M 2K*e2(a—b)J

N >

(b) If 9p(u) < J*exp(—M*\/u), where J*, M* > 0 are positive constants, then

N o Y2e=b)y f BriMime 3 (33)
mM* 2V/2K*ez J*

Proof
Note that

ke

a—>b

a
/ e_
b

Similarly to Hieber and Scherer [2012], if 9p(u) < Jexp(—Mu), where J, M are positive constants,
we get from Equation (31)

1 27 1 n?n? nm(x —b)
— 0 (2 07 )i [ 22 7)) 79(5T)
Bra—b 2 T<8+2(a—b)2>sm< a—b ) "

sin <n7r(y—b)> g(e?) dy‘ §/ e 2 |g(e’) dy = K* < o0.
b

n=N+1
z 00 2_2
<gracih 3 (5 )
< B1T2(—1K—*eb§ /NOOnJeXp <_M2(Z2_7r2b)2) dn
— QK;ZV[(O;g o exp (—M TP (];TQ—WZP) .

From this, a lower bound for the summation index N is obtained as

N > (34)

2(a —b)? n BrMm2e
w2 M 2K*ez(a—b)J ||

If 97 (u) < J*exp(—M*\/u), where J*, M* are positive constants, we get analoguously

1 22 & nmw
€< — K* Jexp| —-M*——— | dn
~ Bra-—b /N p< \/i(a,—b))

_ 1 2K7e2 \/i(a—b)J*eXp <—M* N7 > .
Br a—b M*r V2(a —b)

16



6 Numerical case study

Then,

N > —

(35)

O

V2(a —b) | BrM*me
n - .
M 2V2K*ez J*

The bound K* can easily be derived for specific conditional payoff functions ¢g(S7). For double digital
options, one obtains K* = 2/\/? — 2/\/]3, for double barrier options K* = 2v/P — 2[(/\/]7D

6 Numerical case study

In this section, we give a numerical example comparing the FFT technique (Section 3) to the analytic
formulas using the time-change representation of the given models (Section 4). We compare the results
of the one-factor stochastic volatility models, i.e. the Heston and Stein—Stein model, with regard to
accuracy and computation time. Additional improvements could be obtained if multi-factors models
were used.

6.1 One barrier

First, we compare the two approaches to price digital options. In all models, the parameters were chosen
such that the average volatility of the annualized stock returns equals 21%. The corresponding pricing
formulas are to be found in Lemma 6 (FFT technique) and Theorem 14 (time-change representation).
As discussed in Remark 16, we set the upper barrier to a = In(P) = 100V/T, a value that guarantees
that the probability of hitting the upper barrier is negligible, i.e. it is smaller than 1le-16.

Apart from that, the infinite series has to be truncated. Error bounds for this truncation are easy to
obtain, see Section 5. In our parameter sets, N = 90 terms turned out to be enough to obtain an
acceptable relative error.

Table 1 gives the results for different parameter sets in the Black—Scholes, the Heston, and the Stein—
Stein model. We aim at obtaining relative pricing errors below 1e-04. If the time-change representation
is used, a higher accuracy of le-12 comes at almost no additional computational cost. In the stochastic
volatility models, the true value is computed using the time-change representation with ¢ = 200 and
N = 200. The Black—Scholes model is also displayed, since the more convenient closed-form expression
presented as Equation (15) allows to compare the results to existing pricing formulas. If we aim
at an accuracy of at least le-04, in all models and over all the considered parameter sets, we find
that the time-change representation is about 30-40 times faster than FFT. This is mainly due to the
fact that the Laplace transform of the time change has to be evaluated only N = 90 times for the
time-change representation, whereas a reasonably small error in the FFT technique requires several
thousand evaluations of the characteristic function. This explains why the benefit of the time change
representation is even higher if more complex or multi-factor stochastic volatility models are used.

17



6.2 Two barriers

Black—Scholes analytic expression FFT true value

Ix(So; D,T) rel. err.  time | Ix(So;D,T) el err.  time | Ix(So; D,T)
D=0.80 0.6143907366  le-16  0.21ms | 0.6143882493  4e-06  16.1ms | 0.6143907366
D=0.85 0.4750496283  1le-16  0.23ms | 0.4750486755  2e-06  28.8ms | 0.4750496283
D=0.90 0.3184738022  1le-16  0.17ms | 0.3184759717  7e-06  16.7ms | 0.3184738022
D=0.95 0.1563530857  1le-16  0.16ms | 0.1563541729  7e-06 18.6ms | 0.1563530857
Heston analytic expression FFT true value

Ix(So; D, T) rel. err.  time | Ix(So;D,T) el err.  time | Ix(So;D,T)
D=0.80 0.6226859185  3e-12  0.32ms | 0.6226834064  4e-06  19.2ms | 0.6226859185
D=0.85 0.4852440603  2e-12  0.23ms | 0.4852429997  2e¢-06 15.3ms | 0.4852440602
D=0.90 0.3274529660  2e-12  0.19ms | 0.3274553781  7e-06  15.5ms | 0.3274529660
D=0.95 0.1614407693  2e-12  0.19ms | 0.1614419955  8e-06 15.3ms | 0.1614407693
Stein—Stein analytic expression FFT true value

Ix(So; D, T) rel. err.  time | Ix(So;D,T) el err. time | Ix(So;D,T)
D=0.80 0.6362552464  1e-08 1.06ms | 0.6362530653  4e-06  36.5ms | 0.6362552383
D=0.85 0.5063024193  1e-08  1.58ms | 0.5063011967 2e-06  33.8ms | 0.5063024113
D=0.90 0.3488272033  2e-08  2.15ms | 0.3488301222  8e-06  33.2ms | 0.3488271958
D=0.95 0.1745901944  3e-08  3.30ms | 0.1745917779  8e-06  33.2ms | 0.1745901886

Table 1 Prices Ik (So; D,T) of digital options in the Black-Scholes model (top, ¢ = 21%), in the Heston
model (middle, A\g = 0.0441, # = 0.005, v = 0.0441, v = 0.10, p = 0), in the Stein—Stein model
(below, A\g = 0.21, £ = 0.002, 5 = 0.70, k£ = 0.10) calculated by the analytic expression (left column,
N =90, P = exp(100V/T), see Theorem 14) and by FFT (middle column, see Lemma 6). The true
value I (So; D, T) (right column) was calculated using N = 200 and P = exp(200+/T) in the analytic
expression. The remaining parameters are chosen as So =1, K = D, r, = 0.10, and 7' = 1. Absolute

errors of both approaches are given. The computation time was calculated using Matlab on a 2.0
GHz PC.

6.2 Two barriers

For double digital options, the pricing formulas are presented in Lemma 10 (FFT technique) and in
Theorem 14 (time-change representation). The advantage of the FFT technique is the fact that call
and digital options with different strikes can be evaluated simultaneously (see, e.g., Carr and Madan
[1999]). Table 2 presents the pricing results together with both computation time and relative error in
the Black—Scholes model (top), the Heston model (middle), and the Stein—Stein model (below). Again,
we aim at an accuracy (in terms of the relative error) of le-04. In the two barrier case, the advantage
of the time-change representation is more significant than in the single barrier case. Since the upper
barrier now does not have to be set to infinity, N = 20 terms in the series representation (Theorem
14) are sufficient to obtain a very high accuracy. The results in Table 2 show that the computation
time for the time-change representation is now 50-100 times faster than the FFT technique. Although
the FFT technique is now also an infinite series of call options (truncated at N = 20), its computation
time is about the same as in the single barrier case since digital options with different strikes can be
computed simultaneously.
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7 Conclusion

Black—Scholes analytic expression FFT true value
I}<(SO;D7P, T) rel. err.  time I}<(SO;D,R T) rel. err.  time | Ix(So; D, P,T)
D=S2/P=0.80 | 0.5902066317 le-16  0.05ms | 0.5902061072 9¢-07  9.4ms | 0.5902066317
D:Sg/P:O.SE) 0.3834252443 le-16 0.05ms 0.3834234415 5e—06 9.4ms 0.3834252443
D=S2/P=0.90 | 0.1095096997 le-16  0.05ms | 0.1095104165 6e-06  9.3ms | 0.1095096997
D:Sg/P:O.95 0.0000999252 le-16 0.05ms 0.0000979657 2e-02 7.5ms 0.0000999252
Heston analytic expression FFT true value
I}((SO; D,P,T) rel. err.  time IAK(SO; D,P,T) vrel. err. time | Ix(So;D,P,T)
D=S2/P=0.80 | 0.5968486249 le-16  0.22ms | 0.5968439794 6e-06  14.5ms | 0.5968486249
D=5S2/P=0.85 | 0.3961295282 le-16  0.18ms | 0.3961276952 5e-06  19.8ms | 0.3961295282
D=S2/P=0.90 | 0.1289954367 le-16  0.22ms | 0.1289962389 6e-06  21.1ms | 0.1289954367
DzS%/P:0.95 0.0009498677 le-16 0.25ms 0.0009484332 9e—04 20.0ms 0.0009498677
Stein—Stein analytic expression FFT true value
I}((So; D,P,T) rel. err.  time I}((So; D,P,T) vrel. err. time | Ix(So;D,PT)
D=S2/P=0.80 | 0.6057024792 le-16  0.88ms | 0.6056960521 6e-06  34.6ms | 0.6057024792
D=5S2/P=0.85 | 0.4197102727 le-16  0.97ms | 0.4197085100 5e-06  37.1ms | 0.4197102727
D:S§/P:O.90 0.1721021525 le-16 0.94ms 0.1721035072 6e-06 35.4ms 0.1721021525
D=82/P=0.95 | 0.0094331898 le-16  0.84ms | 0.0094333509 le-03  37.3ms | 0.0094331898

Table 2 Prices I}(Sg; D, P,T) of double digital options in the Black—Scholes model (top, ¢ = 21%), in the
Heston model (middle, Ay = 0.0441, 6 = 0.005, v = 0.0441, v = 0.10, p = 0), in the Stein—Stein
model (below, Ao = 0.21, £ = 0.002, > = 0.70, k = 0.10) calculated by the analytic expression (left
column, N = 20, see Theorem 14) and by FFT (middle column, N = 20, see Lemma 10). The true
value I (So; D, P,T) (right column) was calculated using N = 200 in the analytic expression. The
remaining parameters are chosen as Sp = 1, K = D, r;, = 0.10, and 7' = 1. Absolute errors of both
approaches are given. The computation time was calculated using Matlab on a 2.0 GHz PC.

The same holds for double barrier options. The corresponding pricing formulas are given in Lemma 11
(FFT technique) and in Theorem 15 (time-change representation). Table 3 presents the pricing results
together with both computation time and absolute error in the Black—Scholes model (top), the Heston
model (middle), respectively the Stein—Stein model (below). Aiming at a relative error of less than
1le-04, the analytic expression resulting from the time-change representation turns out to be superior
to the FFT technique, this time being about 100 times faster. A higher precision in the time-change
representation — which is, for example, important for at the money barriers — comes at almost no
additional computational cost.

7 Conclusion

We showed how barrier derivatives can efficiently be priced in stochastic volatility models. Instead of
relying on FFT (see, e.g., Carr and Madan [1999], Carr and Lee [2009]), we derive rapidly converging
infinite series that can easily be implemented and allow for a straightforward error control. Those
series turn out to be faster and more accurate than FFT.
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Black—Scholes analytic expression FFT true value
EOCk(So;-) rel. err.  time | EOCk(So;) rel. err.  time | EOCk(So;-)
D=S3/P=0.80 | 0.1625270208  1le-16  0.06ms | 0.1625265175 3e-06  5.83ms | 0.1625270208
D=S2/P=0.85 | 0.0867337308  le-16  0.05ms | 0.0867329170  9e-06  5.16ms | 0.0867337308
D=S2/P=0.90 | 0.0168613875 le-16  0.04ms | 0.0168608922  3e-05  4.79ms | 0.0168613875
D=S2/P=0.95 | 0.0000075922  1le-16  0.03ms | 0.0000072895 2e-07  4.81ms | 0.0000075922

Heston analytic expression FFT true value
EOCk(Sp;-) rel. err.  time | EOCk(Sp;-) rel. err.  time | EOCk(So;-)
D=S3/P=0.80 | 0.1612642249 1le-16  0.20ms | 0.1612637548  6e-08  12.9ms | 0.1612642249
D=S2/P=0.85 | 0.0879562985  le-16  0.1lms | 0.0879555363  9e-07  13.4ms | 0.0879562985
D=S2/P=0.90 | 0.0197738415 1le-16  0.10ms | 0.0197733214  2e-05 13.1ms | 0.0197738415
D=S2/P=0.95 | 0.0000721684  le-16  0.10ms | 0.0000719713  3e-03  13.1ms | 0.0000721684

Stein—Stein analytic expression FFT true value
EOCk(Sp;-) rel. err.  time | EOCk(Sp;-) rel. err.  time | EOCk(So;-)
D=S2/P=0.80 | 0.1576325944  1le-16  0.79ms | 0.1576321967 5e-06  32.7ms | 0.1576325944
D=S2/P=0.85 | 0.0888429183  le-16  0.66ms | 0.0888423088  9e-06  32.7ms | 0.0888429183
D=S2/P=0.90 | 0.0256262200 le-16  0.73ms | 0.0256257853  6e-06  32.8ms | 0.0256262200
D=S2/P=0.95 | 0.0007147280  le-16  0.70ms | 0.0007148038  2e-02  35.8ms | 0.0007147280

Table 3 Prices EOCk (So; D, P, T) of double barrier options in the Black-Scholes model (top, o = 21%), in
the Heston model (middle, Ay = 0.0441, § = 0.005, v = 0.0441, v = 0.10, p = 0), in the Stein—Stein
model (below, Ao = 0.21, £ = 0.002, > = 0.70, k = 0.10) calculated by the analytic expression
(left column, N = 20, see Theorem 15) and by FFT (middle column, see Lemma 11). The true
value I (So; D, P,T) (right column) was calculated using N = 200 in the analytic expression. The
remaining parameters are chosen as Sp = 1, K = D, r, = 0.10, and 7' = 1. Absolute errors of both
approaches are given. The computation time was calculated using Matlab on a 2.0 GHz PC.
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A Parameters of the Stein—Stein model

, M (u), and N(u) in the characteristic function are defined as
Y

The functions L(u)
A
< B := —Zf, Cy = u ay =\ A%2-2C,, b,=-——,

L(’U,) = —A—ay Sinh(aquT) + by, C?Sh(aukZT) |
cosh(a,k?T) + by, sinh(a,k2T)

A= —

k2 kT ay

M(u) = B b, sinh(a,k*T) + b2 COShFaquT) Sl Y
cosh(a,k?T) + b, sinh(a,k?T)
ay, — A
2a2
B2(A%2 - a2) [ (2A + ay) + (24 — a,,)e20k*T
2a3 A+ ay + (ay — A)e2auk®T

2AB2(a2 — A?)ewuhkT 1 1/A 1 A
(au )6 . ) IR (el el + 1 + = 1 = 62auk2T )
a3 (A + ay + (a, — A)e2ek’T) 2 2 \ ay 2 ay

N(u) := (a2 — AB* — B%a,) K°T
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B Single barrier limit

B Single barrier limit

In our series representation the limit a := In(P) — oo cannot be exchanged with the infinite summation

over n as the series representation for X %(i.f)(So) is not absolutely convergent. To derive the limiting

expression, one has to change the series representation. Then, the limiting option price X %(ig“)(so) is
given by Theorem 5. For a := In(P), b := In(D), and x := In(Sp), we obtain

s ) 1 22 =, (1 n?n? . (nm(x—10)
XE 0 = Jim -2 S 07 (G gty ) sin (M) 2
n=1

1 22 Ar  n?m?Ar\ . [nm(z—0b) 9(S7)
— Zexp <_8—2(a—b)2 sin I zZ

If we change the parameterization (see He et al. [1998], Equations (2.3) and (2.4)), we get

L 12 “a—1b _:E—y_& y

—JLH;OEBTa_b/b 2 exp( 3 8>9<€>
. i (y—x—?n(a—b))_ <y+x—2na+(2n—2)b> p
= \7 Az ’ JAr vl -

This series is absolutely convergent, thus we can change limit and summation. In the limit a — oo
only the “n = 0” term remains, i.e.

ol T () e o) o () )

B _L o y—x+Ap/2
2|57 [ (o ()

(0l (SR )

1 So
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