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Definition of coherent risk measures 4 aq
Definitions

Representation theorem

The risk measure which is widely used in practice is VQR.
Definition 1.1. Let A € (0,1). Then

VOR\(X) = —ar(X),
where g)(X) is quantile of the level A:

g\(X) =inf{x e R: P(X < x) > A}

/\_/i _

Picture 1. Representation of VQR.
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Definition of coherent risk measures 4 aq
Definitions

Representation theorem

Definition 1.2. ([ADEH97]) Coherent utility function —
mapping u : L — R, satisfying the following properties:
(a) (diversification) u(X + Y) > u(X) + u(Y);
(b) (partial ordering) if X < Y P-a.s., then u(X) < u(Y);
(c) (positive homogeneity) u(AX) = Au(X) for all A > 0;
(d) (translation invariance) u(X 4+ m) = u(X) + m for all m € R;
(e) (Fatou property) if [X,| < ¢ and X, 2, X, then
u(X) > lim, u(Xy).

The corresponding coherent risk measure is defined as

p(X) = —u(X).
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Definition of coherent risk measures 4 aq
Definitions

Representation theorem

Remarks.
» (i) V@R does not satisfy diversification property.

» (ii) Variance (semivariance) does not satisfy monotonicity
property.
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Definition of coherent risk measures -
Definitions

Representation theorem

Theorem 1.3. ([ADEH99]) A function v: L*® — Risa
coherent utility function if and only if there exists a nonempty
set D C P such that

X) = inf EgX
u(X) Jnf EQX,

where P ={Q: Q < P}.

Kulikov Alexander Classical coherent risk measures



Definition of coherent risk measures -
Definitions

Representation theorem

Definition 1.4. Let us the largest set, for which the
representation is true, the determining set for coherent utility
function wv.

Definition 1.5. Coherent utility function on L° is a mapping
u: L% — RU{+oo}, defined as:

u(X) = inf EgX,
(X) = inf Eq
where D — set of probability measures Q absolutely continuous

under measure P, and EQX = EqX™ — EQX ™ with an
agreement: 400 — 00 = —00.
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» (i) It is obvious, that the determining set is a convex set.
If a coherent utility function is defined on L*°, then its
determining set is o(L>, L1)-closed.
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Definition of coherent risk measures -
Definitions

Representation theorem

Remarks.

» (i) It is obvious, that the determining set is a convex set.
If a coherent utility function is defined on L*°, then its
determining set is o(L>, L1)-closed.

> (ii) If D — (L, L')-closed convex set and a coherent
utility function v is defined by the representation, then D is
a determining set for u.
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Properties and examples of classical
coherent risk measures
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. Law invariance
Properties and examples

Examples of coherent risk measures

Definition 2.1. ([K01]) The utility function v is law invariant
if for all X, Y such that X "2 Y it is true that

u(X) = u(Y).
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. Law invariance
Properties and examples

Examples of coherent risk measures

Definition 2.2. ([ADEH99]) Suppose A € (0,1]. Consider the

set dQ
D, = {Q ap = 1/)\}

Let us construct the function

uy(X) = Q'e"& EqQX, Xel°

This is a coherent utility function. The corresponding coherent
risk measure is called Tail VQR of level A.

Consider an atomless probability space.

Proposition 2.3. (JK01]) Tail V@R is the minimal law
invariant coherent risk measure that dominates VQR.
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Picture 4. Tail V@R.
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Law invariance
Examples of coherent risk measures

Properties and examples

Definition 2.4. ([KO01]) Suppose p is a probability measure on
(0,1]. Weighted V@R on L™ is a coherent risk measure,
corresponding to the coherent utility function

uM(X):/ un(X)p(dN), X € L
(0.]

The coherent utility function can be rewritten in the following
way:
u,(X) = inf EqX
#( ) QeD, QN>
where D), C L. Using this formula we can extend a function on
L0. The corresponding coherent risk measure is called Weighted
V@R on LO.
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. Law invariance
Properties and examples

Examples of coherent risk measures

Definition 2.5. ([CMO05]) Take oo € N . Let us consider the

following function

ue(X) =E min X

i=1,...,«

where Xi,..., X, are independent copies of random variable X.
Due to [CMO5] this is a classical coherent utility function. It
belongs to the class of Weighted V@R, and has the probability
measure p of the following form:

fia(dx) = B(2,0 — 1) 1x(1 — x)*2dx, x € (0, 1], (1)

where B is Beta-function. The corresponding classical coherent
risk measure p,, is called Alpha VQR.
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. Law invariance
Properties and examples

Examples of coherent risk measures

Consider an atomless probability space. Then
Proposition 2.6. ([K01]) Coherent utility function u is law
invariant if and only if it has the following form:

X) = inf u,(X), wh 2
o(X) = inf 0, (X), where @)
M is a set of probabilities measures on (0, 1]. (3)

Definition 2.7. Coherent utility function has strictly
diversification property if for all X, Y € L* : corr(X,Y) # 1 it is
valid that

u(X+Y)>u(X)+ u(Y).

Proposition 2.8. ([K01]) Weighted V@R has strictly
diversification property if and only if

supp(u) = [0,1]. (4)
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Extreme measures, generators and their
application for solution of some financial
mathematical problems
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Extreme measures and generators
Capital allocation

Extreme measures, generators and their applications Risk contribution

Let us introduce the following spaces:
L (D) = {X € L%: sup [EQX| < oo};
QeD

Ly(D) = {X €L’ n[fgoélépp Eq|X|I{|X] > n}= O}.
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Extreme measures and generators
Capital allocation

Extreme measures, generators and their applications Risk contribution

Definition 3.1. Let u be a utility function with the determining
set D. Suppose X € L9. We will call a measure Q € D an
extreme measure for X for coherent utility function u if

U(X) = EQX.

The set of extreme measures for X is denoted by Xp(X).

Theorem 3.2. If D is weakly compact, X € L}(D), then
Xp(X) # 2.
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Extreme measures and generators
Capital allocation

Extreme measures, generators and their applications Risk contribution

Definition 3.3. Let u be a utility function with the determining
set D. Suppose X = (X1,...,Xy). We will call the set

G = cl{EqX : Q € D}

a generator for X and u.

Remark. If every X; € LL (D) and D is weakly compact then G is
convex compact.
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Extreme measures and generators
Capital allocation

Extreme measures, generators and their applications Risk contribution

Example 3.4. Let u be law invariant utility function which is
finite on Gaussian random variables.

Then there exists v > 0 such that for Gaussian random variable
¢ with mean a and variance o2 it is valid that

u(X)=a—no.

Let X have Gaussian distribution with mean a and covariance
matrix C. Let L denote the image of RY under the map x — Cx.
Then inverse image is correctly defined. So it is easy to see that
the generator for X = (X, ..., Xy) has the following form:

G=a+{C"x:|x|<y}=a+{yel:(y,Cly) <’}

Kulikov Alexander Classical coherent risk measures



Extreme measures and generators
Capital allocation

Extreme measures, generators and their applications Risk contribution

Problems of financial mathematics, for solution of which we
use extreme measures and generators:

» (i) Capital allocation;
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Problems of financial mathematics, for solution of which we
use extreme measures and generators:

» (i) Capital allocation;

» (ii) Risk contribution.
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Extreme measures and generators
Capital allocation

Extreme measures, generators and their applications Risk contribution

Definition 3.5. Let us call x1,...,xg € R a capital allocation
between Xi, ..., Xy, if

. d d

(i) 2oy xi = p(Xoimg Xi):

(ii) for all hy,..., hg > 0 it is true that
S hixi < p(25y hiX;).
Definition 3.6. Let us call xq,...,xqg € R a utility allocation
between Xi,...,Xq, if

. d d

(1) oimy xi = u(Xoig Xi);

(ii) for all hy,..., hy > 0 it is true that

Sy hixi = (Y5 hiXi).
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Extreme measures and generators
Capital allocation

Extreme measures, generators and their applications Risk contribution

Theorem 3.7. The set U of utility allocation problem solutions
between Xi, ..., Xy has the form

U= argminxGG <e? X>a

where e = (1,...,1). Furthermore, for any utility allocation it is
valid that

Zh,’X,' > U(Z h,'X,') \V/hl, ey hy € R.
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Extreme measures and generators
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Extreme measures, generators and their applications Risk contribution

L{e)

Picture 5. Geometric solution of utility allocation problem.
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Extreme measures and generators
Capital allocation

Extreme measures, generators and their applications Risk contribution

Theorem 3.8. (i) Suppose Xi, ..., Xy € LY(D) and D is weakly
compact. Then there exists a collection (xi,...,xq) such that
the following conditions are satisfied:

(a) Xy % = u(X; X0);

(b) there exists Q € XD(ZLI X;) such that

X = EQX,'. (5)
Every such collection is a utility allocation between Xy, ..., Xy.
(ii) All the solutions of utility allocation problem between
Xi1,...,Xy are represented in the form given.
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Extreme measures and generators
Capital allocation

Extreme measures, generators and their applications Risk contribution

Example 3.9. Let us consider Example 3.4 for Gaussian vector
X, i.e. for Gaussian random variable £ with mean a and
variance o2 it is valid that

u(X)=a—no.

Let us assume that (C,e) # 0. Then the utility allocation
between Xi, ..., Xy is unique and has the following form:

x = a—~{e, Ce) /2 Ce.
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Extreme measures and generators
Capital allocation

Extreme measures, generators and their applications Risk contribution

Definition 3.10. The risk contribution of X to Y is

“X:;Y)=—-— inf EgX.
p(X;Y) ot | Ea

Theorem 3.11. If D is weakly compact and X, Y € L1(D) then

iy vy g PLY +eX) —p(Y)
p(X,Y)—LI[g 5 :

Corollary 3.12. In Gaussian case we have

pS(X;Y) = —EX + (EX — u(X))corr(X; Y).
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Definition of NGD condition
Theorems of asset pricing
Hedging

Results

NGD pricing

Example 4.1. Let S; ~ U[0, 100] is the price at moment 1.
Then NA-condition in this model is equivalent to Sp € (0,100),
which is not natural from financial point of view, because if Sy
is very small then all the participants will try to buy it and if it
is closed to 100 then all the participants will try to sell it.
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Definition of NGD condition
Theorems of asset pricing
Hedging

Results

NGD pricing

Let A be a convex closed subset in L°.

Definition 4.2. A risk-neutral measure is a measure Q < P
such that EQX < 0 for all X € A.

The set of risk-neutral vectors is denoted by R or R(A), if there
is a risk of ambiguity.

Definition 4.3. ([C07]) We will call that the set A is
D-consistent, if there exists a subset A’ C AN LL(D) such that
DNR=DNRA).

Definition 4.4. ([C07], [D05]) The model satisfies NGD
condition if there exist no X € A such that u(X) > 0.
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Definition of NGD condition
Theorems of asset pricing

Hedging

NGD pricing Regiiis

Theorems of asset pricing
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Definition of NGD condition
Theorems of asset pricing

Hedging
Results

NGD pricing

Theorem 4.5. ([C07], [D05]) The model satisfies
NGD-condition if DNR # @.

Definition 4.6. A wutility based NGD-price of contingent claim
F is a number x € R such that the extended model

(2, F,P,D,A+ {h(F — x) : h € R}) satisfies NGD-condition.
The interval of NGD-prices of contingent claim F will be
denoted by Ingp(F).

Corollary 4.7. For F € L}(D)

/NGD(F) = {EQF N ONS DQR}.
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Definition of NGD condition
Theorems of asset pricing

Hedging

NGD pricing Regiiis

Proposition 4.8. If A= {(h,X) : h € R?} then

NGD « {0} € G°

Example 4.9. Consider Example 4.1. If we use Tail VQR with
level A then NGD-condition in this model is equivalent to
So € (100A/2,100(1 — A/2)).

Kulikov Alexander Classical coherent risk measures



Definition of NGD condition
Theorems of asset pricing

Hedging

NGD pricing Rezuliz

Example 4.10. Consider Gaussian case, i.e. (S},...,S¢, F) is
Gaussian vector, where a = ES;, ¢ = cov(S1, F) . Let

F=(b,S —a)+EF+F,EF =0,
beRY: Ch=c,

o2 = varF = varF — (b, c),
a= (0272 —0%(So—a,C}(Sp — a)>).

Then
NGD < (Sp — a, C™1(Sp — a)) < 72,

INGD(F): |:<b,50—3>+EF—Oé,<b,50—a>—|—EF—|-a:|_
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Definition of NGD condition
Theorems of asset pricing

Hedging
Results

NGD pricing
Definition 4.11. The upper and lower NGD price of a
contingent claim F can be defined in the following form:

V(F)=inf{x:3X € A: u(X — F +x) >0},
V(F)=sup{x:3X e A: u(X+ F —x) >0}

Theorem 4.12. If Ais a cone and F € L}(D), then
V(F)= sup EqX,
QeDNR
V(F)= inf EqX, V(F)=—V(-F).
V(F) = Jnf EoX, V(F)=-V(-F)
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Definition of NGD condition
Theorems of asset pricing

Hedging
Results

NGD pricing

Let us now consider a sub- and superhedging problems for a
static model with finite number of assets. Thus we are given a
coherent utility function v with determining set D and
S1,...,Sq € LY(D). Then consider the following definition:

Definition 4.13. The sub- and superhedging strategies of a
contingent claim F can be defined in the following form:

H(F)={heR?: u((h,S; — So) — F + V(F) >0},
H(F)={heR?: u((h,S; — So) + F — V(F) > 0}.
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Definition of NGD condition
Theorems of asset pricing

Hedging
Results

NGD pricing

Example 4.14. ([C07]) Let Sy € (0,00) and S; € L! such that
supplLaw(5;) = (0, 00) and Law(S51) has no atoms. Let NGD
condition be satisfied for Tail VAR uy

(ux(S1) < So < —ur(—S51)). Then there exists a unique pair of
numbers 0 < b < ¢ such that

P(S1 ¢ (b, c))
E[S1[51 ¢ (b, c)]

A,
So.

Then if F = f(S;1), where f is convex, we have that

V(F) = E[f(S1)IS1 € (b, c)],

I
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NGD pricing

density of 5;

e

b.g’(;w.c

Picture 6. Geometric representation of Example 4.14.
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» Motivation, axioms and representation theorems of classical
coherent risk measures.

» Extreme measures and generators as the basis for solution of
some problems of financial mathematics.

» Capital allocation and risk contribution problems and their
solutions

» Law invariance property.

» Introduction of examples of coherent risk measures.
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» Motivation of using coherent risk measures for NGD pricing.
» Definition of NGD condition via coherent risk measures
» Theorems of asset pricing.

» Intervals of fair prices and sub- and superhedging strategies.

Kulikov Alexander Classical coherent risk measures



Definition of NGD condition
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Results

NGD pricing

Motivation of using coherent risk measures for NGD pricing.
Definition of NGD condition via coherent risk measures
Theorems of asset pricing.

Intervals of fair prices and sub- and superhedging strategies.

vV v v v Vv

Application to the gaussian case.
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Thank you for your attention
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