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Formulation of the problem

Consider the random walk

Sk = ξ1 + . . .+ ξk, P(ξi = 1) = P(ξi = −1) = 1/2

on a probability space (Ω, F , P) with natural filtration Fn = σ(ξi, i 6
n), F∞=σ( ∪

n>0
Fn).

For functionals F = F (ω) from random walk it required to make a

• single representations

F = cF +
∑
k

uk−1∆Sk,

where ∆Sk = Sk − Sk−1, uk−1 ∼ Fk−1 – measurable
process.
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• multiple representations

F = cF +
∑
k>1

∑
t1<...<tk

ck(t1, . . . , tk)∆St1 . . .∆Stk,

where ck(t1, . . . , tk) is deterministic function.

There were considered the following functionals:

– FN = max
06k6N

Sk;

– Fτ−a = max
06k6τ−a

Sk,

where τ−a = inf{k > 0 : Sk = −a}, a ∈ N.
– FgN = max

06k6gN
Sk,

where gN = sup{0 < k 6 N : Sk = 0}.
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Single representations

1. Case FN = max
06k6N

Sk

Theorem 1. For FN = max
06k6N

Sk we have the following stochastic

representation:

max
06n6N

Sn = E( max
06n6N

Sn) +
N∑
k=1

GN−k+1(Fk−1 − Sk−1)∆Sk, (1)

where
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GN−k+1(Fk−1 − Sk−1) =
N−k+1∑

r=Fk−1−Sk−1+1

[
N−k+1−r

2

]
∑
l=0

(−1)

[
N−k+1−r

2

]
−l

×
(

−1/2

[(N − k + 1− r)/2]− l

)
ϕr+2l(r),

ϕk(m) =
m

k2k

(
k

m+k
2

)
, E( max

06n6N
Sn) ∼

√
2N

π
by N →∞.

—————————————————————————————————
In continuous case for Ft = max

06s6t
Bs, t 6 T

max
06t6T

Bt = E( max
06t6T

Bt) + 2

T∫
0

[
1−Φ

(
Ft −Bt√
T − t

)]
dBt

(A. N. Shiryaev, M. Yor)
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Proof.

• ξ > 0 ⇒ ξ=
+∞∫
0
I(ξ>a)da. Hence

FN =

+∞∫
0

I( max
06k6N

Sk > a)da =

+∞∫
0

I(Na 6 N)da,

where Na = inf{k > 0 : Sk > a}, a > 0.

Sn

n

a

FN

Na N
0

Conclusion: sufficiently to receive the representation for I(Na 6 N).
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• Discrete stochastic exponent for λ ∈ (0,1):

En(S) =
n∏

k=1

(1 + λ∆Sk) = (
√

1− λ2)n

√1 + λ

1− λ

Sn , E0(S) := 1.

• ∆En(S)=λEn−1(S)∆Sn and En(S) – martingale with respect to
(Fn)n>0.
• From the optional sampling theorem (P-a. s.)

E(ENa|Fn) = ENa∧n = 1 + λ
Na∧n∑
k=1

Ek−1∆Sk, (2)

EENa = 1⇒ E(
√

1− λ2)Na =

√1 + λ

1− λ

−dae , (3)

√1 + λ

1− λ

−dae =
+∞∑
l=0

(
√

1− λ2)dae+2lϕdae+2l(dae). (4)
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From (2), (3), (4) we get

E((
√

1− λ2)Na|Fn) = E(
√

1− λ2)Na+

+λ
Na∧n∑
k=1

+∞∑
l=0

(
√

1− λ2)dae−Sk−1+2l+k−1ϕdae−Sk−1+2l(dae−Sk−1)∆Sk,

• Denote s :=
√

1− λ2. Then for all s ∈ (0,1) we have

E(sNa|Fn) = EsNa +
Na∧n∑
k=1

+∞∑
l,m=0

(−1)mCm1
2
ϕdae−Sk−1+2l(dae − Sk−1)

× sdae−Sk−1+2(m+l)+k−1∆Sk (5)
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fs(x)=sx, x>0, s ∈ (0,1)

s=e−n, n=1,2, ...,

⇒ (5) is valid for L={e−nx}n>0.

C0[0,+∞) = {f ∈ C[0,+∞) : f(x)→ 0 by x→ +∞}
⇓(∗)

L={e−nx}n>0 is complete in C0[0,+∞).

Consider the function

g(t) ∈ C0[0,+∞)

g(n) = I(n 6 N)

⇒ (5) is valid for I(n 6 N).

(*) Sedletski A. M. Classes of analityc Fourier transformations and their exponential approximations.

Мoscow: Physmatlit, 2005, 504 p.
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Lemma 1. For I(Na 6 N) we have the representation (P-a.s.)

I(Na 6 N) = P(Na 6 N) +
Na∧N∑
k=1

∑
l,m: l+m6

[
N−k+1

2

](−1)mCm1
2

×ϕdae−Sk−1+2l(dae−Sk−1)I(dae−Sk−1 6 N − k+ 1−2(l+m))∆Sk.

The decision formula is established by integrating on a.

FN = EFN +
N∑
k=1

GN−k+1(Fk−1 − Sk−1)∆Sk.

�
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2. Case Fτ−a = max
06k6τ−a

Sk,

τ−a = inf{k > 0 : Sk = −a}.

Sn

n

Fτ−a

−a

τ−a0
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Theorem 2. For Fτ−a we have a stochastic representation

max
06k6τ−a

Sk = −
τ−a∑
k=2

H(Fk−1)∆Sk,

where H(n) =
n∑
l=1

1

a+ l
, Fk = max

06l6k
Sl.

Proof.

I(Fτ−a > z) = I(Nz 6 τ−a), z > 0.

⇓
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(a+ dze)I(Fτ−a > z)=a+ Sτ−a∧Nz.

Then

Sτ−a∧Nz + a = −
τ−a∑
k=2

I(Fk−1 > z)∆Sk,

I(Fτ−a>z) = −
τ−a∑
k=2

I(Fk−1 > z)

a+ dze
∆Sk.

Integrating on z, we receive

Fτ−a =

+∞∫
0

I(Fτ−a > z)dz = −
τ−a∑
k=2

H(Fk−1)∆Sk.

�
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3. Case FgN = max
06k6gN

Sk,

gN = sup{0 < k 6 N : Sk = 0}.
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Theorem 3. For FgN we have the stochastic representation

max
06k6gN

Sk =

[
N
2

]
∑
k=1

P(FN > 2k) +
N∑
k=1

LN−k+1(Fk−1, Sk−1)∆Sk

−
N∑
k=1

MN−k+1(Sk−1)(Fk−1 − Fgk−1)∆Sk,

where
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LN−k+1(Fk−1, Sk−1) =
N−k+1∑

n=Fk−1−Sk−1+1

[
N−k+1−n

2

]
∑
m=0

N−k+1−2m∑
l=0

(−1)m
( 1

2
m

)

× ϕl(2n+ Sk−1),

MN−k+1(Sk−1) =
∑

l,m: l+m6
[
N−k+1

2

](−1)m
( 1

2
m

)
ϕSk−1+2l(Sk−1)

× I(Sk−1 6 N − k + 1− 2(l +m)).
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Multiple representations

Denote

Bn={i = (i1 . . . in)| ik ∈ {−1,1}, k = 1 . . . n},

Umn = {(t1, . . . , tm) : 1 6 t1 < . . . < tm 6 n, ti ∈ N}.

Definition 1. Let h : Rn → R.
The difference quotient of order n

D(1)h(x1, . . . , xn) =
h(1, x2, . . . , xn)− h(−1, x2, . . . , xn)

2
,

D(k)h(x1, . . . , xn) =
1

2
D(k−1)(h(x1, . . . , xk−1,1, xk+1, . . . , xn)

−h(x1, . . . , xk−1,−1, xk+1, . . . , xn)), k 6 n.
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For instance, D(2)h(x1 , x2) = 1/4(h(1,1) − h(−1,1) − h(1,−1) +

h(−1,−1)).

Proposition 1. For any n ∈ N and for any function f : Rn → R we
have

1

2n
∑
i∈Bn

it1 . . . itkf(i) = D(k)
(
E
[
f(ξ) |ξt1=x1,..., ξtk=xk

])
,

where 1 6 t1 < . . . < tk 6 n, ξ = (ξ1, . . . , ξn).

Proof induction on k.
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Lemma 2. Let f : Rn → R. Then we have

f(ξ) = Ef(ξ) +
n∑

k=1

∑
t∈Ukn

D(k)
(
E
[
f(ξ) |ξt1=x1,..., ξtk=xk

])
∆St1 . . .∆Stk,

where ξ = (ξ1, . . . , ξn).

Corollary 1. For FN = max
06k6N

Sk we have the representation

FN = EFN+
N∑
k=1

∑
16t1<...<tk6N

D(k)
(
E
[
FN |ξt1=x1,..., ξtk=xk

])
∆St1 . . .∆Stk.
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1. Multiple representation of functional FN = max
06k6N

Sk

Theorem 4. For FN = max
06k6N

Sk we have the following multiple

stochastic representation:

FN = EFN +
N∑
k=1

E
[
GN−k+1(Fk−1 − Sk−1)

]
∆Sk

+
N∑

m=2

∑
16k1<...<km6N

c(k1, . . . , km)∆Sk1
. . .∆Skm,

where

c(k1, . . . , km)=D(m−1)(E
[
GN−km+1(Fkm−1−Skm−1)|ξk1

=x1,..., ξkm−1
=xm−1

]
).
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Proof.

Using the theorem 1, we have

FN = EFN +
N∑
k=1

GN−k+1(Fk−1 − Sk−1)∆Sk. (6)

Apply lemma 3 for GN−k+1(Fk−1 − Sk−1):

GN−k+1(Fk−1 − Sk−1) = E[GN−k+1(Fk−1 − Sk−1)]

+
k∑
l=2

∑
t∈U l−1

k−1

c(t1, . . . tl−1, k)∆St1 . . .∆Stl−1.

Substituting the computed representation in (6), we get the statement
of the theorem.

�
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2. Multiple representation of functional Fτ−a = max
06k6τ−a

Sk

Theorem 5. For Fτ−a we have the stochastic representation:

Fτ−a = −
τ−a∑
k=2

E[H(Fk−1)]∆Sk

+−
τ−a∑
m=2

∑
16k1<...<km

h(k1, . . . , km)I(τ−a > km)∆Sk1
. . .∆Skm,

where

h(k1, . . . , km) = D(m−1)
(
E
[
H(Fkm−1)|ξk1

=x1,..., ξkm−1
=xm−1

])
.

22



Thank you for your attention
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Appendix
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Single representations

1. Case FN = max
06k6N

Sk

Theorem 6. For FN = max
06k6N

Sk we have the following stochastical

representation:

max
06n6N

Sn = E( max
06n6N

Sn) +
N∑
k=1

GN−k+1(Fk−1 − Sk−1)∆Sk, (7)

where
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GN−k+1(Fk−1 − Sk−1) =
N−k+1∑

r=Fk−1−Sk−1+1

[
N−k+1−r

2

]
∑
l=0

(−1)

[
N−k+1−r

2

]
−l

× C

[
N−k+1−r

2

]
−l

−1
2

ϕr+2l(r),

ϕk(m) =
m

k2k
C
m+k

2
k , E( max

06n6N
Sn) ∼

√
2N

π
by N →∞.

Доказательство. Let ξ > 0 is a random variable. Then

ξ=
+∞∫
0
I(ξ>a)da. Hence

FN =

+∞∫
0

I( max
06k6N

Sk > a)da =

+∞∫
0

I(Na 6 N)da,

where Na = inf{k > 0 : Sk > a} = inf{k > 0 : Sk = dae} = Ndae, a > 0.
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Consider the discrete stochastical exponent defines for λ ∈ (0,1):

En(S) =
n∏

k=1

(1 + λ∆Sk) = (
√

1− λ2)n

√1 + λ

1− λ

Sn , E0(S) := 1.

∆En(S)=λEn−1(S)∆Sn, and En(S) – martingale with respect to
filtration (Fn)n>0. From the optional sampling theorem (P-a. s.)

E(ENa|Fn) = ENa∧n = 1 +
Na∧n∑
k=1

∆Ek = 1 + λ
Na∧n∑
k=1

Ek−1∆Sk. (8)

Because of SNa = dae, then

E(ENa|Fn) =

√1 + λ

1− λ

dae E [(√1− λ2)Na|Fn
]
. (9)
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EENa = EEn = 1, therefore

E(
√

1− λ2)Na =

√1 + λ

1− λ

−dae . (10)

From (8), (9), (10) we get

E((
√

1− λ2)Na|Fn) = E(
√

1− λ2)Na+

+λ
Na∧n∑
k=1

√1 + λ

1− λ

−(dae−Sk−1)

(
√

1− λ2)k−1∆Sk.

P(Na = k)=ϕk(dae), so for all a > 0

+∞∑
l=0

(
√

1− λ2)dae+2lϕdae+2l(dae) =

√1 + λ

1− λ

−dae . (11)



Denote
√

1− λ2 =: s

⇒ λ=
√

1− s2 =
+∞∑
m=0

(−1)mCm1
2
s2m. (12)

From (11), (12) for all s ∈ (0,1) we have

E(sNa|Fn) = EsNa +
Na∧n∑
k=1

+∞∑
l,m=0

(−1)mCm1
2
ϕdae−Sk−1+2l(dae − Sk−1)

× sdae−Sk−1+2(m+l)+k−1∆Sk (13)

fs(x)=sx, x>0, s ∈ (0,1)

s=e−n, n=1,2, ...,

⇒ (13) is valid for L={e−nx}n>0.
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C0[0,+∞] = {f ∈ C[0,+∞] : f(x)→ 0 при x→ +∞}
⇓(∗)

L={e−nx}n>0 is complete in C0[0,+∞].

Consider the function

(*) Sedletski A. M. Classes of analityc Fourier transformations and exponential approximations.

Moscow: Physmatlit, 2005, 504 p.
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g(t) ∈ C0[0,+∞)

g(n) = I(n 6 N)

⇒ (13) is valid for I(n 6 N).

Lemma 3. For I(Na 6 N) we have the representation (P-a.s.)

I(Na 6 N) = P(Na 6 N) +
Na∧N∑
k=1

∑
l,m: l+m6

[
N−k+1

2

](−1)mCm1
2

×ϕdae−Sk−1+2l(dae − Sk−1)I(dae − Sk−1 6 N − k + 1− 2(l +m))∆Sk.
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FN =

+∞∫
0

I(Na 6 N)da =

+∞∫
0

P(FN > a)da+

+
N∑
k=1

∑
l+m6

[
N−k+1

2

]
Sk−1+N−k+1−2(l+m)∫

0

(−1)mCm1
2
ϕdae−Sk−1+2l(dae−Sk−1)

× I(k 6 Na)da∆Sk =

EFN+
N∑
k=1

∑
l+m6

[
N−k+1

2

](−1)mCm1
2


N−k+1−2(l+m)∫
Fk−1−Sk−1

ϕdae+2l(dae)da

∆Sk.
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FN = EFN +
N∑
k=1


∑

l+m6
[
N−k+1

2

]
N−k+1−2(l+m)∑
r=Fk−1−Sk−1+1

(−1)mCm1
2
ϕr+2l(r)

∆Sk

= EFN +
N∑
k=1

N−k+1∑
r=Fk−1−Sk−1+1


∑

l+m6
[
N−k+1−r

2

](−1)mCm1
2
ϕr+2l(r)

∆Sk.

For all x∈R

(−1)nCnx−1=
n∑

m=0

(−1)mCmx

⇒ theorem 6 is proved.
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Lemma 4. For GN−k+1(Fk−1 − Sk−1) we have the representation
(P-a.s.)

GN−k+1(Fk−1 − Sk−1) =

N−k+1∫
Fk−1−Sk−1

(P(FN−k+1 > a)

− P(FN−k+1−2η > a))da,

where η is a random variable, independent from FN , with distribution

P(η=m) = (−1)m−1Cm1
2
, m = 1,2 . . .
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2. Case Fτ−a = max
06k6τ−a

Sk,

τ−a = inf{k > 0 : Sk = −a}.

Sn

n

Fτ−a

−a

τ−a0
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Theorem 7. For Fτ−a we have the stochastical representation

max
06k6τ−a

Sk = −
τ−a∑
k=2

H(Fk−1)∆Sk,

where H(n) =
n∑
l=1

1

a+ l
, Fk = max

06l6k
Sl.

Proof.

I(Fτ−a > z) = I(Nz 6 τ−a), z > 0.

⇓
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(a+ dze)I(Fτ−a > z)=a+ Sτ−a∧Nz, (14)

⇓

Sτ−a∧Nz + a =
τ−a∧Nz∑
k=1

∆Sk + a =
τ−a∑
k=1

I(k 6 Nz)∆Sk + a

=
τ−a∑
k=1

I(Fk−1 < z)∆Sk + a = −
τ−a∑
k=2

I(Fk−1 > z)∆Sk.
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Therefore, from (14) we have

I(Fτ−a>z) = −
τ−a∑
k=2

I(Fk−1 > z)

a+ dze
∆Sk.

Fτ−a =

+∞∫
0

I(Fτ−a > z)dz = −
+∞∫
0

τ−a∑
k=2

I(Fk−1 > z)

a+ dze
∆Skdz

= −
τ−a∑
k=2

(

Fk−1∫
0

dz

a+ dze
)∆Sk = −

τ−a∑
k=2

H(Fk−1)∆Sk.

�
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3. Case FgN = max
06k6gN

Sk,

gN = sup{0 < k 6 N : Sk = 0}.
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Theorem 8. For FgN we have the stochastical representation

max
06k6gN

Sk =

[
N
2

]
∑
k=1

P(FN > 2k) +
N∑
k=1

LN−k+1(Fk−1, Sk−1)∆Sk

−
N∑
k=1

MN−k+1(Sk−1)(Fk−1 − Fgk−1)∆Sk,

where
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LN−k+1(Fk−1, Sk−1) =
N−k+1∑

n=Fk−1−Sk−1+1

[
N−k+1−n

2

]
∑
m=0

N−k+1−2m∑
l=0

(−1)mCm1/2

× ϕl(2n+ Sk−1),

MN−k+1(Sk−1) =
∑

l,m: l+m6
[
N−k+1

2

](−1)mCm1
2
ϕSk−1+2l(Sk−1)

× I(Sk−1 6 N − k + 1− 2(l +m)).
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Proof.

max
06n6gN

Sn =

+∞∫
0

I( max
06n6gN

Sn>a)da

=

+∞∫
0

I(Na 6 gN)da =

+∞∫
0

I(dNa6N)da,

where

dNa= inf{k>Na : Sk=0}.

dNa=Na + inf{k > 0 : Sk+Na=0} = Na + N̂−a,

41



where

N̂−a= inf{k > 0 : Ŝk = −dae},

(Ŝk)k>0 с Ŝk = SNa+k − dae – random walk that indpendent from
FNa.

dNa=Na + N̂−a, I(dNa6N) = I(N̂−a6N −Na).

N̂−a и Na н. о. р.
lemma 4⇒ I(N̂a(−Ŝ) 6 b) = I(N̂−a 6 b);

Denote b=N −Na.
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I(dNa6N) =
+∞∑
l=0

I(l 6 N−Na)ϕl(dae)−
dNa∧N∑

k=(Na+1)

∑
l+m6

[
N−k+1

2

](−1)m

× Cm1
2
ϕSk−1+2l(Sk−1)I(Sk−1 6 N − k + 1− 2(l +m))∆Sk.
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Using the relations below

N∑
l=0

P(Na 6 N − l)ϕl(dae) = P(N2dae 6 N),

[
N−k+1−n

2

]
−m∑

l=0

ϕn+2l(n)P(Nn+x 6 N − k + 1− 2m− n− 2l)|x=Sk−1
=

=
N−k+1−2m∑

l=0

ϕl(2n+ Sk−1),

we receive the statement of the theorem.
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Multiple representations

Denote

Bn={i = (i1 . . . in)| ik ∈ {−1,1}, k = 1 . . . n},

Umn = {(t1, . . . , tm) : 1 6 t1 < . . . < tm 6 n, ti ∈ N}.

Definition 2. Let h : Rn → R.
Difference quotient of order n

D(1)h(x1, . . . , xn) =
h(1, x2, . . . , xn)− h(−1, x2, . . . , xn)

2
,

D(k)h(x1, . . . , xn) =
1

2
D(k−1)(h(x1, . . . , xk−1,1, xk+1, . . . , xn)

−h(x1, . . . , xk−1,−1, xk+1, . . . , xn)), k 6 n.
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Proposition 2. For all n ∈ N and for any function f : Rn → R we
have

1

2n
∑
i∈Bn

it1 . . . itkf(i) = D(k)
(
E
[
f(ξ) |ξt1=x1,..., ξtk=xk

])
,

where 1 6 t1 < . . . < tk 6 n, ξ = (ξ1, . . . , ξn).

Proof. Induction on k.
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When k=1 we have

1

2n
∑
i∈Bn

it1f(i) =
1

2n
∑

i∈Bn: it1=1

f(i)−
1

2n
∑

i∈Bn: it1=−1

f(i) =

=
1

2

∑
i∈Bn: it1=1

f(i)P(ξ1 = i1, . . . ξ̂t1 . . . , ξn = in)−
1

2

∑
i∈Bn: it1=−1

f(i)

× P(ξ1 = i1, . . . ξ̂t1 . . . , ξn = in) =
1

2

(
E
[
f(ξ)|ξt1=1

]
− E

[
f(ξ)|ξt1=−1

])

= D(1)
(
E
[
f(ξ) |ξt1=x

])
.
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So,

1

2n
∑
i∈Bn

it1 . . . itk+1f(i) =
1

2

(
D(k)

(
E
[
f(ξ) |ξt1=x1,...,ξtk=xk, ξtk+1

=1

])

−D(k)
(
E
[
f(ξ) |ξt1=x1,...,ξtk=xk, ξtk+1

=−1

]))
=

= D(k+1)
(
E
[
f(ξ) |ξt1=x1,...,ξtk+1

=xk+1

])
.

�
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Lemma 5.Let f : Rn → R. Then we have the stochastical representation

f(ξ) = Ef(ξ) +
n∑

k=1

∑
t∈Ukn

D(k)
(
E
[
f(ξ) |ξt1=x1,..., ξtk=xk

])
∆St1 . . .∆Stk,

where ξ = (ξ1, . . . , ξn).

Corollary 2. For FN = max
06k6N

Sk we have the

stochastical representation

FN = EFN+
N∑
k=1

∑
16t1<...<tk6N

D(k)
(
E
[
FN |ξt1=x1,..., ξtk=xk

])
∆St1 . . .∆Stk.
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1. Multiple representation of functional FN = max
06k6N

Sk

Theorem 9. For FN = max
06k6N

Sk we have the following multiple

stochastic representation:

FN = EFN +
N∑
k=1

E
[
GN−k+1(Fk−1 − Sk−1)

]
∆Sk

+
N∑

m=2

∑
16k1<...<km6N

c(k1, . . . , km)∆Sk1
. . .∆Skm,

where

c(k1, . . . , km)=D(m−1)(E
[
GN−km+1(Fkm−1−Skm−1)|ξk1

=x1,..., ξkm−1
=xm−1

]
).
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Proof.

Apply lemma 6 for GN−k+1(Fk−1 − Sk−1).

GN−k+1(Fk−1 − Sk−1) = E[GN−k+1(Fk−1 − Sk−1)]

+
k−1∑
m=1

∑
t∈Umk−1

D(m)E[GN−k+1(Fk−1−Sk−1) |ξt1=x1,...,ξtm=xm]∆St1 . . .∆Stm.

m = l − 1

GN−k+1(Fk−1 − Sk−1) = E[GN−k+1(Fk−1 − Sk−1)]

(15)

+
k∑
l=2

∑
t∈U l−1

k−1

c(t1, . . . tl−1, k)∆St1 . . .∆Stl−1.
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Substituting (15) in formula (7), we have

FN = EFN+
N∑
k=1

GN−k+1(Fk−1−Sk−1)∆Sk = EFN+
N∑
k=1

E[GN−k+1(Fk−1

−Sk−1)]∆Sk +
N∑
k=1

k∑
l=2

∑
t∈U l−1

k−1

c(t1, . . . tl−1, k)∆St1 . . .∆Stl−1∆Sk =
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= EFN +
N∑
k=1

E[GN−k+1(Fk−1 − Sk−1)]∆Sk +
N∑
l=2

N∑
k=l

∑
t∈U l−1

k−1

c(t1,

. . . , tl−1, k)∆St1 . . .∆Stl−1∆Sk = EFN+
N∑
k=1

E[GN−k+1(Fk−1−Sk−1)]∆Sk

+
N∑
l=2

∑
t∈U lN

c(t1, . . . , tl)∆St1 . . .∆Stl.

�
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2. Multiple representation of functional Fτ−a = max
06k6τ−a

Sk

Theorem 10.For Fτ−a we have the multiple stochastic representation

Fτ−a = −
τ−a∑
k=2

E[H(Fk−1)]∆Sk

−
τ−a∑
m=2

∑
16k1<...<km

h(k1, . . . , km)I(τ−a > km)∆Sk1
. . .∆Skm,

where

h(k1, . . . , km) = D(m−1)
(
E
[
H(Fkm−1)|ξk1

=x1,..., ξkm−1
=xm−1

])
.
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Proof.

From lemma 6 we have

H(Fk−1) = E[H(Fk−1)]+

+
k−1∑
m=1

∑
t∈Umk−1

D(m)
(
E
[
H(Fk−1)|ξt1=x1,..., ξtm=xm

])
∆St1 . . .∆Stm =

= E[H(Fk−1)] +
k∑
l=2

∑
t∈U l−1

k−1

h(t1, . . . , tl−1, k)∆St1 . . .∆Stl−1.

Using theorem 7, we get the statement of the initial theorem.
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