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Overview of the Course

Part I: The Models (SVJ)

Part Il: Exotic Derivatives (volatility derivatives, forward-starting
options, asymptotics of the implied volatility smile)

Part Ill: Fluctuation Theory and Barrier Options
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Part |

The Models
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The Models

What are models used for?

Understanding the risk of portfolios of derivative securities:
e Pricing
e Hedging
e Risk Management

Features they must possess:
e Jumps (Gamma Regime)
e Stochasticity of Volatility (Vega Regime, Volatility Clustering)

e Analytical Tractability (Calibration, Hedging and Risk
Managemement)
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Regime switching Lévy processes: the volatility chain

e State-space E' := {1,..., Ny}, Ny € N, of a continuous-time
Markov chain Z = (Z;)>0.

e Generator of Z is Q € RNoxNo,

e Notation: M € CNoxNo 1 e CNo are identified with functions

M:EOXEO—>C, M(i,j)ZMij:€;M€j>

m:E° = C, m(j) =m; =me,,

where i,j =1,..., Ny, and e; are the standard basis of CVo.
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Regime switching Lévy processes: the volatility chain

e Let B: EY — C.

e Let Ap be a diagonal matrix such that Ag(¢,7) = B(7),
1 =1,..., Ny. Then it holds that

Pi[Zr=3] = exp(tQ)(i,7)
t
E; [exp </o B(Zs)d8> I{th}] = exp(t(Q+ Ap)) (¢,7)
foranyi,j € EV, t >0,
e We denote E;|:] = E[-|Zy = i], P;[-] = P[-|Zp = i], and I, is the

indicator of the set {-}.
e Note that the former expression is a special case of the latter.
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Regime switching Lévy processes

e Leti € E and X = (X});>9 Lévy process with characteristic
exponent ; : R — R,

F [eiuXZ} _ etzpi(u)7

with the Lévy-Khintchine representation

2 00
ok .
i) = s = Gt [ [ - 1= sl ey en).

— 00

where o;, 1; € R are constants and v; is the Lévy measure.
e Hence y; satisfies the integrability condition

/R(l A %)y (dz) < oo.
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Regime switching Lévy processes

Vanilla option prices must be finite!
Hence exponential moments must be finite: assume dp; > 1

o
such that / el (de) < oo.
1
This Is equivalent to
E [epiXti} < oo forall t¢>0.

Then identity E[el%X{] = (%) remains valid for all u in strip
{ueC: Su) e (—p;0]}CcC

where the function ); is analytically extended to this strip.
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Regime switching Lévy model

Model for the foreign exchange rate S = (S;):>¢ IS given by

Sy = Spexp(Xy) where Sy € (0,00) and
t
X, = Z/ Itz —iydXL.
icpo 0

Domestic and foreign money market accounts (MMA)
BP = (B{)i>0 and B" = (B] )s>o:

BP = exp </Ot RD(ZS)ds> , Bl :=exp (/Ot RF(ZS)ds) .

Functions Rp, Rp, 1,0 : E° — R and Lévy measures v;,
i € E°, are given and Rp, Rr > 0 and o > 0.

X* are independent Lévy processes with triplets (u(i), o (i), v;)
for i € EV.
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Regime switching Lévy model: basic observations

e The process X is not Markovian!
e The pair (X, Z), is Markov and task is to understand its law!

o Let J!, i € EY, be independent pure jump Lévy processes (i.e.
with characteristic triplets (0,0, v;) and W = (W);>( Sstandard

Brownian motion. Then the process X, defined by

s t
X, = /M(Z )ds—l—/ 5 )dTV, +Z/ Iz —pdJL,
0

1€ O

has the same law as X.
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The characteristic matrix exponent

The characteristic matrix exponent K : R — CNoxNo of (X, Z) is
K(u) :=Q+ A(u), where A(u)(3,1) = ;(u), i € EY,

A(u) is a diagonal matrix and () the generator of Z.
Define diagonal matrices Ap and Agr by

Ap(i,i) == Rp(i),  Ar(i,i):= Rp(i).
Theorem 1 The discounted characteristic function of Markov process (X, Z):

iuX
E,, eng})‘ t)f{zt:j} — exp(iuz)-exp(t(K(u)—Ap))(i,j), ucR,
t

where [E;, ;|| denotes the conditional expectation E|-| X = z, Zy = 1].
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The characteristic matrix exponent

Proof. Define ¥(i,u) := 1;(u), i € EY, and condition on
F? =o0(Zs:5€[0,t]):

exp(iuX
Ex’i[ EBD t)]{thj}
t

]-’tZ] = exp (iu:c + /Ot (U(Zs,u) — Rp(Zy)) ds> (i,7)

Recall that
t
E; [exp </0 B(Zs)ds) I{th}] =exp (t(Q + Ag)) (4,7)

for any function B : EY — C, with Ag diagonal, Ag(i,i) = B(i). O
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Regime switching Lévy model

e A risk-neutral measure for S makes (S, B/ /BP )¢ into a
positive martingale.

e Pricing measure is non-unique (the market is incomplete).
e Natural choice is given by

A-i) = Ap—Ap =
Ei2[S:Bi /B] = & [exp(tQ))1] (i) = SoBy /By

for all Sy = e” € (0, 00). This, together with Markov property of
(X, Z), implies that (S; B} /B )¢ is a martingale.

e Here we are implicitly using the assumption p; > 1 for i € EV.
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Regime switching Lévy model

e The price at time s of a zero coupon bond maturing at ¢ > s

1
E; | —
ke

E?@]— (exp((t = $)(Q — Ap))1) (Z3),

_B£

where FI*%) = o (Xu, Zy) : u€l0,s]).

e Infinitesimal generator £ of Markov process (X, Z) is for
sufficiently smooth functions f : R x E° — R as

i) = T2 i) + ) f (e

+/R [f(x + Z,Z) — f(33,2) — f’(ZIZ‘,Z)Z]{|Z|§1}] Vi(dZ),
+ ), QU j)f (2, J) — fl=,1)].

JjeR®
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Markov additive process (X, Z)

An important subclass of regime switching Lévy processes:
t
X, = a:+/ w(Z, )ds—l—/ S)dW, +Z/ Ity —pdJ.
0 i€ O

o J' = (J})i>0 are independent compound Poisson processes
with Léevy exponents

zpz(u) :)\i (@Z(u) —1), UER, 1 € EO,

where jump intensity \; > 0 and ®;(u) is the characteristic
function of the jump distribution in regime ¢ with:

d;(—1) < oo <= p; > 1 <= jump distrib has exp moment.

e 7 = (Z;)>0 a continuous-time MC on E = {1,..., N}.

Stochastic Volatility Models with Jumps — p. 15



Phase-type distributions

Definition A cdf F': R, — |0, 1] is phase-type if it is a cdf of the
absorption time of a continuous-time MC on m + 1 € N states, with
one state absorbing and the remaining states transient.

e FF~ PH(a,A): vector a € [0, 1] satisfies 0 < o/1 < 1 and
A € R™*™ |s a sub-generator matrix, i.e. a generator of the
chain restricted to the transient states.

e [F'is uniquely determined by vector o and matrix A € R™*™,
e The initial distribution and generator of the original chain are

(1 —aa’1> and (61 (_61)1)'
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Phase-type distributions: properties and examples

If F ~ PH(a, A) then
e cdf and pdf take the following form

F(t)=1—-de1 and f(t)=—d'e*A1 forany teR,.
e Characterisitc function
O(—iu) = Elexp(uX)] = o/ (A +ul) P A1 + (1 — /1),

exists and is finite if and only if ®R(u) < —R(\g), where ) is the
eigenvalue of A with the largest real part.

Examples: Hyper-exponential, Erlang
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Double phase-type distributions

F ~ DPH (p,B%,B*,3,B) is double phase-type if its pdf is

fx) = pfT(x) 0,00 (%) + (1 =p)f (=) [(—so)(x) such that
pel0,1], fF(z)=—(8F)e*B " B*1 and 18* =1.

e Condition 1’8* = 1 ensures that the distribution of jump sizes
has no atom at zero.

e The DPH contains double exponential,
f@) = pate ™ Lo (@) + (1= p)a™ ™ I oo g)(),

where a* > 0 and p € [0, 1], and double Erlang distributions.
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Markov additive process (X, Z)

Proposition 1  Let F' be a probability distribution function on R. Then there
exists a sequence (Fn)nEN of double-phase-type distributions £}, such that
F,, = Fasn — oo.

e Class of Markov additive process (X, Z) where

t
Xt:fL‘—l-/ /L(Z)dS—I—/ s)dW —I—Z/ ]{Z—z}d‘]
0

1€ B0

and jumps of J* are DPH, is dense in regime-switching Lévy.

e \When generalised appropriately, the lack-of-memory property
holds for phase-type distributions.

e Wiener-Hopf theory can be developed for (X, 7).
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Regime switching Lévy models

How are regime switching Lévy models used in practice?

e As approximations to general stochastic volatility models with
jumps (the chain Z has many states).

e As parsimonious descriptions of risk-neutral probability laws
Implied by the markets (the chain Z has two or three states).
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Stochastic volatility models with jumps

e v = {v}+>0 @ Markov process in R (stochastic variance).

e X be a Levy process (possibly Brownian motion) with
characteristic exponent (), independent of v.

A class of stochastic volatility models in a time interval [0, T'|

/ (
S; = Spexp <(r —d)t + / VU d Xy — / Y (—1 vs)ds) : where
0 0

T
/ [ (—1iy/vs)|ds < o0 a.s.
0

e If X iIs BM and v indep. square-root process, then S Heston.

e v scales the jump-size distribution of S and does NOT affect
the jJump-intensity!
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Stochastic volatility models with jumps

St = Spexp ((r —d)t + Xy, —(—1)V;), where

¢
Vi ::/ Ve du < oo a.s.
0

e Stochasticity of volatility is achieved by randomly changing the
time-scale.

e If X Brownian motion with drift: the scaling propery of BM
Implies both SV models are the same.

e v modulates jump-intensity not jump-size.

HoMEWORK: Prove that in both cases (e~ ("=®!S,),. o 1) is a
martingale.
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Two step approximation of SVJ

() Approximate variance process v by a finite-state
continuous-time Markov chain.

(i) Approximation of the Lévy process X by a Lévy process with
double-phase-type jumps.

Basic idea: approximate the respective generators of v and X and
define a Markov additive process that approximates S.

e In (i) fix a state-space and approximate the generator of v
locally at every state by a generator matirx.

e In (ii) approximate the Lévy triplet.
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European options in regime switching Lévy model

A call option struck at K with expiry 71" is defined as
Cr(K):=C(So,i,K,T) :=Ey; [(Bf) (St — K)*].

e Fourier transform c’. in log-strike £ = log K of Cr(K) is
i (€) = / e*Cr(e®)dk where (¢) < 0.
R

e Let£ € C\{0,i}, z € R, j € EV. Define

e(1+i&)z
if — &
o If (&) <0, then for x = log Sy and Zy = j, it holds

cr(&) =D& x,j) since ...
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European options in regime switching Lévy model

() = [ exp((io+ a)Ea [(BR) (St - exp(k))*] ok

= E,; (B%))_lfReXp((iv—ka)k)(ST —exp(k))Tdk

= E,.; :(le?)_l exp((1 4+ o+ iv)XT)] /(042 +a—v:+ i(2a+ 1)v)

e:c(l—l—a—l—iv)

= e i PRI i)~ Ap)1 ()

Then for k£ = log(K) and a > 0 we have

Cr(K) = exp(z;ozk:)/ e 1R (s — ia)ds
exp(—ak)

— / R {e_iSkD(s — ia,log Sy, Zy)| ds.
0

T
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The implied volatility surface

IVol surface is a graph of a function (K, T) — o(K,T) defined
Implicitly by the equation

CB®5(Sy, K, T,0(K,T)) = C(K,T),

where C'(K,T) are the market/model specified call option prices
and CB>(Sy, K, T, ) is the Black-Scholes formula.

o ('(K;;,T;),v=1,...,n,j=1,2,3, are the most liquid
derivative instruments in the financial markets.

e Knowing o Is equivalent to knowing the one-dimensional
marginals in a risk-neutral measure of the underlying process.

e To calibrate to the observed IVol surface the model needs to
have stochastic volatility AND jumps.

e If n =2 (l.e. two maturities) typically time-dependence of
parameters is needed for calibration.
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Simple Markov additive model — Calibration

e Ny = 2 (two states only!)
e A(u) a2 x 2 diagonal matrix with the ¢-th diagonal element

_|_ —
i(u) := upi+o;u’ /24N\ip; <fz — 1) +Ai(1-pi) ( . 1) :
87

;U o, +u
e Recall Ap :=diag(Rp), Ar := diag(Rr) and
exp(uX .
Eo,i pléD t)f{zt—j}] = [exp(t(Q + A(u) — Ap))] (¢, ).
t

e A risk-neutral drift ;. : E° — R is given by the formula

A1) = Ap — Ap.
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Markov additive model — calibration of stochastic rates

e For maturities T < T, market implies two pairs Py, , Py, ,
k = 1,2, of domestic and foreign zero coupon bond prices.

e In our model we have
Py, = Eoi[(Br)"Sn,)/So and Py =Eg;[(Br) ')
e To calibrate Rp, Ry solve the system:
Pol?Tk = cexp((Q—Ap)Ty)1,
POITTk = eexp((Q—Ap)Ti) 1,

where k = 1,2 and Ap = diag(Rp), Ar = diag(RFp).

e Since Ny = 2, this system determines the risk-neutral drift of S,
IS Independent of the calibration to option prices and can be
solved accurately very fast.
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USDJPY — one maturity

Implied Volatility - USDJPY
02 T T T T T

Model IVol 1m
O Market IVol 1m | |

0.19

0.18

0.17

Vol

0.16

0.15F

0.14

0w e % o wm wn ae
Market data: S, = 98.05, domestic rate r;, = —0.00036, foreign rate
ry = 0.0045, maturity 7' = 1/12.

Model parameters: N =2, ¢; = 12,q2 = 6, B,,(1) = diag(—45, —300),
B,(1) = —100,b,,(1) = (0.12,0.88), A2 = 0 (chosen),

o = (0.0423,0.0628), A\; = 276.5196, p; = 0.1610 (calibrated).
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USDJPY — two maturities

Implied Volatility - USDJPY
02 T T T T T

Model IVol 1m
Model Vol 3m B

0.19

O  Market IVol 1m
O  Market IVol 3m

0.18

0.17

0.16

Vol

0.15f

0.14

0.13f

0.12

W m W w mow m w
Market data: Sy = 98.05, domestic interest rate r;, = (—0.00036, 0.005),
foreign interest rate ry = (0.0045,0.0111), maturity 7' = (1/12,3/12).
Model parameters: N =2, ¢; = 12,q2 = 6, B,,(1) = diag(—45, —300),
b (1) = (0.12,0.88), B,,(2) = =50, B,(1) = —130, p2 = 0 (chosen),

o = (0.1312,0), Ay = 137.4337, Ao = 0.9484, p; = 0.0386 (calibrated)
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EURUSD — one maturity

Implied Volatility - EURUSD

0.17

0.165

Model Vol 1m

O Market IVol 1m

0.16

0.155|

0.15f

Vol

0.145

0.14

0.135F

0.13

| | | | |
12 1.25 13 1.35 1.4
Strike

Market data: spot Sy = 1.3009, domestic interest rate r4; = 0.0045, foreign
interest rate r» = 0.0084, maturity 7' = 1/12.

Model parameters: N =2, ¢ = 12,92 = 6, B, (1) = diag(—45, —300),

b (1) = (0.1,0.9), B,(1) = —130, A2 = 0 (chosen)

o = (0.1352,0.0490), A1 = 90.6456, p; = 0.5231 (calibrated)
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EURUSD — two maturities

Implied Volatility - EURUSD

0.2

Model Vol 1m
Model Vol 3m
0.19 O  Market IVol 1m |
O  Market IVol 3m

1.2 1.25 1.3 1.35 1.4
Strike

Market data: Sy = 1.3009, domestic rate r4; = (0.0045,0.0111), foreign rate
r¢ = (0.0084,0.0139), maturity T' = (1/12,3/12).

Model parameters: N =2, ¢1 = 12,92 =6, B,,,(1) = =70, B,(1) = —70,
B,,(2) = —30, B,(2) = —30, p2 = 0.5 (chosen)

o = (0.1281,0.0001), Ay = 10.7141, Ao = 10.2962, p; = 0.1084 (calibrated)
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Part |l

Exotic Derivatives
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Implied volatility at extreme strikes

The implied volatility o, ;(K,T) in (X, Z) satisfies
C®(e", K, T,0,;(K,T)) =E,; [(Bf) (S — K)T].
For fixed maturity 7" define the quantities Fr := E, ;[Sr| and
gL = sup {u :Eqg [e(Hu)XT} < oo forall ic¢ EO} :
g_ = sup {u By [e_“XT} < oo forall i€ EO} :

Lee formula (under some assumptions):

Toy (K, T)?
lim =22 = o (@R b -y )
Koo log(K/Fr ( T T )

)
|
. Top (K, T)? )
b gty — 2 (VT o)
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lvol at extreme strikes in (X, Z) with phase-type jumps

If X has double-phase type jumps then, for i € E°, 1);(u) is:
iup; —o7u® )2+ N [pi(B) (B +iul) "B 1+(1—p;)(8;) (B; —iul) " B; 1].

Define o := min{—R()\) : \eigenvalue of B} for any state i c E°.

,i .

e Note #; has analytic extension to {u € C : S(u) € (—a; ,a; )}

7 )

e If the chain Z is irreducible, the quantities ¢4 are:

¢+ =min{a; —1:i € E°, p;A; >0}, ¢q_ =min{a; :i€ E°, (1—p;)\; > 0}

TO'xi(KT2
] o = 24 (2 e g )
Kso log(K/Fr ( T T4y q+>

)
)
. To.i(K,T)? >
b gtz — 2 (VT e)
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Forward starting options

A payoff of T;-forward starting call option with maturity 75 > T IS
(ST2 — KST1)+, ke Ry.

e The Fourier transform in the forward log-strike of
Fr,m,(k) = B [(B) ™' (S, — xS1,) "] is defined by

Fn(€) = [ €% Fr ()b, where () <0
R

e For x =log Sy, Zp = j and & with &(£) < 0 it holds that

o(1+if)x

T - g

Fr, 1,(8) exp(T1(Q — Ap)) exp { (To—T1)(K (1 + 18) — Ap) }1] ().
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Forward starting options

Proof
Fr,m,(k) = Eu; [(BR) (S, — S1,)7]
S _
— Ex,i B% EO,ZTl [(BCZQQ—Tl) 1<ST2—T1 o /{)+}:|
T,
= E | 2T E -1 +
= Z vi | gD L2z =5 0 (BT,_1,) (S1o—1y, — k)]
: 0 T
jekE 1
= S0 Y eiexp(T(K(—i)—Ap))e;Eo;[(BE, 1) (St—1 — £)7]
jEED

j-th entry of vector Cr,_7, (k; 1) is Eo;[(BR 1)~ (S1—1y — &) T].
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The forward smile

The forward implied volatility 0 (ST, k,T) at a future time T

C®S(Sry, k51, To—T1, 0% (St K, 1)) = B
where C®> the Black-Scholes formula with strike xS, and spot Sy .

STI} = Sp f* (XTl,Tl)CT2 . (k,1), where

97 (y,7)

— and ...
qr (y)

Stochastic Volatility Models with Jumps — p. 38



The forward smile

.. the joint distribution ¢ (y j) = ]PM[XT <y, Zr=j]attimeT
of (X7, Zr) Is given by
1

ar'W,d) = gp | STV ep(EET) (1), yEeRj € B

X7 IS a continuous random variable with probability density
function ¢%*(y) = == [XTedy] given by

W) = 5o [ S e (KO @ as, yeRie B

Proof. The characteristic function is in L!(R).
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Volatility derivatives

Refining sequence of partitions (I1,,),cy of [0, T]: II,, C 11,41,
II, ={tg <...<t?} st limy oo max{|t} —tI' {|: 1 <i<n}=0.

e Quadratic variation X7 of X = log S

2
: Sin
Y = nh_)rglo Z log (S ) :

tn eI, i>1 b

e The sequence converges in probability, uniformly on [0, T7.
e The limit is given by

T
YT = / o(Zy) dt + Z Z[{Zt:i}(AXf)Q»
0

1€ B0 t<T

where AX} := X} — X! .
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Volatility derivatives

(3¢)e>0 Is the quadratic variation (realized variance) process of X.

e A buyer of a swap on the realized variance pays a premium
(the swap rate) to receive at maturity 7" a pay-off ¢(37), where
¢ : Ry — R, Is a measurable payoff function.

e Most common examples of ¢ are
(i) variance swap: ¢(x) = x/T.
(ii) volatility swap: ¢(z) = /x/T.
(iii) option on variance: ¢(z) = (xr — k)™, where k € R..
e The swap rate for the payoff ¢ is E; [¢(X7)/B7 | .
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Volatility derivatives

(3¢)e>0 IS @ regime-switching Lévy process with
t t -
Et — / O'(ZS)2dS —+ Z / ]{Zs:i}dX;7
0 icpo Y
where X?, i € EY, is a pure-jump subordinator with
v (dz) = I(peo)(®)[—dV(vz) +dv(—y/x)]  (Lévy measure)

WE() = uo?+ / (1 — e )2 (dx)

= uo? + /(1 — 7" )y, (dy) (characteristic exponent of X?).
R

~

Recall: ¥ (u) = —log E[e™*Xi], 7(z) = v([z, ), v(x) = v(—o0, z]).
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Volatility derivatives

The Laplace transform of 3, is given by
E; [exp(—u¢)] = [exp(tKx(u))1] (7), u > 0,

where
e the characteristic matrix Kx(u) is given by

Ks(u) :=Q + Ax(u) and

e Ax(u)is an Ny x Ny diagonal matrix with

~

Asi(u) (i, i) = o (u) = —log E[e ], i € EY.
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Volatility derivatives

X* jump-diffusion with double phase-type jumps. Then

e Xiisa compound Poisson process with intensity \;
e With positive jump sizes K; with probability density

gi(r) = 2\1f

7

o O(z) :=exp(z?/2)N (x), N normal cdf. Then E [exp(—ukK;)] is

e and the characteristic exponent of X¢ equals

Vi (u) == uo? + N\ (1 — E[exp(—ukK;)]) .

[nﬁ* VEBI(_BF)1 4 (1—pi) B eVoBi(— B-_)l} 1(0,00) ()-
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Volatility derivatives - the pricing formulae

Assume Rp = const (to simplify the formulae) and Z, = s.

o our(T,7) = E; [Sr/T] and ¢,o(T, §) = E; [\ /57 /T} are

. L[ o .
Svar (T7 j) — T [/0 eQ th] (j )7
. 1 >
Svol (Ta ]) — 2\/7_‘_7 0 { - eXp TKZ 1} u3/2 ’

where V' € R™e with V(i) = (¢7°)'(0) = 07 + [, y*v;(dy).

e ¢:R, — R, and da > 0 s.t the Fourier transform ¢ of
Po(x) = e ¢(x) is in L1(R). Then the ¢-swap rate is

W(T.3) = = | 64O lexp(T(Ks(a — 16) = Ap))1] (7).
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Volatility derivatives - remarks

e X' phase-type Lévy model:

V(i) = o +2X (p(87) (B ™2 + (1= pi)(87)(B;)72) 1.

e Since Q = U 'AU for diagonal A with A(i,i) = \; and \; = 0,
Svar (T, 7) 1S given by

1

gfuar<Taj) — T U_l

/T

\

Ay (e —1)

)\J_Vl(eANT— 1))

e The integral in ¢, (T, j) converges at the rate proportional to
1/+/M for upper bound M (follows from definition of Kx(u)).
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Variance swap formula — proof

Condition on the sigma algebra 7% = o(Z; : t € [0,T]):

Kz / dS + Z / I{Z _]}dX] = Z Eg [/ I{Zs—j}dS]w(j)a
0

jek?° jekR®

where w(j) := o2(j) + E[X]] = (¥>)(0), j € E°, and note that

D [/OT I{Zs_j}db’] = [/OT eXP(SQ)d5] (4, 7)

by Fubini’'s theorem.
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Volatility derivatives - proofs

Elementary integral

du
\/E_Z\f/ [1 — exp(—uz)] T2 forany x>0,

and Fubini’s theorem yield

=T
T

Similarely for ¢-swap the Fourier inversion formula yields

_ (exp(TQ) — exp(T (K (w) 1] () 375

E;
2V T

_ —(a+1i€)S
o(S) \/%/gb d¢ and hence

E; [6(Sr)] — E / 9:(6) [exp(TKs(a + 16)1] (j)dg, a > 0.

Stochastic Volatility Models with Jumps — p. 48



Part |1

Fluctuation Theory and Barrier Options



Barrier contracts

A barrier contract with expiry T' > 0 pays the random cash flow
g<ST)I{TA>T} + h(STA)I{TAST}v where 74 = inf{t >0:5; € A},

e knock-outset A = (0,4 U |u,00), 0</{<u<o0o;
e g,h:(0,00) — R, payoff and rebate functions respectively.

Examples:
e knock-out double barrier (0 < 4, u < oo, h = 0);
e down-and-out (u = oo, h = 0), up-and-out (¢ = 0, h = 0);
e rebate (¢ = 0), European (0 = ¢, u = o).
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Double-no-touch options

Double-no-touch (or range bet) pays one unit of domestic
currency at T' if FX rate S stays in (¢, «) during [0, T'] and zero else.

e DNTs are the most liquid exotic options in financial markets.

e Hence DNTs should be used for calibration of the model S.
e The arbitrage-free price in a model S of a double-no-touch:

I
Ds (T) = Eg, [ {TE‘ST}], where
T
Tow = inf{t : S ¢ (L,u)}.

Warning: price of DNT involves joint law of max and min of S.
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Wiener-Hopf factorisation for Brownian motion X

Let e, be exponential rv, Ele,] = 1/q, independent of X.

q  pe(q) p—(q)

q—u?/2 @ +u p(@—u pla) = =2

u

are the largest and smallest root of the characteristic equation

L
1775

Define X; = max{X, : s €[0,¢]}, X, =min{X, : s€[0,t]}.
Moment generating function of X, X, are

E [exp(—uX,,)| = p+'0(g§qz " E [exp(u&eq)} = p-(a) u > 0.
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Wiener-Hopf factorisation for Brownian motion X

Therefore X, — X, are geometric rvs with params p4(q), —p—(q).
Let 7, ;== min{t >0 : X; >wu}and 7p ;= min{t >0 : X; < /}.

{(ru<t}={Xy>u}, {m<tl={X,<l} VteR;.

Hence
Ele™™] = E [/ I{Tu<t}qeqtdt] = P(1, < eg) = e 4P+(9)
0
Ele 9] = ¢lr-(0),

An application of Doob’s optional stopping theorem yields a closed
form for the Laplace transform for the two-sided first passage time

Toy = Inf{t : X3 & (£, u)}.
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Matrix Wiener-Hopf factorisation

In the general case of the Markov additive process the steps are
similar (but the details are very different):

e Fluid-embedding: embed the jJumps to get a continuous
Markov additive process (phase-type distribution of jumps is
used In this step).

e The characteristic equation becomes a quadratic matrix
equation.

e The Wiener-Hopf factors can be inverted analytically.

e Closed-form formula for Laplace transform of the one-sided
first passage time can be obtained.

e Doob’s optional stopping theorem gives a closed-form formula
for the Laplace transform of the two-sided first passage time.
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Thank you for your attention!!

Corse notes and problem sheets available at
http://ww. warw ck. ac. uk/ go/am | atovic
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