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Motivation

1. Let A be a Lévy basis, (A;)cr the o-algebra generated by
the set of random variables {A(B), B € B(S x(—o0, {])}.

2. X is called causal if X; is adapted to A;.

3. Causal MMA processes are (under moment assumptions)
0-weakly dependent.

4. Weak dependence properties are used to derive central
limit theorems.

5. Aim: Generalize the concept of causality and give a
suitable definition of weak dependence. Derive
distributional limit theorems for such random fields.
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Notation

> F. is the class of bounded functions from (R™)" to R.

> F,is the class of bounded, Lipschitz functions from (R")Y
to R.

> F =Uyen- Fuvand F* = U en- Fou-



Weak dependence of mixed moving average fields and applications | Bennet Stréh | October 9, 2019

Notation

> F. is the class of bounded functions from (R™)" to R.

> F,is the class of bounded, Lipschitz functions from (R")Y
to R.

> F =Uyen- Fuvand F* = U en- Fou-

: G(x)-G
> Lip(G) = supyy, 2 _|y1 |(|X+).--+(H};)n|—yn\l’ where G : R" — R.
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Definition (/-weakly dependent processes)

Let X = (X;):er be an R"-valued stochastic process. Then, X is
called 0-weakly dependent if the 0-coefficients

6(h) = sup 0y,(h) v 0,

u,veN*
where
|COV(F( 117"'7X")7G(Xl'7"'7xl'))| *
Ou,v(h) = su L ! o FeF,,Ge Fu
o) = sup | IF=Lio(G) i GEFu

(I.17.‘.,I'u)ERU,U1,...7JV)€R e <ldu+h<ji _S]v}
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Definition (#-weakly dependent processes)

Let X = (X;):er be an R"-valued stochastic process. Then, X is
called 0-weakly dependent if the 0-coefficients

6(h) = sup 0y,(h) v 0,

u,veN*
where
[Cov(F (X, .- Xi), G(Xs - - X)) .
— u v F
o) = s Fll=Li(G) FernGe
(I.17...,I'u)GRU,(ﬁ,...Jv)ER Iu<lu+h<j1_

Under 0-weak dependence central limit theorems can be
proven under slower decay of the weak dependence coefficient
compared to n-weak dependence.
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Definition (/-weakly dependent random fields)
Let X = (Xt)tcrm be an R"-valued random field. Then, X is
called 0-weakly dependent if

6(h) = sup 60yy(h) h;)o 0,

u,veN*
where
|Cov(F(X0), GUX)
0,v(h) = - ,
uv(h) S“"{ IFlLin(G)

FeF ,Ge F,I,[ cR" dist(l,[) > h,|[| < u,|l| < v}.



Weak dependence of mixed moving average fields and applications | Bennet Stréh | October 9, 2019

Definition (/-weakly dependent random fields)

Let X = (Xt)tcrm be an R"-valued random field. Then, X is
called 9-weakly dependent if

6(h) = sup B8yv(h) h—) 0,

u,veN* —0
where

. [ ICov(F (). 60X
st = sue { 2

FeF*GeF,I,i cR" dist(l,[) > h,|l| <u,l|f| < v}.

There are no central limit theorems available achieving the
weaker decay demands on the weak dependence coefficient
under 0-weak dependence known from the process case.
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Lexicographic order on R™
Consider y = (y1,...,¥m) € RMand z = (z1,...,2zy) € R™.
We say y <jex zifand only if y; < zy or yp, < Z, and y; = z, for
somepe{2,....mandg=1,...,p—1.
Define the sets V; = {s € R™: s <y t} U {t} and
VI =Vin{se€R™: ||t - 8| > h}for h> 0.
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Figure: Viand V' form=2,h=2and t = (-2,4)
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Definition (0-lex-weak dependence (Curato, Stelzer and St.))

Let X = (X;)iecrm be an R"-valued random field. Then, X is
called 6-lex-weakly dependent if

9£?X(h) = US:[\F])* Gu(h) hjo O,

where

_ oy [ 10OVF(X0), GOX))
) = { T )

FeF* GeF,jeR™"T C V/’,|F|§u}.
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Central Limit Theorem

Let (Dn)nen be a sequence of finite subsets of Z™ with

0.

| - D
fim |Dp| = coand lim oD, ~

Consider the random quantity
1 Z X
1 -
|D”|12 j€Dbn

What can we say about its asymptotic distribution?
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Central Limit Theorem (Curato, Stelzer and St.)

Let X = (Xi):ezm be a stationary centered real-valued random
field such that E[|X;|?*9] < oo for some § > 0.

Assume that 0%8*(h) € O(h~—) with a > m(1 + 1).

Let 02 = 3" czm E[XoXk|Z], where T is the o-algebra of shift
invariant sets. Then

with ¢ standard Gaussian, independent of ¢2.
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(A, N)-influenced random fields

Let X = (Xt)tGRm be a random field, A = (At)teR’" CR™a famlly
of Borel sets and M = {M(B), B € Bp(S x R™)} a random

measure.
Assume X; to be measurable w.r.t. o(M(B), B € Bp(S x At)).



Page 10 Weak dependence of mixed moving average fields and applications | Bennet Stréh | October 9, 2019

(A, N)-influenced random fields

Let X = (Xi)tcrm be a random field, A = (A¢)term C R™ a family
of Borel sets and M = {M(B), B € Bp(S x R™)} a random
measure.

Assume X; to be measurable w.r.t. c(M(B), B € Bp(S x A)).
Then, A is the sphere of influence and X an (A, M)-influenced
random field.
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(A, N)-influenced random fields

Let X = (Xi)tcrm be a random field, A = (A¢)term C R™ a family
of Borel sets and M = {M(B), B € Bp(S x R™)} a random
measure.

Assume X; to be measurable w.r.t. c(M(B), B € Bp(S x A)).
Then, A is the sphere of influence and X an (A, M)-influenced
random field.

If Ais translation invariant (A; = t + Ayp), the sphere of influence
is described by the set Ay. We call Ag the initial sphere of
influence.
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(A, N)-influenced random fields

Let X = (Xi)tcrm be a random field, A = (A¢)term C R™ a family
of Borel sets and M = {M(B), B € Bp(S x R™)} a random
measure.

Assume X; to be measurable w.r.t. c(M(B), B € Bp(S x A)).
Then, A is the sphere of influence and X an (A, M)-influenced
random field.

If Ais translation invariant (A; = t + Ayp), the sphere of influence
is described by the set Ay. We call Ag the initial sphere of
influence.

For m =1 and A; = V; the above definition equals the class of

causal processes.
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Definition (Mixed moving average field)

Let A be an R9-valued Lévy basis with characteristic quadruplet
(v, X,v,m)and f: S x R™ — M,4(R) be a
B(S x R™)-measurable N-integrable function. Then,

X, = / F(A, t — $)A(dA, ds),
S JRM

is called a mixed moving average (MMA) field with kernel f.
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(A, N)-influenced MMA field

Let (A;)ierm be a full dimensional, translation invariant sphere of
influence with initial sphere of influence Ay C V. This also
implies A; C V;. If X is adapted to the o-algebra generated by
{\(B), B € B(S x A;)} it can be written as

X = / f(A, t — $)\(dA, ds)
S JA

- / H(A,t — ) 1a,(s — )A(dA, ds).
SJIV;
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Theorem (Curato, Stelzer and St.)

Let X be an (A, N)-influenced MMA field. Assume that

Sixg>1 | x||2v(dx) < oo, f € L2 and A; C K C V for a closed
proper cone.

3

7 5 -4 3 2

Figure: Ajand K form =2 andj = (-2,1)
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Theorem (Curato, Stelzer and St.)
Then, X is 6-lex-weakly dependent with coefficients

6% (h) <2< / /Aomv f(A, —8)EAf(A, —s)')dsm(dA)

+H//Amvw A, —S)updsm(dA) H >

forallh >0 and ¥ = ¥ + [, xx'v(dx), where ¢)(h) = cxh for a
constant cx > 0.
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Corollary (Asymptotic normality of the sample mean)

Let (Xy)uezm be a zero mean (A, N)-influenced MMA field with
fe 2 NL2ford >0, [ x[#v(dx) < 0o and Ay C K for

a closed proper cone K C V.
Additionally assume 6/ (h) = O(h=*), a > m(1 + 1).

ThenY =3, cmE [XOX .| is finite and

IDnI’ Z T N(0,X).

jeDn
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Limit distribution of the sample autocovariance

For a zero mean random field define
Yik = XiXiik — E[XoXk),j € Z™ k € N™.
Consider the random quantity
1 Z Y,
a7 25

What can we say about its asymptotic distribution?
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Proposition (0-lex-coefficients have hereditary
properties)

> (Xi)ierm Stationary with X € LP forp > 1.
» h:R" - R st h(0)=0andfor1 <a<p

1h(x) = I < ellx = ylI(1+ (1% + [lyll1*),

forx,y € R", ¢ > 0.
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Proposition (0-lex-coefficients have hereditary
properties)

> (X;)ierm Stationary with X € LP forp > 1.

» h:R" - Rk st h(0)=0andfor1 <a<p

1h(x) = Al < ellx =yl (1 + [IxI1*T + flyllI*),

forx,y € R", ¢ > 0.

> If X is 0-lex-weakly dependent, then Y; = h(X;) is
0-lex-weakly dependent with

p—a

0¥ (h) = CO*(h)e=1,
for allr > 0 and a constantC.

> Extend asymptotic results to higher sample moments.
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Corollary (Asymptotic normality of the sample
autocovariance function)

Let (Xy)uezm be a zero mean (A, N)-influenced MMA field with
fel** L2 ford >0, [iqlx[*v(dx) < oo and Ay C K for
a closed proper cone K C V.

Additionally assume 0% (h) = O(h=*), a > m (1 + 1) (3£2).

>,

Then, ~y = Z/ezm Cov(Yok, Yjk) Is finite and

ZYMLN(O ).

|D”|7 j€Dn
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Example (MSTOU processes)

> Introduced in [Nguyen and Veraart, 2018].

> Let A= (Ai(X))(t,x)crxrm be an ambit set, i.e.
At(X) CRx RM-1

Ai(x) = Ao(0) + (t, x), (Translation invariant)
As(x) C A(x),s < t
Al(x) N ((t,0)) x R™=1 = . (Non-anticipative)
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Example (MSTOU processes)

> Introduced in [Nguyen and Veraart, 2018].

> Let A= (Ai(X))(t,x)crxrm be an ambit set, i.e.
Ai(x) C R x R

Ai(x) = Ao(0) + (t, x), (Translation invariant)
As(x) C A(x),s < t
Al(x) N ((t,0)) x R™=1 = . (Non-anticipative)

> The (A, N)-influenced MMA field
V)= [ ex(-A(t - s)A(on ds. )
0 JAx)

is called MSTOU process.
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Example (MSTOU processes)

> In the following we consider a zero mean c-class MSTOU
process, i.e. Al(x) = {(s,£) : s < t,||x —&|| < c|t —s|}.

> Assume f‘x‘>1 |x|2+°1(dx) < oo, for some § > 0 and
m(dA, ds, d§) = ds d¢ f(N)dA.

(t,z)

‘/(f,..'r)

8 7 5 5 -4 3 2 1

Figure: c-class MSTOU process for ¢ = } and (t,x) = (—2,1)
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Example (MSTOU processes)

> Then, Yi(x) is 0-lex-weakly dependent with coefficients

_ m—1 Ay (h)
0€X(h)§<vm—1(C)ZAA ( 1)'2(;)\0) I:l( c )k _ov(h) w( f(/\)d>\

1
—224B  —2x(h) 2

R Ll - f(A)dA) |

Vm—1 is the volume of the m — 1-dimensional ball with
radius c.
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Example (MSTOU processes)

> Then, Yi(x) is 0-lex-weakly dependent with coefficients

o(m— 1) h A
9’5*(h)g<vm_1(c)zA/ e n@ e o2 iyan
0

1
224 o—2xy(h) 2

~Les1y(20(h)™" /Ooo > f()\)d>\> :

Vm—1 is the volume of the m — 1-dimensional ball with
radius c.

> Consider a Gamma(«, 3) distributed mean reversion
parameter \ (o > m and 8 > 0 ensure existence).

> The sample mean of Y(x) is asymptotically normal if
a>m (3 + %)
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Thank you for your attention!



