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Tohoku University

* Partnership with Ulm U.
* Founded at Sendai City in 1906

e 17,865 students, 6,442 faculties
* 19 departments, 3 professional scho

nstitutes




Einstein at Tohoku U. in Nov. 1922




Overview

1. Forecasting
* Discrete time series
e Extension to spatial data

2. CARMA random fields
3. Bivariate extension
4. Real example



Discrete time series

sunspot numbers
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AR(2) model by Yule (1927)
Yy = ¢1Yeo1 + @Y 2 + &, 6~iid(0,07)



Forecast by AR(2) model

Xt = Q1 X1 + QX + &,
g.~iid(0,0%),t =1,-,T.

Estimating the parameters, we forecast x4 by
Rr41 = Grx7 + Poxr_y



Forecast by MA(2) model

Xe = & + 0161 + 0285,
e, ~iid(0,0%),t = 1,-,T.

Estimating the paramers, we forecast x4 by
Rr41 = 0180 + 0,604

with the estimate parameter, where
é\t = Xt — Hlé\t—l — Hzét_z, t = 3, "',T,

by initializing &, = &, = 0



Re-interpret MA Models

xt — gt + ngt—l + 9281:_2,

e (g4,+,&7)~iidN(0,0?): prior
* Estimate the parameter 8 by the marginal likelihood
* Forecast by the posterior
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US precipitation data 2825
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Forecast NAs by bi-variate CARMA models



Continuous CARMA random fields

* Introduction of CARMA time series models
* Spatial extension
e bi-variate extension

 Estimation of parameters by Whittle likelihood
(poster)

* Forecast (kriging) for missing components



ARMA(2,1) models

Xe + 1 X1+ P Xip =& + 01644,
€t~iid(0, 0-2)

State Space Expression
()= (o, -0 )(i2)+(2)
Ye —¢2 —¢P1/\Vi4 &)’

Xt —_ Yt + Hlyt—l



CARMA(2,1) model

4 )
dy, = T P dL,
t 72 _¢1 t 1 |
X, =(0 DY,
N - /
AR polynomial

d(z) = z° + ¢p,z + ¢, has roots wth Re(z) < 0
MA polynomal
H(Z) =Z+ 91



Lévy sheet on R

L(A),Ae B(ROI ) is said to be a Levy measure

1. L(A) is a random variable with variance |A|
2. ANB =4, ABeB(RY)= L(A),L(B)areindependent.

Levy sheet is defined as L(t)= L([0,t]),t € R*

Example:
1. Brownian sheet
2. Compound Poisson sheet




Moving Average representation

X = f 9o (t —w)dL(u),

R
where
P(2) = (z—A) X x (2= 2p),
0(2) = (z— ) X % (2 — ),
and
_ 1 6@ ¢z
g(t) = 271 Y C qb(z)e dz,

= e t > 0, for CAR(1)

N = U PR el L R Y >
=35 © 1t 4 o € t = 0, for CARMA(2,1)



Spatial extension by Brcokwell and Matsuda (2017)

Y(s) = f go(s —uw)dL(u),s € R?

RZ

P(z) = (z2 —23) x - x (22— 23)
0(2) = (2 — i2) x - x (22 — pi2)

Jg(s) = %e’l”s”, for CAR(1)

2 2
M Aqlisll As-ui

_ A2s]l
A (2-12) 2/12(/1%_/1%)8 251 for CARMA(2,1)



Bi-variate extension

Y(s) = f go(s —uw)dL(u),s € R?

RZ

P(z) = (221 — Ay) X - x (221 — A)
0(z) = (z°] — B;) X -+ X (ZZI — Bq)

9(s) = 5 [ 6160 ellizaz
C



Bi-variate CAR(1) kernel

o) =221-(,) ) o@D =1

0~ 1(2)0(2) = ! (ZZ_“‘* ) 2 )

(z% —ay)(z% — ay) —azaz \ —as Z-—ay

where we assume
(2% — a)(2° — ay) — azaz = (2* — 17)(2* — 23),
with A, A, negative real parts.

g(s)

- M—ay =@z ) asy, ! A=y =8z ) s
244 (/1% - /1%) —as M—-a 24, (/1% - /1%) —as A5 —ay

where a; + a, = 22 + 15, and aya, — a,a; = 1%15.



1.3. CARMA random fields:

{ Y(s) =f go(s —u)L(du) }
RZ
Fork =1, ,n,

Y(sk) = X go(sk — uj)g + Z,
where {uj,j =1,--, m} random over D, and
Z,.~iidN(0, c?)




2. Forecast (kriging) by CARMA models

|atitude

Kriging forY(v) * 4|

longitude

* unknown parameter 0 ? ) \LE by marginalizing {uj}, {ej}
* unobserved variables {uj}, {ej}? I:> Bayes approach



Empirical Bayes approach for CARMA models
Y(s) = z go(sk — uj)ej + Z,
J
u;~uniform dist. over D, ~iidN (0, 0%), Z,~iidN (0, §%)

e Marginal dist.
Y~N(0,02R(6) + 621,
where R(6);; = fRZ go(s; —u)ge (sj — u)du.

e Conditional dist. given {uj}, {ej},

Y~N(Gg(uw)e, §41),

1. Estimate 6 by MLE for the marginal distribution
2. Forecast by the conditional dist. by Gibbs sampling



Forecast by Gibbs Sampling

Y(s) = z Jo (Sk — uj)ej + 7,
J

u;~uniform dist. over D,
gi~iidN(0,02), Z,,~iidN (0, 6%)

1. Simulate iid uniform {u]} over D
2. {81} | Y, 0'2, 62, {uj}
3. Y(v) | {uj}, {sj}



Real example:
opt in (Dec.1996, Jan.1997) in USA

Kriging for Dec. 1996

MSE
Size Bcarma Ucarma Loc. Ave.
in sample 6338 11.7 17.3
out of sample 500 15.5 23.2 28.6

Y(s) = f go(s —u)dL(u),s € R?

R2

. 087 —003 —3.82]|s]| 013 003 —0.61]|s]|
9(s) = (0.52 0.85 )e T (0.06 0.15) ¢



Points for Better Bcarma kriging
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Real example 2:
(min_tmp, max_tmp) in Dec., 1996

MSE
Size Bcarma Ucarma Loc. Ave.
in sample 4307 1.36 1.55
out of sample 500 2.46 2.80 2.85

Y(s) = J go(s —u)dL(u),s € R?
R2

_ 086 —0014‘ _2_19”5” 014 0014 _0_25”5”
9(s) = (0.68 0.81 )e T (0.18 0.19 ) ¢



Points for Better Bcarma kriging
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Summary

0 0 0 O g
Discrete models for discrete samples Continuous models for irregularly spaced samples
ARMA models by classical MLE CARMA models by emp. Bayesian approach

Observations for Y (s) = (Y;(s),Y,(s)) are not
necessarily synconized



