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ADAPTIVE WAVELET METHODS ON UNBOUNDED DOMAINS

SEBASTIAN KESTLER AND KARSTEN URBAN

ABSTRACT. In this paper, we introduce an adaptive wavelet method for oper-
ator equations on unbounded domains. We use wavelet bases on R™ to equiv-
alently express the operator equation in terms of a well-conditioned discrete
problem on sequence spaces. By realizing an approximate adaptive operator
application also for unbounded domains, we obtain a scheme that is convergent
at an asymptotically optimal rate. We show the quantitative performance of
the scheme by various numerical experiments.

1. INTRODUCTION

Operator equations on unbounded domains are relevant in various fields where
no boundary conditions, but only the asymptotic behavior of the solution is known.
Examples include radiation or wave propagation processes as well as valuation prob-
lems in finance. In many cases, the asymptotic nature of the solution allows to trun-
cate the computational domain to a bounded one and to perform all computations
by standard methods on that bounded domain. Obviously, this requires a careful
compromise of accuracy (sufficiently large truncation domain) and computational
complexity (possibly small truncation domain). However, in more complex situa-
tions (like for complex structured financial products), such an a priori truncation
is not straightforward.

There are several methods to treat problems on unbounded domains such as
Infinite Elements, Inverted Finite Elements, FEM-BEM coupling and others. In
this paper, we introduce an adaptive wavelet method for operator equations on
unbounded domains. For the ease of presentation, we describe the idea and the
analysis for the univariate case. Note that the approach is by no means restricted
to 1d as we will later also describe in more detail. The key ingredient are Riesz
wavelet bases for Sobolev spaces H'(R). Given a Riesz basis for La(R) consisting
of dilations and integer translates of a locally supported mother wavelet 1,

(1.1)  OR = {ip: k€ Z}, Yip(x) =222 2 k), jkeZ xR,

one can show (e.g. [5, 11, 32] and the references therein) that W¥ := {¢; x
Hq/’j-,k||;11(n@) : 4,k € Z} is a Riesz basis for H!(R) for t € (—7,~) and 7,7 depending
on the choice of ¢. Thus, as stated in [7, p.210], one can transform the original
operator equation Au = f on H *(R) into an equivalent well-posed problem Au = f
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on sequence spaces {5 for the wavelet coefficients. This idea has been used e.g. in [2,
6, 7,12, 15, 18, 26] (see also [32]) where the focus was always on operator equations
on bounded domains. It results in adaptive wavelet methods that have been proven
to converge at an optimal rate as compared with the best N-term approximation
w.r.t. the same basis. To highlight the differences to bounded settings, let us
mention that a wavelet basis on an interval = (a,b) C R typically takes the form

(1.2) U2 = {y 1 5 > jo. k € I},

where [supp 1/12” ~ 277 Dbut w;?k may not result by scaling and translating mother

wavelets, e.g. [4, 10, 13, 15]. Both ¥® and WU consist of infinitely many basis

functions. Whereas UR consists of all dilates and translates, ¥ has a fixed minimal
level jo (depending on Q as well as the type of wavelets) and the location index

k € I; ranges over a finite index set I; with cardinality #1I; ~ 27.

If we can manage to design an adaptive wavelet method that is able to select
appropriate subsets out of Z x Z, then we can —in principle— use the same adaptive
schemes as on ). This is precisely the path we follow in this paper. We introduce an
adaptive selection procedure on unbounded domains and derive an asymptotically
optimal adaptive wavelet method. This approach offers some interesting features:
e Though possible, the construction of wavelet bases on general domains €2 is

technically challenging. Here, we completely circumvent the need of constructing

a basis on a possibly complicated domain and use the most simple situation that

is possible for wavelets, namely, the shift-invariant case.

e Adaptive methods are particularly favorable if the solution has local effects like
a singularity of the derivative at a single point. Such effects can result from three
different sources, namely the domain, the operator or the right-hand side. The
first source does not appear for problems on R™. For the remaining two, certain
a priori information is available. In fact, for example in the case A = —A+1, the
wavelet decomposition of the right-hand side f is already a good prediction for
the relevant coefficients of the solution. Thus, this can be used as initial index
set in order to improve the efficiency of the method.

e We do not need to truncate the domain, the scheme automatically detects the
significant wavelets and determines a ‘computational domain’. Thus, our method
allows to solve a PDE problem on an unbounded domain by a compactly sup-
ported and locally refinable basis.

e This idea concerning the treatment of unbounded domains can be generalized to
higher space dimensions [26], nonlocal operators or nonlinear problems [8].

Nevertheless, it is a priori not clear how actually the resolution of the asymptotic
boundary conditions realized by adaptive wavelet schemes look like. As we have
to take into account an infinite number of translation indices on each level (recall
that in a bounded setting, this number is finite), the question arises how fast the
asymptotic behavior of the best N-term approximation is reached by the algorithm.

The remainder of this paper is organized as follows. In Section 2, we review the
main ingredients of adaptive wavelet methods. Section 3 contains the modification
and extension to unbounded domains of the adaptive scheme from [18]. A second,
heuristic adaptive scheme and a comparison of the two algorithms shall be described
in Section 4. The extension to higher space dimensions is described in Section 5.
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2. ADAPTIVE WAVELET METHODS

2.1. Elliptic operator equations. Let H C L2(R™) be a Hilbert space (e.g.
HY(R"™)) and H’ its dual w.r.t. Ly(R"™) (e.g. H~(R™)) where we denote by (-, -)
the duality pairing in H X H'. For a linear, self-adjoint operator A: H — H' and a
right-hand side f € H’, we consider the operator equation: Find u € H such that
(2.1) Alu] = fin H'.

We assume that the bilinear form a(-,-) := (-, A[-]) : H x H — R is symmetric,
continuous and coercive, i.e., there exist constants c4,C 4 > 0 such that

(2.2) callvlF < alv,v), Yo € H, |a(w,v)| < Callw||gl|v|m, Yv,w € H.

Throughout this section, we focus on the one-dimensional case H = H*(R) and A
a differential operator of order 2t for ¢ € Nj.

2.2. Wavelets. For the discretization of (2.1), we require a Riesz basis ¥ := {1y :
A € J} for Ly(R) which, properly scaled by scaling factors DY,

(23) U= {Diyn: Ae T},
is also a Riesz basis for H!(R), i.e., there exist constants cy,, C'y, > 0 such that
(2.4) cw,[ldlley7) < 17|l @) < Culldlleys), Y € £(T).

Here, we denoted by v := d7 ¥, the expansion of a function v € H*(R) in ¥; when
viewing U, formally as an (infinite) column vector.

According to the remarks after (1.1), one can use the wavelet basis U§ := UR
on R as long as v > t and rescale it to obtain a Riesz basis for H'(R),

(2.5) UF = (DY gn A e J7) DY = [dalit,

with X := (j, k), J® := Z x Z. In the sequel, we suppress the superscript R and set

Uy o 1= \IIF, J-oo = J® to underline that there is no lower bound for levels j.
As diam(supp ) ~ 2712 |\ := j, grows exponentially with decreasing level,

one can avoid arbitrarily coarse levels j — —oo by fixing a minimal level —co <
jo < oo and consider the collection

(2.6)  Wijo = {D3¥x: A€ Tjo} == ®jo UL/ 1Wsnllrery = J = o, k € Z},
with Jj, :={j > jo— 1,k € Z} and (H*(R)-normalized) scaling functions (cf. [24])

(I)jo = {(pjo7k/|‘(pjo7k|‘Ht(R) k€ Z}’ @jo,k(‘r) = 2J0/290(2]0$ - k)a z € R,
where ¢ is a refineable function. To simplify notations, we set ¥j,_1.x = ©j k-
With ®,, being stable in H*(R), U, j, is also a Riesz basis for H!(R) (cf. e.g.
[11, 23]). We shall assume that ¢, 9 are locally supported as well as that ®;, is
exact of order d and that ¢ has d > d vanishing moments. Both parameters depend
on the particular choice of ¢ and v and also influence the values for 7, 7. Particular
instances of ¢ are biorthogonal B-splines wavelets as constructed in [9]. Here, ¢ is
a cardinal B-spline of order d and v =d — %

Remark 2.1. We can also use D{ = min{1,27 ¢} ~ Hw)\”]ﬁ(]}&) in (2.5) (e.g. [3,
Teorema 3.1]) since for ¢ € N, ||1/J,\H§{t(R) ~ ||1/J,\H%2(R) + |1/J,\|§{t(R). Then, by a

homogeneity argument, we have [|1||z,®) ~ [|¥]| L) as well as [¢x| e r) ~ 2t
Observe that in bounded domain settings (where jo > 0), the scaling factors simplify
to DY = 271 which is often used in the literature.
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2.3. Wavelet discretization. Now we use a wavelet basis Uy, € {¥y j, : jo > —o0}
(where jo = —oo refers to (2.5)) to transform (2.1) into a well-conditioned discrete
operator equation. By (2.4), we infer that there exists a unique u € ¢5(J) with
u = u?'U, for the solution u of (2.1). This means that u is the (unknown) sequence
of wavelet coefficients of w. Thus, (2.1) is equivalent to the infinite linear system

(2.7) Au=f, with A:= (T, A[T,]), f:= (T4, f).

Note, that (2.7) is well-posed on £2(J): by (2.2) and (2.4), the symmetric bilinear
form a(v,v) := (v, Av)y, = a(vI ¥y, v ;) satisfies for ¢1 := ¢, ca, ¢ := CF,Ca
(2.8) allvll7, <a(v.v) < el vlz,, v e L)

Therefore, a( -, -) is coercive and, by an analogous reasoning using (2.2), also con-
tinuous. For this reason, the operator A : ¢3(J) — ¢2(J) is symmetric, continuous
and coercive. Moreover, (2.8) implies that A is boundedly invertible with

AV, A" Ve, _
= ) —*1 -

A= sup A= su
veta() |1Vlles veta(q)  1Vlle,
The condition number £(A) = £ of A is bounded which is in fact a crucial property
for the numerical treatment. Setting ||v|la := a(v,v) for v € £2(J), we see that
the energy norm || - ||a is equivalent to || - ||¢,, i-e., ||V|la ~ ||V]|le,. We can also define
another equivalent norm for v € ¢3(J) by ||v]ja := ||Av]le, ~ ||V]le,. To avoid the
use of various constants, we write C' < D if there exists a constant ¢ > 0 such that
C < ¢D. Analogously, we define 2. Weuse C ~ D if C <D and C 2 D.

In the sequel, we shall need the restriction of infinite matrices and infinite vectors
to finite index sets A C J. To this end, we define for v € ¢o(J) the projection
Pav := v|a and set vp := Pav. By I : l5(A) — £2(T), we denote the extension
of a vector v € l3(A) by zeros. Thus, we obtain the finite Galerkin system

(2.9) Apup =1y, with Ay :=PprAI, f) := Puf.

One possible interpretation of many adaptive schemes is to find a sequence of index
sets A, AM AR so that the corresponding Galerkin solutions usm of (2.9)
converge possibly fast towards u with as few active wavelet coefficients as possible.

2.4. Nonlinear approximation theory. The analysis of adaptive schemes leads
to nonlinear approximation theory. Since we want to approximate the unknown
solution u with as few wavelet coefficients as possible, the optimum would be a best
N-term approzimation uy of u where #supp uy = N, |Jlu — uy||¢, = on(u) and
(2.10) oy(u) = inf |lu—we,.
weX N

Here, Xy 1= {v € £2(J) : #supp v < N} is a nonlinear manifold in ¢5(7).

In order to define (quasi-)optimality, we collect all sequences whose best N-term
approximation converges with rate s > 0 in the approrimation class

(2.11) A*:={vely: on(v) SN}, s>0.

A (quasi-)norm on A® is given by [v[4s := supyso(N + 1)°[|v — vy |le,, where vy
is a best N-term approximation of v. In other words, given u € A° for s > 0 and
e > 0, setting N := [5*1/S|u|}4/:] yields ||[u — un||e, < Julas N7% < e (cf. [30, Eq.
(3)]). This shows that for any € > 0, u can be approximated by u(e) s.t.

(2.12) [u—u(e)le, <e, #suppu(e) e V/* |u|v14/é
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This sets the benchmark and we call an adaptive wavelet method (quasi-)optimal if
for u = uT ¥, with u € A% and € > 0, the scheme produces an output u(e) satisfying
(2.12) with linear complexity in arithmetic operations and storage requirements.

The next question is of course, under which conditions on w or u, one actually
has u € A®. As far as the sequence u of the wavelet coefficients is concerned,
it is well-known that certain decay rates are needed in order to ensure a certain
rate of approximation. This decay is expressed by the so called weak ¢, (J)-spaces
defined as follows (cf. [14]). For each 0 < 7 < 2 and v € (3(J), we define
[V]ew 1= sup;>, kY/7v;, where v} is the k-th largest entry in modulus of v and v* :=
(v )ken. Then, we set £¥(J) := {v € £5(J) : [v|ew < oo} with the corresponding
norm [|v|[gw := |[V]ew + [[V|le,, v € £). It is known that £, — £} — {5 for any
d € (0,2 — 7] explaining the notion ‘weak’-¢,. With this notation at hand, oy (u)
decays with a fixed rate s > 0 if and only if u € £¥(J) for

1 1

2.1 - = —.
( 3) - s+2

In particular, || - | as ~ || - [lex(7) and it holds for all v € £¥(J) that
(2.14) on(v) < Crllv]ex N7,

where the constant C. > 0 depends only on 7 (cf. [6, Proposition 3.2]). On the
basis of (2.14), we refer to the largest value of s for which u € £¥ (with 7 defined in
(2.13)) as the best nonlinear approzimation rate. It turns out that this rate is related
to the Besov regularity of the underlying function and the polynomial order d of
the wavelets (cf. [5, 14]). More precisely, if s < d —t and v € H'(R) N BX (L, (R))
with 7= (s + 1)1, then u € A%, respectively u € £¥(7).

2.5. Optimality and locality. In order to obtain a best possible method, it is not
enough to generate a scheme which converges with the same rate as a best N-term
approximation. In fact, we also need to be able to compute such an approximation
within linear complexity. One key ingredient is that wavelets allow for a compression
of a large class of operators due to their locality and their vanishing moments.

Definition 2.2 ([7, Definition 5.8] & [19, Definition 1.1]). Let s* > 0. An operator
A 05(T) — £2(J) is said to be in the class Bg« (or s*-compressible) if for each
0 < s < s* and for some positive, summable sequence («;);>0, there exists for each
j € Ny a matrix A; with at most O(27a;) nonzero entries per row and column s.t.

(2.15) A — Aj|| < ;2779

Moreover, an operator A € B« is called s*-computable if each column in A; can
be computed within O(27) operations.

In the remainder of this section, we shall assume that there exists s* > 0 such
that A is s*-computable. Compression estimates which fit into the setting of (2.15)
have been discussed in detail for different types of operators (cf., e.g., [19, 26, 29]).
We consider such estimates for operators and wavelet bases on unbounded domains
later in Section 3.1. The compressibility of A can be used for the design of efficient
algorithms as we shall review now. If we define v;) as a best 2/ —term approximation
to v € £¥(J) (e.g. the first 27 entries of v*), then it holds

(2.16) v = viglle, <277 |v

As
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if s is chosen as in (2.13). It can be shown that A € By« is a bounded operator on
0¥(J) with 7 = (s + 3)~! when s < s* (cf. [7, Proposition 5.9]) and also derive a
method for approximating an infinite matrix-vector product Av (cf. [6, 7]).

2.6. An optimal adaptive wavelet algorithm. Now, we describe the adaptive
wavelet scheme ADWAYV from [18] which we use as a basis for our extension to
unbounded domains. The core scheme is shown in Algorithm 1. We start with an
initial error estimator v_y ~ ||f||s, and a desired tolerance € > 0. Finally, we need
to choose constants «, 7, #,w such that:

e 0 <w < a<1such that ¢ < k(A)~3,

e 0<y< %R(A)_l/Q% and 6 > 0.

Algorithm 1 [u(e),A(e)] = ADWAV|[v_y,¢]

AO =0 k=0, w® =0
while with [A®+D 1] = GROW[w® 0uy_1.¢], vy, > € do
g* ) = Py esn) (RHS[y14])
w(k+D) = GALSOLVE[A*+D g+ &) (1 4 ),y ]; k =k + 1
end do
u(e) =wh, A(e) = AW

Before we detail the subroutines, let us recall the properties of ADWAV.

Theorem 2.3 ([18, Theorem 2.7] & [16, Theorem 5.5.1]). The output w = u(e) of
the routine ADWAV [v_y, g] satisfies | Aw—f||¢, < e. If we assume that u € £¥(J)
for some s < s* (2 =s+3), v_1 ~ ||f[le, 2 €, and that g, can be computed s.t.

~

(2.17) If —gnlles <1, #supp g, < Csn™ Ve, 0<n < |f]e,

within O(n~'/%) operations for some constant Cs > 0, then # supp w < 5’1/5(|u|%s)
and the number of arithmetic operations and storage locations is bounded by

O(e~Y5(Jul}l” + Cy)). O
The routine GROW (cf. Algorithm 2) computes A*+D > A®) such that
(2.18) [P ae+n (Augoy =)l = BllAus0 — e,

for some 0 < B < 1 (this is sometimes also called saturation property). Then,
due to Galerkin orthogonality (cf. [6, Lemma 4.1]), one has the error reduction
u—upinlla < (1= 25%)12 lu—uywlla with the constants ¢1, ¢o from (2.8).

Algorithm 2 GROW|w, 7,¢] — [A, V]

Define ¢ := 21“1’1.
do ¢ := (/2, r :=RHS|(/2]—-APPLY [w, (/2.
until v := ||r||¢, + ¢ < e or ¢ < w||r||e,-

if v > ¢ then determine a minimal set A D supp w s.t. ||[Par|ls, > afr]e,.
else set A :=1.
end if

Under the same assumptions as in Theorem 2.3 and if w € £¥(J), the number of
operations and storage locations required by [A,v] = GROW|[w, 7, ] is bounded
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by some absolute multiple of min{z, v} ~1/*[|w|/L* + [u[}L* + 7'/*(# supp w + 1)].
Moreover, we have v > ||Aw — f||¢, and, if v > £, the saturation property

a—w

“v < |[Pa(Aw —£)er,  #(A\supp w) S v fulil"

w
o

(2.19)

holds with the constants o and w described above.

The routine RHS[7] produces an approximation g, to f such that ||[f—g;,|/¢, < 7.
To preserve the linear complexity of ADWAV, the length of g, as well as the
corresponding computational cost are assumed to be of order (’)(77*1/ #). We shall
detail a concrete version of RHS in Section 3.

For a given approximation g of fo, GALSOLVE computes wy with ||[Ayawy —
fo|| < n starting with an initial guess wy satisfying ||Aawa — fa|| < 6.

Algorithm 3 GALSOLVEI[A,ga, Wy, 6,71 — [Wa]

1: Determine A in the sense of (2.15) with minimal J = J(n) s.t. [[A—-A,| < 4.
2: Assemble B := PA[%(A‘] + A%)]Ix with A% being the adjoint of A ;.

3: Compute rg := ga — PA(APPLY[w,, 7]).

4: Find x with ||Bx—ro||¢, < Z by, e.g., conjugate gradients and set wp = wp +x.

One key ingredient both in GROW and GALSOLVE is the routine APPLY
shown in Algorithm 4 which is an adaptive approximate application of the biinfinite
operator A to a given compactly supported input v with the following properties.

The output w = APPLY|[v, 7] satisfies ||Av — w|lg, < 1 as well as suppw <

Hv||l}v/vs77_% (cf. [6, Properties 6.4]). We remark that necessary sorting operations

in GROW and APPLY which are not of linear complexity can be replaced by
approximative sorting procedures introduced in [1, 15].

Algorithm 4 APPLY[v,7] - w

: Set N := #supp v and k(n) as the smallest integer such that 2k(m) > 77_% v e%w-
. Compute vio}, vy — V[i—1) for i = 1,..., [log N] and set v[;) := v for i > log N.
: for k=1 to k(n) do
R = co{|lv = v lles + ax 27 |[vigllle, + Y49 @62~ ([Vin—g) — Vime—1lles}
if R < n exit
end for
: Compute w := wy, := AkV[O] + Ak—l(V[1] - V[o]) + -+ AO(V[k] — V[k—l])-

Remark 2.4. Note that the actual rate s of the best nonlinear approximation is
often not known in a given situation. However, it is bounded by d — ¢, see Section
2.4. This means for applying ADWAYV, we have to require s* > d — t in order to
ensure optimality.

Remark 2.5. The symmetry of A (which is induced by the fact that A is self-
adjoint) is not a necessary condition for ADWAYV (cf. [18, p.617]). In fact, if A is
not symmetric, one can apply ADWAYV to the normal equations ATAu = AT,
Here, for simplicity, we only consider the symmetric case and refer to [7, 18] for
more details on the non-symmetric case.
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3. AN OPTIMAL ADAPTIVE WAVELET ALGORITHM ON UNBOUNDED DOMAINS

Having reviewed all ingredients of the scheme ADWAYV | we can now identify the
modifications that are necessary in order to treat problems on unbounded domains.
In particular, we have to verify that A € By« for s* > d — t and that a realization
of RHS for both basis types U, _o and ¥, ;, (jo > —o0) is available. Note that
GROW, GALSOLVE and APPLY do not have to be modified. Optimality and
convergence of the scheme on unbounded domains follow directly from Theorem
2.3. For the ease of presentation, we collect all proofs of this section in Appendix

A.

3.1. Compressibility of differential operators on unbounded domains. We
assume that A : H'(R) — H*(R) for t € Ny can be written in the form

(v, AJw]) = Zagt fR ga(x) 0%v(2) 0%w(z) dz, v,w € HY(R),

with sufficiently smooth coefficients g, € Loo(R) for 0 < o < t and 1/g, > 0
for a € {0,t} (which implies that |(v, A[v])| ~ HU||§1,,(R) for all v € H!(R)). The
wavelet representation of A is then given by A := (ax x)axeg (cf. (2.7)) with

(31)  axn =2 aE\Of))\,, ag\fy/)\/ = D4 DY, [5 gal(@) 0%x(x) 0%y () da.

To show s*-compressibility of A for s* > d —t (cf. Remark 2.4), we use results
from [15, 26] that were proven for bounded domains. To this end, we review the
differences between bounded and unbounded domain settings that we have to take
into account.

First, we note that infinitely many translation indices per level do not cause
problems. Since A is a local operator and ), has local support, ax y = 0 when
|[supp ¥ Nsupp ¥y | = 0. Hence, in analogy to bounded domains, we have for the
number of nonzeros #N (X, ¢') of A for row A € J and for a column level ¢’ that

HN(N ) S om0 N ) = {N e T+ [N| =0, axx #0}.

Secondly, for jo < 0, we also have to treat negative levels. In particular, we can
split A into four blocks w.r.t to the sign of the levels of index pairs (A, \')

A, A
3.2 A= + t > ,
(32) (A &
where, e.g., A = (axx)|x/>0,|x|<0- We shall see below that required estimates

of the matrix entries af\a))\, may depend on the block.

To derive such estimates, as it was pointed out in [26], one replaces the scaling
factors D} by 27** and analyzes the compressibility of B(®) := (b(fy/)\/),\y)\/ej by
deriving estimates for the matrix entries

(3.3) b\, =270 omalVl [ g () 9%x(2) 0% (2) dz, VAN € T,

for 0 < a < t. Since |D}| < 27l forall A € J (cf. Remark 2.1), one can then
deduce the compressibility of A from the compressibility of B(®). Here, we will
have to distinguish between constant coefficients, i.e., go = co € R (0 < a < t) and
non-constant coefficients.

Before we go further, we need to review some basic assumptions on the wavelets
1 where we follow the lines of [26, Section 3].
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3.1.1. Wawvelet assumptions. As already stated above, a key requirement is the
local support of ¥y, diam(dy) ~ 2-1A O, := supp ¥». Moreover, we assume that
wavelets are piecewise polynomials of order d, i.e., there exist k € N disjoint, open
subdomains Ejy 1, ..., Ex,, with diam(Zy ;) ~ 2-1Al such that

(3.4) supp ¥ = Uleg,\,i and Yalz, , € Pa—1, YA e T,

Pp denoting the polynomials of degree up to p € Nyg. Moreover, we suppose that
(3.5) Yr € C"(R), r:=d-2.

The singular support of 1y is then given by singsupp ) = U0 =) ;. Additionally,
we assume vanishing moments of order d > d, i.e., (wk,p)h(R) =0forallpe Py ;.
. . _1 .
Since |(¥x, )| < 1¥allL, mfpeps  |If = pllroo,) and [¢allz, <272 gL, this
property yields by a Whitney type estimate ([5, Theorem 25.2]) for f € W™ (R):

(3'6) |<¢A, f>| < Cl/hf 2_(T+%)|M’ VieJ, T¢€ [Oaélv]a

where Cy 5 := Cw|supp 1/)|T+%||¢||Ll|f|WT,oo(R) and Cyw > 0 is a constant arising
from the Whitney estimate. Finally, we require that (cf. [26, Egs. (3.2) & (3.3)])

(3.7) [xlwmos () S 2T, YAe J, rel0,d—1],
(3.8) [Vrlwro(zh) S 2+ YAeJ, 7>0,ie{l,...,k},

as well as that ||¢x[|z,®) = 1 for all X € J. Note that all requirements are met e.g.
by the wavelets constructed in [9] and are by no means a restriction.

3.1.2. Compressibility. In order to exploit the fact that wavelets ¢\ are piecewise
polynomials on subdomains =y ; and have vanishing moments of order d, we define
for the case Oy y := supp 1 N supp ¥ # 0,

dist(singsupp ¥, 0Ox) > 0, or

dist(singsupp ¥/, 0y) > 0,

and ¢(A\, \') := 1 otherwise (cf. [26, p. 82]).

i(A, \) := 0 when {

Constant coefficients. Let now go = ¢ € R for all @ < ¢t and ¥, € {Uyj, : jo >

—o0}. In this case, the term bf\a))\, in (3.3) simplifies to

b\, = 27N 2melVl [ e, 9% (y) 0% (y) do, AN € T
Due to the fact that g, is constant, we can proceed as in [15, Section 3] using (3.5)
and (3.7). Since D} < 27\ for all 0 < a < ¢ and all A\ € J, we infer that
|a(f))\,| < |b§\a/)\,| < 27 (@=3=)lIMN=INIl and in particular, for all A, N € 7,

laan| S 27@=E03N SO0 ) = | A - V-

Note that this estimate holds for both negative and non-negative levels |A|,|N|.
It depends only on the level difference and is independent of the block in (3.2).
Moreover, due to vanishing moments in conjunction with (3.4) and diam(0y) S
2= ay v = 0 whenever i(\, \') = 0 (cf. [15, Proposition 5.3.3]), so that we have

(3.9) #NNL)=#SNE)$1, SN ={N T |N|=Li\N) =1},

uniformly in A € J and ¢ € Z. Finally, as v, is assumed to be piecewise polynomial
(cf. (3.4)) and the coeflicients g, are constant, any entry ay » can be computed
exactly in O(1). Now, one can deduce the following result from [15, Section 5.3]:
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Theorem 3.1. Let ¥, € {¥; j, : jo > —oo} and define A; by dropping all entries
in A when 6(A, N') > j and i(\,\') = 1. Then, the number of nonzeros in each row
and column of A; is of order O(j) and

(3.10) A - A <27@3797 yjeN,
In particular, A is s*-compressible and s*-computable with s* = co.

Proof. See Section A. O

Non-constant coefficients. Let us now consider the general case where g, is not
necessarily constant. Here, obviously, ax x does not automatically vanish when
i(A\, \) = 0. But, taking into account that as for bounded domains, we have

(3.11) #U ) < 2mad0l=N g\ 0) = {N e T : [N| =0, i(\N) =0},
the following result from [26] also holds in an unbounded setting:

Theorem 3.2 ([26, Theorem 4.1]). Let ¥, € {U, ;, : jo > —oo} and assume that
the entries ax ' in A satisfy an estimate of the following type for a < t:

(3.12) a0 < [ 2T O g e ey, LX) = 1,
AT 27 GO g s gy TAN) =0

Then, the matriz A; which is obtained by dropping nonzero entries from A when
(3.13) S(A, N - 20O 5
where 2 = d+t and 2V = S +r—t, satisfies |[A—Aj|| 277, 5% = t+d and

r defined in (3.5). Moreover, the number of non-zeros per row and column in A;
is of order O(27/°7) showing that A is s*-compressible.
Proof. See Section A. O

Let us now comment on the validity of estimates of type (3.12). To this end,
for possibly negative levels j,j" € Z and A = (j,k), A = (', k'), by applying the

transformation of variables y := 27%z and by introducing the notation A + £ :=
(J+0,k), N +2:=(j+ k), we have that
(3.14) bf\cfi, = 27 alAIH0 9=a(N+0) [ g (289) 0%Pxse(y) DY +e(y) dy.

Here, we choose £ = max{0, — min{|A|,|\'|}} such that, on one hand, only wavelets
on non-negative scales appear under the integral, and, on the other hand, a trans-
formation of variables is only applied if at least one of the levels ||, |A] is negative.
Now, we can apply [26, Lemma 3.1] to (3.14) which yields:

| < { 2*(%+r7a)6(>\,,\’) 9(r+1-a)e |‘gaHWT+17a,OO(R), i(/\,)\/) _
~ I

(@) ~ ~
(3.15)  |bx 9—(3+d+a)5(AN) 9(d+a)t i V)

L,
||ga||Wg+a,oo(]R)7 0,
where we used that Hga(2é')HWD,OC(DA+L>\’+[) < 22| gallwrer) for p € N. In

particular, since |a§\a/)\,| < |bf\a))\,| for all A\, N € 7, (3.15) yields a uniform estimate

for matrix entries in A;_, i.e., for |A|,|N| > 0. However, for the other blocks, we
require an upper bound on ¢ in order to obtain a uniform estimate in the sense of
(3.12). For jy > —oo the following result can be deduced from (3.15):
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Proposition 3.3. Let U = U, ;, for jo € Z. If go € WO+E(R) for o <t, then

(3.16) i\ I<Cy 27 GO gy riicaemy, iAN) =1,
A= o 2’(5+d+“)5(A’A)Ilgallwaa,m(mv i(A\N) =0,

for a constant Cj, ~ max{l, 2_(t+‘5j°} and r defined in (3.5).
Proof. See Section A. O

Remark 3.4. Proposition 3.3 in conjunction with Theorem 3.2 shows that when
Wy = U, 4, for jo € Z, A is s*-compressible for s* =t + d. Moreover, we remark
that s*-computability of A can then be proven as in [26, Theorem 6.2].

Concerning ¥; = ¥, _, where we permit arbitrary coarse scales |A|,|\| < 0 in
(3.15), here, we do not have an upper bound on ¢. So, we do not obtain a uniform
estimate in the sense of (3.12) which only depends on the level difference §(A, )
and the compression results from [26] do not permit to show A € By« for s* > d—t
when jo = —oo and g, non-constant for a < ¢t. Unfortunately, the same holds true
for other results in this field, e.g., [29]. As, moreover, the numerical experiments at
the end of this section indicate that the use of a minimal level is advantageous, we
did not further investigate s*-compressibility in this case.

Remark 3.5. In this section, for the ease of presentation, we only considered self-
adjoint differential operators. Note that in view of Remark 2.5, following the lines
of [26], the results above can be extended to operators of the form (v, Alw]) =
> ap<t Jg 9a,8(x) 0%v(z) BPw(z) dz for v,w € H'(R).

3.2. RHS on unbounded domains. The main idea of RHS can be described
as follows. For a given tolerance 7, one has to construct an index set V,, such that
|f—f]v, lle, < nand #V,, = O(y~1/%) where, for the same reasons given in Remark
24,5 > d—t. On a bounded domain, it suffices to control the maximal level in
such a set V,. In our case, nevertheless, we also need to bound the translation
indices and, for ¥; = ¥; _, also the minimal level in V,. In order to reach this
goal, we need some assumptions of f, which, however, are not too restrictive.

Assumption 3.6. We assume that [ = f1 + fo can be split into a smooth part
f1 and a singular part fo. For some o € (0,d], we suppose that f; € W (R) N
Ly(R) N Ly(R) and satisfies

(3.17) Ifi = firllra®) < Ch R, YR>Ro, fir:=fil-rnA-

for constants B > 0, Rg > 0, Cy, > 0. Moreover, fz is assumed to be a finite sum
of delta distributions fo =3 ", ¢; 0z, for ci,...,¢pm €R and 21,..., 2y € R.

Let us assume now that ¢ € N and Assumption 3.6 holds. Then, we can consider
the smooth part f; := (f1, ;) and the singular part fy := (fo, U;) separately. Since
f = f) + £, it then suffices to set up index sets V;, such that ||f; — fi|v,  [|e <7
(i € {1,2}). We point out that it is also sufficient to construct f;, € ¢2(J) such
that ||f; — £ ,]l¢, < n and #supp £, S n~/% where f; , is not necessarily the
restriction of f; to some finite index set V; ,, (i € {1,2}).

3.2.1. The case jo = —oo. We start by considering ¥, = ¥; _, where we assume
that W, satisfies the requirements from Section 3.1.1 and show how to adapt these
results to the case jo > —oo later.
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Singular part. The approximation of the singular part f; bases upon two observa-
tions. Firstly, by Remark 2.1 in conjunction with |[¢\|[z,®) = 1 for all X € 7, it
holds for i = 1,...,m with d; := max{1, [¢)| 5} (t €N)

(3.18)

DU ()] < [|IDsallo. <

Ll 1] { 2G50 ., [A] > 0,

14222, 2272 9|, A < 0.

Secondly, since diam(supp ) = 2~ *diam(supp ¢), the number of 1, with || = j
whose supports contain a given y € R can be bounded independent of j and vy, i.e.,

(3.19) #AeT: N=j,ycsuppyn} <MeN, VjeZ VyecR.
Now, for a tolerance 1 > 0, we define maximum levels J2(i’+) (n) and minimum levels

fJQ(i’_)(n) associated to ¢;05, (i € {1,...,m}) by

(3.20) IS () 1= (|logy(2m2c2d2 (w12 _ M (1 —2720)=1)| + 2[log, n]) / (2t — 1),
(3.21) JS" () i= |logy(4m2c2d?|[pl[2_ M)| + 2| logy 1,

as upper and lower level bounds on A € J with x; € supp ¥,.

Lemma 3.7. Letn > 0. Fori=1,...,m, we set £i .= (D§ cioa(wi))res as well
as fo.y = £y St £ vy . Vo, == U2, V5, and

(3.22) by =N e T s € supp v, — 5" () < N < 5P ()

Then, we have ||fo — £ p|le, <1 and #supp fa,, = #Va, S 1+ |logy 7).

Proof. See Section A. O

To compute Vs, we only have to take into account wavelets whose supports
contain at least one of the points zi,..., ,,. Thus, no further bound on the
translation indices is required.

Smooth part. We now consider the smooth part f; of f. In order to compute an
approximation fi , to f;, we need to define some quantities:

(3.23) Dy = (Cpcq!C3 )P, Dy:=4C3 , d7 (1—2720F)~1

with the involved quantities as defined in (2.4), (3.6), (3.17) and Assumption 3.6.
Next, we set for M defined in (3.19)

(3.24) Ry:=Din /%, Dg:=2(02M + DIANE, @907 @)
(3.25) Ji"(n) := max{[(2 + 3)|logy 1| +logy(D1D2)]/(2(0 + t)),logy (MR, 1), 0},
(3.26) Ji (n) := max{2|log, n| + |logy D3|, 1+ [logy(2D1)| + |5~ logy 1]}

These quantities permit us to set up an approximation to f; by, firstly, consider-
ing only indices A\ € J with |supp ¥ N [~ Ry, Ry]| > 0 and, secondly, using J;" (1)
and J; (n) as upper and lower levels bounds for these indices:

Lemma 3.8. Let n > 0 and let Assumption 3.6 hold. Then, by setting
(3.27) Vi, ={AeJ:0< A < Jf(n),[Oxn 1| >0},
(3.28) Vi, = AeT:—J (n) <A <0,|0xnN1L| >0},
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where I, := [—R,, Ry, the vector f; , := fffn + f, with

(3.29) fffn = fllvfn’ fr, = fl,Rn'V;n’ f1 p = (U4, f1.R),

satisfies ||f1 — fiplle, < 1. With s := % and § := min{f, s}, it holds that
#an <p1/s, #Vi, S NP and #V1., Sy for Vi, = me UV,
Proof. See Section A. O

We emphasize that the truncation of fi to fi g, in (3.29) is due to the fact that
for |A\| — —oo, diam(supp ¥) ~ 27l — +00. The diameter of I, is independent of
|Al, diam(,,) ~ =1/, So, this approach is of advantage when numerical quadrature
is required to approximate entries in f; ;. We comment this in Section 3.2.4.

Now, we can collect the results from Lemmata 3.7 and 3.8 to obtain:

Theorem 3.9. Let n > 0 and let Assumption 3.6 hold. Then, gy, :=f1 /2 + 2 /2
with £ /2, f2.5/2 from Lemmata 3.7, 3.8 satisfies for 5 defined in Lemma 3.8

(3.30) If —gulle. <m,  #supp g, S n~ /5. O

For optimality of ADWAV, as stated above, we require that § > d — t. In
particular, (3.30) shows that the parameters § and o have to be sufficiently large.
Assuming exemplarily that f; decays exponentially and o = J, we infer from The-
orem 3.9 that for any § < t + cz there exist constants 5 > 0, Cf,, Ry such that
f1 satisfies (3.17) and f satisfies (3.30). The limit case § = t + d (which can be
attained on bounded domains, see [18]) is excluded which is due to the additional
bound on the translation indices which depends on 7.

3.2.2. The case jo > —oo. Let now ¥y = ¥, ;, for jo < 0 (the case jo > 0 is treated
analogously). As jp — 1 is a natural lower bound for levels, we only have to replace
Jéz’f)(n) (1 €{1,...,m})in (3.21) and J; (n) in (3.26) by jo — 1 where we recall
that ¥j,—1.k = @jo.k (K € Z). Going through the corresponding proofs, this can
be seen by taking into account that the basic estimates (A.8) (for Lemma 3.8) and
(3.18) (for Lemma 3.7) also hold in an analogous form for scaling functions.

3.2.3. Realization. Let us now discuss a possible numerical realization of RHS.
Based on Theorem 3.9, we use approximations g,, to f with

—1/5 —
(331) ||f - gﬂk”fz S nka #Supp g”]k 5 nk / I 77k = 2 ka k S Na

which can be computed within (9(77,:1/ ") operations (see also Section 3.2.4). These
discrete tolerances 7 are used since in praxis, it is in general not possible to set up
g, for any n even though the minimal tolerance for which RHS is called in GROW,
can be bounded by n > emin {1w(1 +w)~1,~} (see [18, Proof of Theorem 2.4]).

The idea of RHS in Algortihm 5 is as follows. Let 77 be a current target tolerance
and gz be a corresponding approximation satisfying ||f — ggz(le, < 7. If RHS is
called with a tolerance n < 7], we compute the largest np < n and g5 := g, such
that ||f —gglle, < mi < within O(n~1/%) operations. If RHS is called with n > 7,
then we compute g, as a threshold of g5 satisfying ||g; — &ylle, < n— 17 which yields
If —gnlle, < IIf —8giille. + 1|85 — 8nlle. < 1. Even though thresholding here requires
O(777/#) instead of O(n~1/*) operations which is, theoretically, not optimal, we
observed that this strategy is faster than recomputing g, and requires less storage
than storing all g,, for n; > 7.
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Algorithm 5 RHS[n| — g,

% Before the first call, fix some 77 > 1o and g5 := 0.
1: if 7 > n then determine £k € N minimal s.t. n, < 7.
2: Compute gy := gy, , set 77 = 1 and return gj.
3: else Compute g, s.t. supp g, C supp g5 and |87 — 8yllex <1 — 7.
4. end if

3.2.4. Computability. So far, we have neglected the issue of computing entries in
g,. As the computation of the singular part is trivial, we focus on the smooth
part of f by setting fo = 0 and consider a composite quadrature rule of order p
for an interval Q = UN  Q; with N equally spaced subintervals €, i.e., fQ gdr =~

Q Qi)

N(g) = vazl > w?i g(x?i) for finite sequences of weights (w;") and abscissae

(xgz) on §2;. Using the fact that 1 is piecewise polynomial, we define for x and

Exi, @ =1,..., s from (3.4) approximations to the entries g, x in g, = (8,,)rev, .,
Aginy)\ = Dg\ Zf:l QZ:V”L (15}/\ fl) ~ gn)\ = fsupp P D§¢Af1 dZL', >\ € V-li_ﬂﬂ
~ =N _
ga =Dy, QN (Uafi) ~gga = [, Divafide, AE Vi

Assuming that f; € WP>°(R) for p € N, the following error estimate

N-P2-GHp=d)N )| > 0,

— 4 < g1
(3.32) |80, gn7>\|N{(2Rn)1+pr7 N <o & =d—1-t,

can be derived from [19, Propositions 2.5 & 4.3]. By choosing N as well as p in
dependence of |)\|, these estimates permit to set up a computable approximation
gy := (8n,2)rev,, of g, in the sense of (2.17) using techniques from [15, 19].

For convenience, we detail this exemplarily for jo = —oo in the following result:

Proposition 3.10. Assume that g, from Theorem 3.9 satisfies (3.30) with 5 > d—t
and 3 from Assumption 3.6 satisfies B > 25. Moreover, let f1 € WP (R) for a

sufficiently large p > d. Then, g, can be computed within (’)(77_1/5) operations such
that |gn — &nlle, S -

Proof. See Section A. O

3.3. Numerical examples. We give some examples in 1D, namely instances of
the following reaction-diffusion problem in weak formulation: Find u € H!(R) with

(3.33) (Ov, 0u) pym) + (V,u)py®) = (v, f), Vv e H'(R),

for f € H-1(R). We use biorthogonal B-splines wavelet bases described in [9]. All
examples (also those presented in Sections 4 and 5 below) are realized in C++ using
the software libraries FLENS and LAWA, [22, 31]. We consider three different
choices for the right-hand side f which permit a continuous reference solution with
unbounded support in closed form (see Figure 3.1):

(P1) Smooth solution, exponential decay.
(P2) One peak, large significant domain, exponential decay.
(P3) Two peaks, decay: polynomial (x — —o0), exponential (z — o).



ADAPTIVE WAVELET METHODS ON UNBOUNDED DOMAINS 15

3.3.1. Parameters. For the realization of ADWAV, good estimates of the con-
stants ¢; and ¢y in the norm equivalence (2.8) are necessary for different polynomial
orders d, vanishing moments d and different minimal levels. The values we used
can be found in Table 3.1. In order to ensure a good performance of ADWAYV, we
used w = 0.01 and chose the parameter o < (1 —w)m(A)_% —w as large as possible.
Lk(A)"29=% and § = 2. Note that these parameters

12 T+w 7
satisfy the optimality and convergence condition stated in [18].

Moreover, we used v =

1
08
06
04
02
0
02
04
06
08

1
10 5 0 5 10 80 60 40 20 0 20 40 60 80 40 20 0 20 40 60

FIGURE 3.1. Solutions u; for (P1)—(P3) from left to right.

Jo 0 -1 -2 -4 -6 -20 -0
d—2.d—2 ci 037 056 056 044 034 0.21 0.19
’ c 210 210 2.10 2.10 210 2.10 2.10
d—3.d=3 ci 043 039 029 0.15 0.11 0.04 0.03
’ co 194 2.03 224 255 261 265 2.70
d—3.d=5 ci 045 041 032 0.18 0.16 0.15 0.15
’ c2 196 2.10 2.38 280 285 2.85 2.85

TABLE 3.1. Estimated bounds for ¢y, ¢y from (2.8) for ADWAV.

Remark 3.11. Concerning the values in Table 3.1, to our knowledge, there is no
method to compute these values analytically. Nevertheless, bounds for ci,cs can
be computed numerically. We describe the case jo = —oo since jo > —oo can
be treated analogously. It suffices to consider the finite collections W ;- s+ :=
{D{¢x s supp YA N[—R,R] # 0, —J~ <N\ < Jt}for R>0,J,Jt >0 and to
compute c1, ¢z in terms of eigenvalues of the finite matrices Ay ;- ;+ obtained by
replacing Uy by Uy ;- ;+ in (2.7). For R — oo, J,J~ — +00, one can observe
that the computed eigenvalues converge.

3.3.2. Choice of a minimal level. The bounds for ¢; and c; given in Table 3.1
already indicate that the choice of a minimal level jy is not trivial as we might
have two conflicting goals: On one hand, we want to be free in the choice of a
minimal level jj to represent both small and large supports of the numerical solution
with only few degrees of freedom. On the other hand, the condition number xk(A)
depends strongly on jo where small x(A) is favorable. We choose jo = |A| where
?,\ is an estimate of the largest coefficient in modulus of f that can be derived
analytically using (3.6) and (3.18). We will further discuss this issue below.



16 SEBASTIAN KESTLER AND KARSTEN URBAN

3.3.3. Convergence rates. The results of our experiments concerning the conver-
gence are shown in Figure 3.2 both for jo = oo and jo > —oco as well as wavelet
bases with d = 2, d = 2 and d = 3, d = 5. The latter choice is due to the much
better condition number k(A) if jo = —oo (cf. Table 3.1). We measure the error
in HY(R) and do not show the error estimator v}, since they basically coincide with
the true error. Recall that the best nonlinear approximation s for which u € A°
is bounded by d — 1 (cf. Section 2.4). Observe that this rate is asymptotically
attained. For d = 3, we even observe superconvergence for moderate values of V.

10 100 1000 1 10 100 1000 1 10 100 1000

(a) (P1) with ;’0 = —o00. (b) (P2) with ;0 = —o00. (¢) (P3) with ;0 = —o00.

0.001

0.0001

1e-05
10 100 1000 1 10 100 1000 1 10 100 1000

N N

(d) (P1) with jo = —2. (e) (P2) with jo = —4. (f) (P3) with o= -3,
FIGURE 3.2. H'(R)-error vs. the degrees of freedom N.

3.3.4. Discussion of the numerical results. Despite the same asymptotic conver-
gence rates for jo = —oo and jy > —oo, there are some important quantitative
differences between the two approaches that we illustrate in Figure 3.3. As an ex-
ample, we consider (P3). We observe that the use of scaling functions on a minimal
level jg significantly reduces the number of degrees of freedom for a given target
accuracy. This is due to the fact that few scaling functions suffice to approximate
the polynomial part of the solution, whereas, in the case jo = —oo, we also need
wavelets on very low levels which results in a higher number of degrees of freedom.
Moreover, although we have a very simple structure in the basis for jo = —oo (we
do not have to distinguish between wavelet and scaling functions), this advantage
does not pay off as we can see from the computation times in Figure 3.3 b).

Next, we compare the influence of jy and the number of vanishing moments for
(P2) in Figure 3.4. We observe in Figure 3.4 a) that the slope does not depend on
d and that the minimal level jo = 0 results in worse results compared to jo = —4.
However, if we take the required computation time into account (cf. Figure 3.4
b)), we observe that, due to a better condition number, the scheme converges
asymptotically faster for jo = 0. Moreover, due to the fact that wavelets with
d = 3 have shorter support and fewer singular points than the one with d =5, the
computation times are faster for d = 3.

Our numerical results indicate that the use of j, > —oo is favorable. We em-
phasize that a better performance of ADWAYV can be attained by increasing the
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FIGURE 3.4. Influence of the minimal level jo and comparison
between d = 3, d = 3 and d = 3, d—5f0r( 2).

value of « (cf. also [15, Section 5.6]). Doing so, however, we loose the guaranteed
convergence. As moreover, the APPLY-routine is quantitatively demanding and
the set up of RHS may be difficult, we present a heuristic algorithm in the next
section which does not require these two routines.

4. A SIMPLIFIED ADAPTIVE WAVELET ALGORITHM

The simplified adaptive wavelet algorithm we present in this paragraph is a
modification of the algorithm proposed in [2, 32]. To our knowledge, there is no
proof of convergence or optimality. Nevertheless, numerical experiments have shown
that this algorithm performs very well in practice. The simplified algorithm passes
on the usage of the routines RHS as well as APPLY and provides an alternative
routine LINSOLVE to GALSOLVE. Instead of GROW, a heuristic approach
is used to determine A®tY from A®*) explicitly. Moreover, we do not need to
consider the normal equations AT Au = ATf if A is not self-adjoint (cf. Remark
2.5). Motivated by the numerical results from Section 3, we consider from now on
exclusively the case Uy := ¥ ;, (cf. (2.6)) for jo € Z.

4.1. Algorithm. We start by describing the main components of the algorithm.

4.1.1. Numerical solution of the Galerkin system. As for ADWAV, we have to
solve the Galerkin system (2.9) for an index set A C Jj, in each iteration. But, as
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in the case of GALSOLVE, it is sufficient to solve a perturbed linear system
(A1) Anin=fx, [lfs —falle, < mellfalle, A — Axll < TallAll =: 7a,

with 0 < 7, a < 1 given tolerances. Here, perturbations may arise from ma-
trix compression or from the approximation of the right-hand side by numerical
quadrature (cf. Section 3.2.4 or, alternatively, [2, Section 3.4]).

Within ADWAYV, we used absolute tolerances in order to obtain an residual
estimator v, within some relative tolerance (see lines 2 and 3 in GROW). For the
heuristic scheme, in analogy to [2], we shall work (mostly) with relative errors w.r.t.
Ifalle, and explain why we use in some places also absolute tolerances.

Proposition 4.1. Let A C J;, be finite, |[Ax — An|| < 1a, na < tcr and ||falle, 2
1, Ifa — falles < mellfalle, for me < 1. Then, An, A" are uniformly bounded and
(4.2) lua —aalle, S nallfalle, +nellfalle.

where uy is the solution of (2.9) and Uy is the solution of (4.1).

c2)|[walle,[[valle, for all wy,va with ¢, ¢ from (2.8). Moreover, we have

Proof. From the assumptions, we infer from (2.8) that |(wa, Axva)e,| < (ler +

(4.3) seilvally, < (er = ma)lvally, < [(va, Aava)el.
with ¢; from (2.8). Now, by (2.8), the following estimate is straightforward:
ua — Uall2, < 2¢7[(up — 8a, Apup — ApTip + Apty — ApTa)e|
< 261" ((An = Ap)Talesllun — Talle, + [(un = 8a, fa = fa)ea)
which yields ||us — talle, < 2¢7* (alltalle, + 1¢l|falle,) Then, we have
(4.4) 8alles < 261 [[falles < 267" (1+me)l1Ealles < dei[1falles,
where we used (4.3) and ng < 1. This yields the claim. O

Remark 4.2. We remark that ellipticity is not a necessary condition for estimate
(4.2). The proof of Proposition 4.1 remains essentially the same if we only require
that the norms of A, A~! and their perturbations are uniformly bounded.

From Proposition 4.1, we infer that there is no gain if one of the tolerances 7y
or na is much smaller than the other. So, for a given tolerance tolite,, we set

ne = tol iter and na ‘= min{%cl’ tol iter}v

so that (4.2) can be replaced by |[usy — Ualle, < toliser ||fa]le, When ||falle, = 1. In
particular, we have in mind to use a compressed matrix A ;, = Py A jI5, whenever
A € B« for some s* > 0 using the compression results from Section 3. Then, we

can use the routine LINSOLVE (Algorithm 6) to solve (2.9) approximately.

Algorithm 6 LINSOLVE[A, wy, tolier] — Ua

1. Estimate J = J(toliter) € N such that ||Axr — Ajalle, < min{%cl,toliter}.
2: Compute fa such that [|[fo — falle, < toliter||falle,-

3: Use a linear system solver like CG or GMRES with initial guess wp to compute
u, such that HAJ,AﬁA — fAHg2 < tOliterHAJ,AWA — fAHgQ.
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4.1.2. Residual computation. In GROW, we computed the residual estimator v
(cf. line 4 of Algorithm 2) by using APPLY and RHS. Instead, we now follow a
heuristic strategy by constructing a so called security zone ADA using Algorithm
7 (cf. [32, p.235]). For a constant ¢ > 0, let Oy = supp ¥» =: [ax, by] and

(4.5) Che)i={neTj: [Bune-Oa[>0, Al < [ul < A[+ 1},

where ¢ - Oy = [cax + (1 — ¢)za,cby + (1 — ¢)z)], 2a = %(aA + by). Observe
that not only wavelets on higher levels are inserted into the security zone, but also
further scaling function indices for |A| = jo — 1. Moreover, no indices A with levels
|A| < jo — 1 are inserted. Since both scaling functions and wavelets on level jo — 1
are linear combinations of scaling functions on level jg, this would result in an
over-determined system. Due to the locality of 1y, #C(A,¢) < 1. Therefore, the
cardinality of the output of C[A, ¢] as well as its complexity are both of order O(A).

Algorithm 7 C[A,c] — A

1: K:: (Z) R R
2: for \€e Ado A:=AUC(\ ).
3: end for

To estimate the residual Auy — f, we can now consider the expressions
(4.6) ry = PK(AAUA — f), ?ﬂ = PK(AJ,AG-A —f),
where A is the output of C[A, ¢]. Here, using the compressed matrix A j and an

approximate solution u, from (4.1), 3 becomes an approximation to rz.

Proposition 4.3. Let A, A be finite subsets of T with A DA, [[falle, = 1 and
suppose_that the assumptions from Proposition 4.1 hold for both A,A. Then, by
setting Az := A 3 for sufficiently large J, we have ||[t3 —r3lle, S toliter [|£5]le,-

Proof. We shall need the following notation: For a vector v, with support A, we
denote by vy its extension by zeros to A. Thus, we have |[vi|e, = [[valle, and,
moreover, Azvy = Pz Av,. This yields the following estimate:

[(Azug —f3) — (A zug — )l < [luallel|Az — A5l
+ 1A zlll[8a = ualle, + If5 — £5lleo-

From Proposition 4.1 we get that ||[us — ualle, S toliter [|falle,. Moreover, as in

(4.4), we see that |[uplle, Az — A,z S toliter [|[falle, which yields the claim. O

In view of (2.18), RESIDUAL is a heuristic approach as there is no proof of the
existence of 0 < # < 1 independent of A such that [P (Aus—f)|e, > B]|Aur—f][s,.
A fixed error reduction as for ADWAV can therefore not be guaranteed.

Algorithm 8 RESIDUALIA, s, toljier] — T3
1: Estimate J = J(toliter) € N such that [[A; — A 5le, < min{3cy, toliter}-

2: Compute ?f\ s.t. [|f5 —?/A\sz < toliter||f5 ||¢, and return ¥3 according to (4.6).
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Remark 4.4. The complexity of the routines LINSOLVE and RESIDUAL is in
general dominated by the computation of matrix vector products of type A java
where J = J(toliter) depends on tolise,. For simplicity, we consider the case where
A is a constant coefficient differential operator and A € Bg+ with s* = oo. Thus,
we can apply the compression scheme from Theorem 3.1 and infer that the matrix
vector product can be computed within O(J(toljter) - #A) operations. To provide
linear complexity for any tolerance tolite; > 0 and any finite index set A, one has to
prove the existence of a constant C' > 0 independent of A such that J(tolite) < C
for all tolijter > 0. But, as opposed to GALSOLVE, J cannot be chosen inde-
pendent of the current target tolerance toljte; (even when s* = oo). Note that
decreasing toljte, successively is necessary for the convergence of S-ADWAYV as
we shall explain in Section 4.1.4 below. So, the compression level J is a decreasing
function of toliter, i.e., J(toliter) — 00 when tolje; — 0 (cf., e.g., line 1 in Al-
gorithm 6). For these reasons, a scheme using LINSOLVE/RESIDUAL can in
general not expected to be asymptotically of linear complexity.

4.1.3. Coefficient thresholding. Obviously, if we call iteratively A*+1) = C(A®), ¢)
starting with some initial set A(?), the sizes of the index sets (A®))en may grow
exponentially fast. For this reason, we have to keep the index sets for which we
call C small. This is realized by the routine THRESH (cf. Algorithm 9) which
thresholds the wavelet coefficients in Uy and in the estimated residual Thw).
More precisely, given § > 0 and a finitely supported vector v, THRESH returns
a vector v such that ||v — v|s, < §. Here, also approximate sorting procedures
from [1, 15] can be used, so that THRESH can be realized in linear complexity.
Note that at least one scaling function index remains in the thresholded output of
THRESH]|v, 6] (which is therefore never empty). This is important since if A does
not contain scaling function indices, also C[A, ¢| does not contain any.

Algorithm 9 THRESH|v,§] — v

1: Sort v . = (Va)aesupp v Dy decreasing order to obtain v* = (VZ‘Z )\i))i:L""N

where N := #supp v and (4, ;) for ¢ = 1,..., N indicate the ordering in v*
and the corresponding index in supp v. Within this sorting, find the index A%
corresponding to the largest scaling function coefficient in modulus in v.

2: Compute [|v[ls, and set ¥ := (vy,)i=1,...xk U {var} where K is the smallest

2 > |IvIlZ, - 0%

integer such that Zfil Vi

Now, we investigate the effect of THRESH. Under the assumptions of Proposi-
tion 4.1, let up be the solution of (2.9) and up := LINSOLVE[A, wy, toliter].
Then, as |lun — ualle, S toliter|/falle,, it holds for i =THRESH][u,, tolite]
that ||lun — ulle, < toliter(1 + ||falle,), where suppu C A. Hence, we get an
approximation of order tolje; to up with, in general, a smaller support. This
observation can also be made for the residual computation. Let r; be the resid-
ual defined in (4.6) and T3 :RESIDUAL[JA\,GA,toliter]. Then, by Proposition
4.3, [[rz — 13lle, S toliter||fille,. Thus, for ¥ =THRESH][r3, tolite], it holds

Itz — Tlle, S toliter(1 + [|If3]le,) and, as above, supp T C supp T3.

4.1.4. The simplified algorithm S-ADWAYV. With all necessary routines at hand,
we can describe the complete algorithm. In each iteration of S-ADWAV (cf.
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Algorithm 10), we compute an approximate solution a*) to AAiand. Upeand. = fAZand.

where Aia“d' is referred to as the set of candidate indices, i.e., indices that can be
activated in the current iteration. The target precision for solving this Galerkin
system is toljter. Next, we threshold the vector (%) to obtain the active wavelet
coefficients u(®) that satisfy |[u®*) —a®|,, < tolier. We refer to A*) := supp u®)
as the set of active indices. Around A*)| the security zone Kk is constructed using
the routine C and the residual r*) is computed by RESIDUAL. If |[r®|,, <

5||ka lle,» we accept u*) as solution. Otherwise, a new candidate set of activable

indices A%fld' is constructed by thresholding r3.

As we always use the same tolerance tolse, for thresholding and the numerical
solution of the Galerkin system, the approximation errors we generate are all of
order toljte, (see Propositions 4.1 and 4.3 as well as Paragraph 4.1.3). But if we
fix this tolerance, it may happen that the algorithm stagnates before the target
accuracy ¢ is reached. Namely, by thresholding the approximate Galerkin solution
u®) | it may occur that no higher levels or translation indices on the coarsest level are
added in the course of the algorithm and we end up with A*) = A(*+1) Therefore,
in addition to the algorithm described in [2, 32], we decrease the threshold tolerance
toliter by the factor % if the difference of the residuals of two iterations is too close
to zero (see line 11). In particular, when r*=1) = r(®) the threshold tolerance
is decreased and we obtain in the next iteration u*) = a**1 but supp uftH D
supp ul®). Thus, also finer information on high levels or further translations on the
coarsest level remain in the set of active indices. Moreover, to prevent cycles of
type Ay = Aggp, for some m > 2, we add an inner loop with a maximal number
M of iterations which also ensures that the tolerance tol;i, decreases. As it was
pointed out in [2, p.2118], toljter should, in order to attain an approximation of
order O(z||f]|¢,), be much smaller than e which is incorporated in line 7.

The adaptive truncation of a computational domain, i.e., supp (u(m*k))T\IltJ-O,
is done implicitly. Every time C[A®*™) ¢] is called, additional scaling function
indices on the coarsest level are added to the security zone A% Tf these indices
are significant, their corresponding value in r*™) is relatively large and they will be
added to the new candidate set Aiaff'm after the call of THRESH[r(kvm), toliter)-
So, in each iteration, the computational domain can be extended, but also truncated
as we have another call of THRESH after solving the Galerkin system.

4.1.5. Choice of a minimal level and an initial index set. As for ADWAV, the
choice of a minimal level is crucial. Here, we proceed as in Section 3.3.2. Moreover,
we define Aﬁ?lnd' as the scaling function index with the same level and translation
index as the largest (estimated) wavelet coefficient.

4.1.6. Convergence and complexity. As already mentioned, there is no proof for
the convergence of S-FADWAYV. In view of Remark 4.4, this algorithm is in general
asymptotically not of linear complexity. Nevertheless, we observed in our numerical
experiments that for moderate target tolerances ¢, SSADWAYV is still an efficient
numerical algorithm. This is due to the facts that J(tolier) (cf. Remark 4.4) does
not grow fast and that we use solutions from former iterations as initial guesses in
LINSOLVE to keep the number of iterations of the linear solver small.
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Algorithm 10 [u(e), A(e)] = SSADWAV|¢]
Let M a fixed number of inner loops, ¢ > 0 and h > 0, p > 0 a tuning parameters,
0 < toljter < 1 an initial tolerance and ACamd an initial index set.
1: for k=1,2,3,... do toljter = §toliter
2 form=1,2,...,M do
3 uFm = LINSOLVE[AZ2d um=D 5. tolje]
4 u®m = THRESH[u®*™), tol ]
5: A*™) = supp ulFm); Ay, = C[AF™) (]
6: r(bm) = RESIDUALI[A 1, u®™) tol e
7
8
9

if [|r®m)||,, <e|[f5, e, and tolye < p- e then
return u(e) := ulkm), Ae) = Akm),

: endif
10: &) = THRESH[r*™) toljie];
11: if ||rtem) — p(k, m’1)||4 < h X toljger X [[r®Em=D|,,
12: A(]zgrnldl _ A(k m) U supp r(k m) u(kJrl 0) = u(k,m); r(kJrl,O) = r(k,m);
13: break;
14: else
15: Aiaﬁldﬂ = supp u®™ Usupp #F™)
16: end if
17:  end for
18: end for

4.2. Numerical experiments. In this section, we present numerical results ob-
tained with S-FADWAYV. We focus on the reaction-diffusion problems from Section
3.3 and compare the results with those obtained by ADWAV.

4.2.1. Convergence rates. Within SSADWAYV, we used the parameters ¢ = 0.125,
h = 0.0001, M = 2, p = 0.1, toljter = 0.01, dfdf2 d =d = 3 and the
wavelet ba51s from [9]. We observe in Figure 4.5 that both the output |[r*™)||,, of
RESIDUAL as well as the corresponding approximation error measured in H*(R)
converge asymptotically with the same rate as ADWAV (cf. Section 3.3.3).
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(a) (P1) with jo = —2. (b) (P2) with jo = —4. (c) (P3) with jo = —1.
FIGURE 4.5. H'(R)-error and ||r*™)||,, vs. degrees of freedom N.
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4.2.2. Thresholding and cqg iterations. Within THRESH, we could replace the ab-
solute threshold by a relative threshold, i.e., replace ¢ by 6||v|¢, in Algorithm 9.
In this case, the output v =THRESH][v, §||v||¢,] satisfies ||V — V|le, < I||V|le,- A
relative threshold (as it was used in [2]) seems convenient as we are using, as far
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as possible, only relative tolerances in S-ADWAYV. Nevertheless, our experiments
show that this approach may have an important drawback. We observe in Table

4.2 for (P3) that for relative thresholding, the quotient C' := #Supp “(k’mi is much

supp u(k,m
smaller than the corresponding one for absolute thresholdingqfiﬁ Spi%ce we have to
solve a linear system with #supp u(*™ degrees of freedom, a large value of C
is favorable to get an efficient algorithm even though S-ADWAYV with relative
threshold might produce better approximations at early stages. We also observe

that few cg-iterations in LINSOLVE are sufficient.

Tteration 5 10 15 20 2 30 35

N 25 59 98 131 163 233 349

cg-its 8 7 5 7 7 7 8

rel. thresh e 19061 4162 1302 6203 2703 7.004
C 86% 40%  46%  46%  39%  43%  44%

N 29 74 115 150 219 329 456

L cg-ts 7 3 3 4 3 4 4

abs. thresh — o 39 0,062 5402 1403 4804 1.804
C 93% 96%  99%  99%  97%  95%  98%

TABLE 4.2. Aabsolute and relative threshold for (P3) and d = 3
where N := #supp u*™) and Err. is the H(R)-error.

4.2.3. Comparison of ADWAV and S-ADWAV. As an example, we consider
(P2) to compare the two adaptive schemes (cf. Figure 4.6). We observe that
ADWAV needs less degrees of freedom compared to S~SADWAYV. This is due to
the fact that within GROW higher levels for the resolution of a singularity can be
added within one iteration whereas the routine C can add at most wavelets on the
next higher level compared to the levels |A|, A € A®™) in the current approximation

Am) - Nevertheless, the computation times state that this effect is compensated
in SSADWAYV where we do not need the APPLY routine.

d=2,4=2) ——
d=2,d=

d=3,d= :
S-ADWAV(d=3,d=3) =" ="

ADWAV 5

H* error
°
2
H* error
°
2

0.001 0.001

0.0001 0.0001
1 0.01

10 100 1000 10000 0.1 1 10

N CPU time (sec.)
(a) N vs. error reduction (P2). (b) CPU time vs. error reduction
(P2).

FIGURE 4.6. Comparison between ADWAYV and S-ADWAV.

In Figure 4.7, we show examples of the structure of the index sets produced
by ADWAYV and S-ADWAYV. We see that for a comparable size of index sets,
ADWAYV uses the information provided by RHS to add higher levels already
at early stages of the algorithm. As already said above, this is not the case for
S-ADWAV. Nevertheless, both algorithms detect the singularity.
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0 40 20 20 60

(a)VADWAV, #supp wb) =210.  (b) S-ADWAV, #supp ulkm) = 250.
FIGURE 4.7. Coefficients w(®, u®m™) for (P2) for d = d = 2.

4.2.4. A convection-diffusion problem. For the reaction-diffusion examples one
might argue that it would also be possible to a determine a computational domain
a priori and then to use standard methods for PDEs on bounded domains. In order
to treat a problem where this is not that obvious, we consider a convection diffusion
problem in weak form: Find u € H(R) with

(4.7) (Ov, 8u)L2(R) + B(v, 8u)L2(]R) + (v, u)LQ(R) =(v, f), Ve Hl(R),

using the right-hand side from (P1) which also fulfills all required assumptions. For
increasing values of 3, the solution exhibits a strong layer at « = 0, see the left part
of Figure 4.8. On the right, we see the adaptive truncation of the computational
domain. In particular, the layer is automatically detected.

Numerical solution u
Right-hand side f e

b b o H B o kN oW s

20 0 20 40 60 80 100 120

FIGURE 4.8. Solution u, right-hand side f (left) and estimated
index set (right) for (4.7) with d = d = 2, jo = —2 and § = 10.

5. EXTENSION TO HIGHER SPACE DIMENSIONS

So far, we considered the well-posed operator equation Afu] = f in H’' in one
space dimension. To use the same approach to solve (2.1) also in higher space
dimensions, we briefly describe how to revise the ingredients of ADWAYV where
we focus on H = H*(R™), t € N. The complete analysis of the multivariate case
goes beyond the scope of the present paper and can e.g. be found in [21].

5.1. Tensor wavelet bases. We start with the construction of a wavelet basis
W, ;, for HY(R™), t € N. To this end, let v, POIRES R o be Riesz wavelet bases
2JO 2JO

for La(R) of order d with joi) € ZU{—c0} fori =1,...,n that are, properly scaled,
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also Riesz bases for H*(R) (cf. Section 2.2). Then, since we can identify H*(R™)
with HY(R™) := NP_, @7, _; HOt*9m.x(R), it can be proven (cf. [20]) that

n . (1 .(n
‘Ilt.,jo = {Dt)\’ltb)\ P = (Alv" 7)\71) € J.]O = Hi:l ‘7]»(()1')}, Jo = (.7(() )7" 7](() ))

is a Riesz basis for H*(R") where D} := ||¢>\||;11(Rn), Py = QP ¢y, for Yy, €

\\J (i =1,...,n). Thus, there exist Riesz constants cg, ; ,Cw,; > 0 such that

0,559
(5.1) e, 5 IVlea@ < IVl ae@ny < Co,y IVIle@), V¥V € £a(T).

We refer to 1y as an (anisotropic) tensor wavelet as it may have different levels
[A1], ..., | An| in different coordinate directions. For || := (|A1],...,|An|), we define
sum(|A]) == 37, |\ and max(|A]) := max;=1,. ., |A;|. Remind that |\;| (i =
1,...,n) can assume negative values and therefore, sum(|A|), max(|A|) can get
negative. In view of (2.7), we now define A := (¥, ;,, A[¥;,]) and £ := (¥, ;,, f).
For the construction of ¥ ;,, the choice of the univariate Riesz bases is delicate.
One can prove the following estimates for cg, ; , Cw, ; analogously to [15, p.80]:

(5.2) Cy,; = min; { min{cqlowj[()i) L 2O } Hk;éi oo, (0 },

(5.3) C‘I't,jo = 1maxX; { maX{C‘yU,j[()i) y C\pt,j[()i) } Hk#i C\I}U,j(()k) },

where ¢y ),Cy iy denote the Riesz constants of the Riesz bases ¥ ) for
LN 9 viig v,J0

ve{0,t}andi=1,...,n (cf. (2.3)). Thus, in general, the Riesz constants grow
exponentially in the dimension n. However, as a small condition number x(A) ~
C?I,mo . c&,fjo is favorable (cf. Section 3.3), one can use univariate piecewise poly-
nomial, orthonormal multiwavelet constructions where C\Ilowj[()i) = C\IJOVj(()i) = 1. The

construction principle from Section 2.2 is still the same, the only difference is that
we have multiple mother wavelets 1!, ..., 9™ and scaling functions ¢!, ..., @™ for
my, my € N (cf. (2.5) and (2.6)). As an example, an Ly-orthonormal multiwavelet
basis for Ly(R) with jo = —oo takes the form Wo oo = {9} := 27294 (27 - —k) :
J.k € Z,p € {1,...,my}}. The results from Sections 3.1 and 3.2 can then be
extended to multiwavelet settings if the assumptions made in Section 3.1.1 are sat-
isfied for each mother wavelet (and scaling function). In the sequel (except for
Section 5.2), we focus on constructions (e.g. [17]) that satisfy these assumptions.

5.2. Nonlinear approximation for tensor wavelet bases. Let u = u? ¥,

be the expansion of the solution of (2.1) in W, ;,. It can be proven that if for
0<s<d-tand 7 '=s+3 ueN_ Q, i, BT (L(R)), then u € A°
(cf. [25, 28]). Here, ®. denotes a tensor product for T-placid quasi-Banach spaces
introduced in [25]. Note that for 0 < 7 < 1, the Besov space B:(L.(R)) is a
(m-placid) quasi-Banach space (cf. [28, p.784]). We refer to [25, 28] for the details.

We observe that a best nonlinear approximation rate independent of the dimen-
sion n can be attained asymptotically. This is why we choose anisotropic wavelet
constructions over isotropic basis constructions. Given a sufficiently smooth, uni-
variate scaling function ¢ of order d and a corresponding wavelet 1, an isotropic
Riesz wavelet basis for Lo(R™) is exemplarily defined by, denoting by E the non-
trivial vertices of [0, 1]™,

WG = {0 o= 2200 (20 . —K) 1 j € Z, k €L, e € B}, 47 := @9,
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where 10 := ¢, 9! := 1. Normalizing '¢;S§’e in H'(R™) yields an isotropic Riesz
basis W5 for H*(R™). Here, the level j does not depend on the coordinate direction
(explaining the notion isotropic). For u = (u®°)T®!*° it can be shown (e.g. [5,
Theorem 38.2]) that if for 0 < s < &=t and 77! = s+ 1, u € B"*(L.(R")), then

u’® € A%. Thus, even when u € C*, s depends on the dimension 7.

5.3. Compressibility and computability of A. We recall that for optimality of
ADWAYV, we require that A € B, with s* > d—¢ (cf. Remark 2.4). In view of the
numerical examples below, we state a compression scheme from [15]. Even though
the original result is stated for bounded domains, it also applies to the unbounded
setting as it relies on tensor product arguments applied to compression results from
univariate settings where we can use the results from Section 3.1.2.

Theorem 5.1 ([15, Theorem 5.3.5]). Let Ajw] := —Aw+c-w for ¢ >0 and ¥y,
an orthonormal tensor wavelet basis of order d > 2 with jo € (Z U {—o00})"™. Then,

A:D[A(l)®I(2)®...®I(n)_|_...+I(1)®...®I("—1)®A(")+C.I]D,

where AW = (09, 0¥x)12)r0€7 (1) 10 = Oxix)axes e, 1= Vg ®
0 0

I and D := (H’P.)\H;(Rn) “Ox N ~'5,\m%))\7)\/€_]j0. Defining Agi) by dropping
all entries from AW when §(\;, \;) > j for i = 1,...,n yields that |A — Aj|| <
2-(d=3-D7 with a constant independent of n where

A;=DAV 1P g ..0I™ ...+ 1V g. ... 1" Vg A 1. 1D.

In particular, the number of non-zeros in each row and column of A; is of order
O(nj) and A is s*-computable with s* = oo. O

Note that A in Theorem 5.1 is close to a sparse matrix which is due to Ls-ortho-
normality of the univariate multiwavelets. This simple structure of A; allows for
a more efficient numerical implementation of APPLY than with other basis types
where, however, similar compressibility results can be shown ([27, Proposition 8.1]).

The s*-computability of A = (ax x)a e J;, can also be proven for non-constant,
but sufficiently smooth coefficients g g, i.e., for o, 8 € Nj multi-indices, when

aax = ||¢>\||;11(Rn)”'¢/’>\’HI_{%(Rn) Z|a|gl,\g|glgt fRn Ja,8 0Py aﬁ"bx-

Here, we can again use [26, Theorems 4.1 & 6.2] since estimates for |ay x/| given
there base on a tensor product argument applied to estimates in univariate settings
(cf. [26, Lemma 3.1]). In Proposition 3.3, we have shown that these estimates also
hold in unbounded settings when jéz) > —00,1=1,...,n. We infer that the results
from [26] can be extended to show that A is s*-computable with s* = d + 1.

5.4. RHS. We now show how to extend the results from Section 3.2 to the multi-
variate case when the right-hand side f is separable and when it is non-separable.
For the sake of brevity, we focus on jél) > —00, ¢ =1,...,n and t = 1. More
detailed results will be given in [21].
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5.4.1. Separable f. We first analyze the case where f is the product of n univariate
functionals and f = fV®- - .@f(™ with f() ¢ 62(‘_7].@)) fori=1,...,n. Based on the
0

results from Section 3.2, we assume that f(*) permits computable approximations
fy) such that for some 5 > d — 1 and ¢z > 0, |[f®) — f‘(]i)||¢2 < 275 with
#supp fy) ~27 forall J>0andi=1,...,n. Analog to [27, Proposition 8.1], we
define for J >0, ¢y,....6, €Ny and £ :=0 (i=1,...,n)

7 =20ty (fzgll) - fé(ll)—l) ®-e (fé:) B f‘”(:)—l)

It holds that #supp f; < J"27 and one can show that for any d —1 <5< 3

1 1 n n
IE— Erlles = 1oy (B = £ ) @ @ (B = £ les
ST 27 < Dy e (J"27)7F < Dign 2 (#supp £5) 7%,

where the constant Ds 5, can be chosen such that JA+5)n 9=(5-5)J < Ds 5, for all
J > 0. Note that Dgz, — oo for s —5 — 0 or n — oo. Thus, we infer that for
n > 0, we can choose J such that ||f — ||, < n with #supp f; <n~ /5. If f is a
sum of such tensors, one only has to apply this technique to each summand.

5.4.2. Non-separable £. Now, let f € La(R™) be non-separable such that for con-
stants C'r, Crey > 0 and R%Z) =Cron VP i=1,...,n,

(54) I = flo, sy < Cpny Oy o= [FRED, RV x (=R, R,
The same arguments as in the proof of Lemma 3.8 then permit to show that
If —flw,lle, < Cfc\%t,joc‘i’;jon’ V, i ={A € Jj, : [supp ¥, NO,| > 0}.

Thus, to approximate f|v,, we only require a bound on the levels |[A| in V,,. To
this end, note that when f € @7 ;W%>°(R), it holds (cf. [15, Eq. (5.24)])

(5.5) (DA, f)] S 27 (rdsmADTmax(AD) -y e Jj,.
This estimate leads to the following definition (compare [15, Eq. (5.25)]) for j € Np:
Vi ={AeV,: (% + d) sum(|A]) + max(|A]) < (% +d+ %)]}

n

With |0,] < 77 #, we have that #V,; < 1”52/ (which can be proven by [15,
Proposition 3.3.4]) and ||f|v, —flw, [le, < =25 27 (@+0)i In particular, choosing
o~ [((1+ 35) logy n)/(d+ )] vields |[f|v, —flw,,[le; S nand #V,,; Sy~ ¢ with
5.— _Pldty)
(d+3)n+8+1
Note that to approximate (D35, f), one can apply sparse tensor quadrature rules
as described in [15, 26] with computational cost proportional to #V,, ;.
However, if f is not sufficiently smooth, then, as in the one-dimensional case,

different estimates can be derived. Exemplarily, for f € Li(supp %, ), we find that

Thus, we conclude that if § is sufficiently large, we have § > d—1.

2%sum(‘>\‘)||f”L1(SuPP Pa) Sum(|>\|) < 0’

5.6 DL, 5{ -
( ) |< >\¢>\ f>| 9 max(p\””fHLz(supp’dJ)\)v sum(|)\|)20.

Thus, if f is smooth except, e.g., in one point x, we can still use (5.5) whenever
x ¢ supp ¥, and (5.6) otherwise and adopt the above proceeding for smooth f.
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5.5. Numerical examples. We consider the following bivariate PDE problem:
given f € H-1(R?), find v € H'(R?) such that
(57) (&clv, 8I1u)L2(]Rz) +(8I2’U, 812u)L2(R2) +(’U, U)LQ(RQ) = <’U7 f>, Yo € Hl(R2).

We tested both ADWAYV and S-ADWAYV in conjunction with the multiwavelet
basis constructed in [17] for d = 2 where we considered a separable (P4) and a
non-separable (P5) reference solution for (5.7):

(P4)  ua(w1,w2) = exp(—gglz1 — 3]) - exp(—glra — 31),

(P5)  wus(w1,x2) :=exp ( — \/(g;l _ 1_10)2 + (29 — %)2).

Note that ADWAV can be used without further modifications whereas for S-
ADWAYV, the construction of the security zone A for a finite index set A € Jj, for
higher space dimensions is detailed in Algorithm 11.

5.5.1. Parameters. For ADWAV and S-ADWAV, we choose the parameters as

in the one-dimensional setting (cf. Sections 3.3.1 and 4.2.1). By computing the

Riesz constants cy, o and Cy, ), i@ € {1,2} for the univariate bases as detailed
*Jo *Jo

in Section 3.3.1 and using (5.2) and (5.3), we estimated x(A) ~ 17.0 for j, =
(—4,—-2) and k(A) ~ 15.3 for jo = (—2, —2). The minimal level jo was obtained by
estimating the largest wavelet coefficient [(D}. -, f)| using (5.5) and (5.6). With
A= ((5F,k7), (43, k3)), we set the minimal level to jo := |A*|. The initial index set
for S-ADWAYV is then defined by A% := {((jf —1,k}), (3 —1,k3))}, i.e., ATPE
contains only the index associated to the (2d) scaling function @;s kx ® @js ks

Algorithm 11 C[A, ] — A

1: K:@

2: for A= (A\1,...,\y) € A do

3 A:=AUC,¢) X Ao X+ XA U---UAX X+ X A\y_1 X C(Ap,0).
4: end for

5.5.2. Convergence rates. The convergence rates for (P4) and (P5) are shown in
Figure 5.1. We observe that the best nonlinear approximation rate from Section 5.2
is asymptotically attained. Problem (P4) has singularities parallel to the coordinate
axis. Here, ADWAYV needs less degrees of freedom which is due to the additional
information stored in RHS which is not available in SFADWAYV. To solve (P5)
where the solution is singular in one point, both algorithms nearly need the same
number of degrees of freedom. In Figure 5.1 ¢), we show the computation times for
(P4). Observe that ADWAV performs within linear complexity and that also here,
S-ADWAYV works very well which is also due to the multiwavelet discretization
and the involved near-sparseness of A (cf. Section 5.3). Nevertheless, asymptotic
optimality of S-FADWAYV cannot be guaranteed (cf. Section 4.1.6). As in the one-
dimensional setting (cf. Section 3), the choice of jo = (jél),jé2)) is important for the
performance, e.g., both algorithms (in Figure 5.1 ¢) exemplarily for S-ADWAYV)
performed worse for too small jo (analog for too large jo). This is why we did not

consider max(|jo|) = —oo where at least one of the minimal levels jél),jéQ) is —oo.
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10 10 10

ADWAV —e— ADWAV —e—
S-ADWAV - -e-— S-ADWAV - —e-—
1 1 1 7. S
. “~.._ ADWAV,
01 01 01
001 2 001 001
0.001 0.001 g 0.001
0.0001 0.0001 0.0001
10 100 1000 10000 100000 10 100 1000 10000 100000 1 10 100 1000
N N CPU time (sec.)
(a) (P4) with jo = (—4,—-2). (b) (P5) with jo = (-2, —2). (c) (P4) with different jo

FIGURE 5.1. HY(R)-error for (P4) and (P5).

5.5.3. Adaptive truncation. To get an idea of the computational domains computed
by ADWAYV and S-ADWAYV, we show in Figure 5.2 the centers of the supports
of all ¢, with A € supp w(*) for ADWAV respectively A € supp u*™ for S-
ADWAYV. We observe that the anisotropic decay of u,4 is captured. The same
holds true for the point singularity of us which is also detected and resolved.

10

: EFEEESIE.
Lo 111 - ““*"J?"*”

-10

o

20

-40

60

(a) SSADWAV, N = 9788 (b) ADWAV, N = 10599
FIGURE 5.2. Adaptive truncation for (P4) (left) and (P5) (right).
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APPENDIX A. PROOFS FROM SECTION 3
Proof of Theorem 3.1. Let o < t. For ||, |N] € J with (A, X =1, (3.5), (3.7) and
|0 ~ 271 yield (cf. [15, Proposition 5.3.3])
(A1) 5] S ca 27 270N diam (05 1) |07 ] [0%0n | S 272N wA X € 7.
Moreover, we infer from [15, Remark 5.3.4] that even
(A.2) 5] S 272Ny N e 7.
holds. Using that D} < 2= forall\ € J and o =0, ..., ¢ yields for all \, \' € J:

laan| S (6] S 27 @309,

Next, consider the case where i(A, \') = 0 and || > |A|. Then, Ey,; C supp ¢ for
some i € {1,...,k} and by using the vanishing moments of v/, we find that with

p:=1alz,, € Pa1

(A.3) af\of))\, =D} DY, co ny 0%p(z) 0%y (x) dx = 0.
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Thus, concerning the number of non-zeros in A, it suffices to consider indices in
S\ (cf. (3.9)) for £/ € {IA| — 4,..., |\ +j}. Since |0y ~ 27 we have
#S(\, ') < 1 uniformly for all A € J, ¢/ € Z which yields the first claim. Con-
cerning (3.10), an application of the Schur lemma in conjunction with |ax x| <
2_(‘1_%_’5)5(”\7)‘/), following the lines of the proof of [26, Theorem 4.1], yields the
claim. The oco-compressibility then follows from the fact that we can replace j
by 27 in the definition of A;. Now, one has O(2’) nonzero entries in each col-
umn and row of Ag;. For any s* > 0, we have js* < Co + (d — % — )27

for all j € N where Cs= = 3*[]0g((d7%fﬁ)1022 — 1022]. This yields that
[A — Ay < 27 (@=3-02 < 9C:+ 9735"  The assertion then follows by using [29,
Remark 2.4]. 0

Proof of Theorem 3.2. Let s* :=t+ d. We first estimate the number of non-zeros
in each row and column of A;. To this end, we consider a matriz block of A;,

Agp = 1 (@)n=epvi=es SN - 20N <
’ 0, otherwise,

where z() is defined in (3.13). Since ax» = 0 when |0y NOy| = 0, to estimate
the number of non-zeros in a row or column of Ay, for |A| = ¢, we only have to
consider indices in S(\, ¢') (cf. (3.9)) and U\, #') (cf. (3.11)). As #S(\,¢') <1
(cf. proof of Theorem 3.1) and #U (X, ') < 2max{0.L=6} " (cf. also [26, Eq. (4.6)]),
these two estimates are sufficient to show that the number of non-zeros in each row
or column of A; is of order O(27/*") (cf. [26, Lemma 4.2]). The fact that (3.12)
implies that ||A — A;|| < 277 can then be shown by the Schur Lemma as in [26,
Proof of Theorem 4.1]. O

Proof of Proposition 3.3. Remind that by the transformation of variables y := 2~ ‘z
with ¢ := max{0, — min{|A|,|\'}} > 0, we obtain estimate (3.15) which was

I):

(a)
b )

AN

1< 27 (E =AM 2 1=0) |l [l rinmce (), 1A N) = 1,
(1 « ! o J
S 2 GHERION) 9@ gyl (A, N) =0,

First, we note that DtA < 22l for 0 < o < t and for all A € J which implies

9= (§+7=a)5(AN) g(r+1-a)t

10l < " " lgallwrti-acom), (A N)
AIVIS ) 9-(G+d+a)s(AN) o(d+a) /

= 17
||ga||Wg+a,oo(R)’ Z()‘v N) =0.
Since |Al, |N'| > jo, we deduce that ¢ < max{0,—jo}. Moreover, we have for £ > 0
that 2(rH1-)t < 9(d+)l 45 well as 24+ < 2(dHDL fo1 a]l o < ¢. Thus, we have

)

1
i\ N) =0,

—(34r—a ' —(d+1)7 .
(a) | < 2 (2+~ )I(AA) max{1,2 (Cith)jU} ||gaHWr+1—a,oo(R), Z()\,)\/) =
AN~ 2—(%+d+a)§()\,x) max{l, 27(d+t)jo} Hga

||W3+a,oo(R)v

which yields the claim. (I
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Proof of Lemma 3.7. By definition of i := (Df ¢;tx(z:))aeg (i = 1,...,m), we
have that fo = Y/, f5. Now, (3.18) yields that

€5 — f§.|v;,n 17 = 2 cm gl (o lei D ¢a(i)]? + 2 Al (o I DY, oy ()2
S QAIPIL M 5 sy 277+ s s 277
< a2 yll M(227757 00 4 (1 - 20-20)=1 9= -V W),

By our choice of JQ(i’Jr)(n) and JQ(i’_)(n), we get ||f5 — f2|v1 ||42 < 1. By triangle

— m’

inequality, we obtain |[fo — 5 ,]le, = || >oie (£5 — f2|vz )ng < 1. Finally, it holds
that #75,, < S, #9h, < m Mo (I )+ )41 < Llloggal. O

Proof of Lemma 3.8. Let (-, - )¢ denote the inner product in H*(R) and define
uf, € H'(R) as the unique solution of the problem finding u € H*(R) such that
(v,u)gr = (v, f1) for all v € H'(R). It is clear that ||uy, || ge®) < || f1llL,®)- Now,
let uy, = uj ¥; and G := (¥, U;)ge the Gramian matrix of ¥y in Ht(R). Then,
we obtain for any A € J that (Di¢x,up g = (Din, f1), Le, fi = (¥4, f1) =
(T, u?l Vi) gt = Guy, . In a similar way, we define Uf, g, and uflen corresponding
to fi.r, := (¥¢, f1,r,) instead of f. By |G| < CF, and (3.17), we get

”fl - flyRT, ”42 = HG(ufl - ufl,Rn)Hfz < C\%t ||uf1 — Uy, Ry Hfz
< CF,cq)lluy, — ufl,Rn ey < CFco) | = frr, Loz
(A.4) < C\I,th,t CfR <,

where R, was defined in (3.24). Now, we proceed in two steps. First, we consider

separately positive and negative levels. As a second step, we investigate the level
bounds —J; () and J;"(n). So, let flfn = fllAfn and f = flan|A;m with

(A5) AT, :=={A € T |0\, > 0,|A| > 0}, Ay, :={X € J: [O\NI,;| > 0, |A] <0}

Note that A} A7, are not finite. Since j\Af ={AeJ:|0\NL,| =0}UAT

1,m 1,m

[ ff,nlli = 61l p\ar, = fm,lar I,
= 2aea0anni=o [PAUA fUFF +Xsear DA f1 = fir,) [
= Yoseq Oanty =0 (D3N 1 = fLr,)* + 2aear, |(Dier, f1 — fi,m,)]?
<Y ones DAUN, f1 = fLr,)1? = L — fig, 17, <07

where we used the fact that (Di¢x, f1,r,) = 0 for [OxN1,| =0 and (A.4). We are
now going to consider the effect of restricting the level range, i.e., we estimate the
difference of f;" o B, = f1|v+ on one hand and f;_ oty =R, |v7 on the other
hand. As a preparatlon we consider the following straightforward estimate

(A.6) Cimi=#NeT: |\ =4|0\nI| >0} <2t'R, +2M,

i.e., all indices on a fixed level where corresponding wavelets intersect I,,.
Non-negative leves: Let j > 0. Then, we have for j > Ji"(n) that C;,, < 271 R, (1+
M(R,27)~') < 27*2R,. Thus, by (3.6) in conjunction with |D{| < d,27! for
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IA| >0 (cf. (3.18)) and the definition of J;" (1) in (3.25):
r+ + 12 — 2 _
1850 = Elalles = Wflag ot 1= Zins sy imanny 150 KPAYA F1)
= Zj>J1+(n) CJ}T] C’ivfl d% 2-2(3 0+

(A7) <4R,C3, &2 Y 27200407 < Dy R, 27 2HDIT () < 2,

3> ()
: : + J1+(77) < J+(77) < _7U+6+tt+%

For the cardinality, we have #V7, < ijo Cin S Ry20T S 7AGEH

Negative leves: Let j = |\| < 0. Since D} <1, it holds that (compare (3.18))

(A.8) [(DSex, f1,,)| < 2M210 L frry e < 2N 2100 o il

For j < —J7 (n), (A.6) yields C;,, < 29" R, +2M <1+ 2M. Thus, by (A.8)
11, — 1,117 = £, ar \wr 2 = X pa<—r oanz, >0 (DAY, f1,r,) 17

(A.9) <l AT, sy C—in 277 < D327 () <o,

by the definition of J; (1) in (3.25). Finally, since J; (1) < max{2, 371}|log, 7|
#Vi < T Cojy < SV QTR+ 2M) £ Ry 2MT7 () S0P

With (A.4), (A.7) and (A.9), we obtain the claim by ||fi — £ ¢, < [fi — f‘ffn —

ff,nHéz + ||f'f,',7 — ff,',7||g2 + ||f'n’ — f1,lle, < 37, and replacing 1 by n/3. O

Proof of Proposition 3.10. Let g} := g77|v1+m7 gl = §n|vin’ g, = gn|vfm and

g, == §77|V; First, we consider |A| > 0. We fix p > t+ d+ d* and define ¢ := t+d.
s

For computing g, » with [A| = ¢, we then take N,” ~ (Q(ﬁ(")_e)%} subintervals
with J;" (1) defined in (3.25). This yields by (3.32) (compare (A.7))

lgh — &1z, < Zﬁé”’ R, 2027201 ()=0) g=2(+p—d")t
S Ry 27200 Zﬁg’” 9-2p=d"=)l < R 9=2t+dI (1) < 2,

Since the cost for computing one entry E:A in g;‘]‘are of order O(Iile-K‘) with &
from (3.4), the overall cost for computing g, are of order O(#supp g,+) since

+ + S S + S
ZZ;(Y]) R’n 2@ h:pNZr ~ ]_z77 26];0(77) 22 2(J;r—f); _ Rn2;J1+(’r]) 25;0(77) 2@(1—5 ~ Rn 2‘]:]r

For negative levels, we can proceed in a similar way. Let p € N be arbitrary but
3+2p428

fixed and N be a constant multiple of M_ 2p8 w Then, by (3.32), it follows that

_2(+p) 3+2p+28 2

_ ~_ _ _ _ 1 3+2p+208
g, — &, lI7, S#supp g, - 2R, MIINF SpTugT s gt 5 =1

The bound for the number of quadrature operations, #V - (kpN) < pn7% X
_3+2p+28 _3+dptes .
n~2F = p-n 7 s in this case larger than #supp g, . However, for
3+4p+283 —
optimality, we only require that n~ 27 < n~1/% which is satisfied if we choose

p € N such that 2p(5 — 25) > (3 + 23) (remind that 5 > 25). O
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