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MAXWELL’S EQUATIONS WITH IMPEDANCE BOUNDARY
CONDITIONS: DISCONTINUOUS GALERKIN AND REDUCED
BASIS METHODS

KRISTIN KIRCHNER, KARSTEN URBAN, AND OLIVER ZEEB

ABSTRACT. We consider Maxwell’s equations with impedance boundary condi-
tions on a polyhedron with polyhedral holes. Well-posedness of the variational
formulation is proven and a discontinuous Galerkin (dG) approximation is in-
troduced. We prove well-posedness of the dG problem as well as a priori error
estimates.

Next, we use the frequency w as a parameter in a multi-query context. For
this purpose, we derive a Reduced Basis Method (RBM) based upon the dG
formulation as well as the corresponding a posteriori error bound. Numerical
results indicate the efficiency and the robustness of the scheme.

1. INTRODUCTION

This paper is concerned with the analysis and the efficient numerical solution of
the time-harmonic Maxwell’s equations on a simply-connected polyhedron which
may have polyhedral holes. These holes can be seen as rigid bodies of perfectly
conducting material, whereas on the exterior we impose an impedance boundary
condition.

We start by proving well-posedness of the variational formulation in Section
Although this a is more or less standard application of the Lax-Milgram theorem,
the verification of coercivity and boundedness at least under our (mild) assumptions
is not trivial and we were not able to find a proof in the literature. Hence, we detail
all arguments.

Next, in SectionBl we construct a discontinuous Galerkin (dG) numerical method
to obtain a discretization of the electric field density E. We detail well-posedness
(which is again not trivially seen) and the a priori convergence analysis. These
results are a generalization of [21]. Specifically, in §3Ilwe use an interior penalty dG
flux and derive a consistent discrete variational formulation in the non-conforming
space of piecewise affine functions. The corresponding sesquilinear form is shown
to be continuous and coercive w.r.t. an appropriate energy norm in §3.21 This
provides the foundation for our error analysis in §3.3] where we show convergence
at an optimal rate w.r.t. the energy norm.

Our main objective is to solve the time-harmonic Maxwell problem for several
different values of the frequency w. Hence, we obtain parameterized Maxwell’s
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equations, where we seek a numerical approximation for many values of the fre-

quency. For this kind of multi-query problems (i.e., solving the same problem for

many different values of the parameter), the Reduced Basis Method (RBM) has
become a well-accepted efficient numerical scheme, in particular for parameterized
partial differential equations (pde’s). Roughly speaking, the RBM is based upon

a separation into offline and online computations as well as the availability of a

detailed, but possibly costly numerical model, e.g., with a fine mesh size h and

a huge number A/ = A, of unknowns. Using this detailed model and an effi-

ciently computable error bound allows one to determine “bad” parameter values,

say wi,...,wn, N < N, in the offline phase by maximizing the error estimator

w.r.t. the parameter «fl. For these wi, the detailed solution &, := Ej(w;) is com-

puted in the offline phase and stored. Then, the set {&;,...,&y} is called reduced

basis, which is used in the online phase to compute an approximation E y(w) for

a new parameter value w # w;. The already mentioned a posteriori error bound

gives rise to a certified reduced numerical approximation.

There are several papers dealing with RBMs for different versions of Maxwell’s
equations, see [9] [T0, 14l [T5] 18] 19, 28], just to mention a few. However, to the
best of our knowledge, the case treated in this paper has not been considered so
far. For the following reasons we think that the presented framework is particularly
interesting:

e The domain €2, on which we consider the pde, is non-convex, so that the solution
cannot be expected to have maximal regularity and hence H!-conforming finite
elements may not be appropriate, whereas a dG approach seems adequate.

e Changing the frequency w, i.e., interpreting it as a parameter may also change
the mathematical properties of the pde. If “critical” parameter values are not
known a priori, RBM variants such as local RBM [23] or hp-RBM [12] [13] are at
least not straightforward to apply.

e In the literature, usually perfectly conducting material and corresponding bound-
ary conditions on all of 92 have been considered. Instead, we use impedance
boundary conditions on the outward part X of 0S2, see below.

Section M] contains construction and analysis of a RBM for the above Maxwell
setting. Finally, Section Bl is devoted to the presentation of our numerical results
that show efficiency and robustness of our approach.

2. MODEL PROBLEM

We consider an electromagnetic cavity problem on a bounded, simply-connected
Lipschitz polyhedron @ C R3 with M disjoint connected boundary parts I'y,...,
T'pr—1, ¥. Note that ¥ is the boundary of the only unbounded connected compo-
nent of the complement R3 \ Q — the “interface” to the exterior. At the interior
boundaries I'1,...,T'p—1 the domain 2 is assumed to be surrounded by perfectly
conducting material. At the exterior boundary ¥ the electromagnetic field satisfies
an impedance boundary condition. Following the approach presented, e.g., in [25]
we obtain the following boundary value problem for the case of a time-harmonic

8n the RBM literature, usually the letter p is used for denoting the parameter. Since we
consider the frequency w as the relevant parameter and here o denotes the magnetic permeability,
we use w to denote the parameter.
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FiGURE 1. Cross section of a possible 3d-domain €2

electromagnetic wave propagation (n being the outward normal)
(2.1a) V x (0 'V x E) — (w?e +iwo)E = iwy/eoJs  in Q,
(2.1b) nx E=0 onI'y,....Tp—1,

(2.1c)  (W'V x E) x n —iwM/eopy ' Er = g 'g on ¥.

As usual, o =47 - 1077 Hm ™! and g ~ 8.854 - 10712 Fm~! denote the magnetic
permeability and electric permittivity in vacuum, respectively. For a vector-valued
function w € H(curl, Q) := {v € L? (;C?) |V x v € L? (;C?)} the “tangential
components trace” ur on 9N is defined as ur = (n x ulspq) X n, cf. [1], [25
Theorem 3.31]. Finally, A > 0 is a constant parameter depending on the intensity
of the impedance. In addition, we make the following assumptions on the model.

Assumption 2.1. a) The magnetic permeability pu satisfies u=* € Wh(Q;R)
and there exist constants p_, puy > 0 such that

(2.2) 0 < p_ <essinf u(x) <esssup p(x) < py < +o0.
e zcQ

b) We assume e,0 € L (;R) and that Q is a conductor, i.e, there exist constants
E_,E4,0_,04L > 0 with

(2.3) 0<e_ <essinf e(x) <esssupe(x) < ey < 400,
el xrcQ

(2.4) 0<o_ <essinf o(x) <esssupo(x) < oy < +o00.
e xrcQ

¢) Ja € H(div,Q) := {u € L? (2 C?) |V -ue L*(Q;C)}.
d) g € L}(3;C3) = {v € L? (5;C3) [n-v =0 a.c. on T}.

Proceeding as in [25, Ch. 4], one can establish the following variational formula-
tion of (ZIa)-(2Id): Given w > 0, find E € X such that

(2.5) a.(E,v; w) = f(v; w) Yo € X,

with the trial and test space defined as

(26) X:={uc H(cur,Q)[n xu=0o0nTy,...,Tpy1; ur € L*(3;C?) on X},
the sesquilinear form

(2.7) ae(E,v;w) = (0 'V x E,V xv)g — w?(cE,v)q —iw(cE,v)q

— iCU/\ EOILL51<ET7 'UT>E;
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and the right-hand side

(2.8) f(v; w) == iwy/zo(Ja,v)a + 1y (g, v7)s,

where (-,-)q denotes the inner product on L? (€;C?), and for g € LF(3;C?) and
v € H(curl,Q), (-,-7)x is the dual pairing w.r.t. the pivot space L?(X;C3), i.e.,
(g,vr)y = ng -opdS. As shown in [25] Thm. 4.1], X is a Hilbert space with
inner product (u,v)x := (V x u,V X v)q + (u,v)q + (ur,vr)s, u,v € X, and
induced norm ||ul% == |V x u[|72q)s + |ullF2(qys + [ur]|72(s)s, w € X. The next
theorem states well-posedness of (2.5)).

Theorem 2.2 (Existence and uniqueness of E). Suppose Assumption [2]] is sat-
isfied. Then, there exists a unique solution E € X to [2.3) and a constant C > 0
depending on w, p, €, o, and X such that | E|x < C (|| JallL2() + |9llL2(s)3)-
Proof. The claim follows from a complex-valued version of the Lax-Milgram lemma,
(e.g. [25] Lem. 2.21]), since a. : X x X — C in (27) is continuous and coercive and
f:X — Cin (Z8) is bounded. In fact, fix w > 0 and let u, v € X, then

|ae(uw, v; w)| = |(u*1V xu,V Xv)g — w2(EU,U)Q —iw(ou,v)q

—iwAy/eopg Hur, vr)s|

< TV X ull 2 |V X vl r2g0ys + (wPeq +wos) [|ullp2ioys |0l r2)

+why/eopy ! lurl L2y vrl 2

< max{ujl, (wPet +woy),wA solugl} lu|lx vl x-
This shows continuity. To prove coercivity we have:
lae (u, u; w)| = ](u—lv xu, V X w)g — w?(ew, w)o — iw(ow, u)g
— WA 50#51<UT, uT>g’

= l((ulv xu,V Xu)g— W2(5Uau)ﬂ)2

2
T <w(au, u)g + w)\\/aouol|uT|%2(z)3> ]

> [(u’lv xu, V x u)g — 2w (" 'V x u, V x u)g(eu, u)q

1/2

/
ot eu, wh + w? (0w, wh + w N2z ur[fasy]
Young’s inequality gives for § € (0,1)
e @) = [(1= )01V x 0, ¥ x wih + (1 67w eu,w}

_ /
+w2(0'u,u>?l +W2A250/L01||UTH%2(2)3j| .
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The fact that va+b > —= (\/——|— Vb) for a,b > 0, together with (Z2), @3) and
(Z7) in Assumption 2] leads to

1
lae(u, u; w)| > 7 {(1 — (' xu, Vxug+ (1-6") w(eu, u)g
D g
—— ||U 2(3)3
V2o )

1/2
(w O' (5 1_ )w45‘3_) ||U||%2(Q)'§:|

1/2
—i—w%ou,u)%} +
> i {1 1)
\/_

WA/
+ \/2L?||UT||2L2(2)3-

w2ai+ai/2

Choose 1 > 6 > 2>Oeg5

w 52 402 281-{-03 ’
1 o2 4 wio?e? +wiot 3
|ae(uw, w; w)| > 7 b(w%i o2 [V x UHL?(Q)S‘FWHUHL? 52)3}

OMNET,
+ \/% HUTHLQ(E)?’

1
o2

1 2 9
2 <2(w262 + o) i > IV uHLz(Q)3

1
1 (whr?el +w?ot\? 5 wA/Zo 9
T3 <2‘“5+—+U—> ullZ20)s + TH“T”B@)S
o_ 1 [wio? 52 + w?ot 3 wA\/€o 9
llullx

2044 /2(w?e? + 02,)7 2 2w} +02 " V20

For the right-hand side, standard arguments yield for all v € X the estimate
|f(v; w)| < (wy/Eoll a2 + 1o 9]l L2(s)) [|v]| x, Which proves the claim. O

>

> min

3. DISCONTINOUS GALERKIN APPROXIMATION

In this section we introduce a discontinuous Galerkin (dG) formulation of the
impedance boundary value problem (ZIa)—(2.Id) in order to approximate the solu-
tion to ([Z8]). For this purpose, we adapt an interior penalty numerical flux in [21]
(there for the special case of a perfectly conducting boundary, n x E = 0 on all of
09, and constant material parameters p = o, € = ¢ and o = 0).

3.1. Interior penalty dG formulation. The derivation of the dG formulation
follows the ideas of [4], where a general dG approach for elliptic problems using
different numerical fluxes is described. Instead of the Laplace operator we have to
investigate the curl-curl operator.

First, we introduce the auxiliary function q € L?(£2; C?) satisfying ug =V x E
a.e. in {2, so that instead of (ZIa)-(2Id) we can consider the first-order system

(3.1a) V x q — (W +iwo)E = iw\/e0J, in €,
(3.1b) ug=VxE in Q,

(3.1c) nxE=0 onT'q,....Tpm_1,
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(3.1d) g xn—iw\/eopg "Er = 1y 'g on X.

We will follow the standard discontinuous Galerkin approach now:

1. Partition of the polyhedron €2 into a finite set of elements.

2. Multiply @BIa) and (3.1D) with test functions, integrate over Q and use integra-
tion by parts on each element.

3. In the integrals over the elemental boundaries replace g and E by their numerical
fluxes g} and Ej,.

4. Again, integrate (B.1D) by parts on each element.

For this purpose, let 7}, be a shape-regular mesh of tetrahedra covering the polyhe-
dral domain Q. For each element T € T;, we define hr as the diameter of the smallest
sphere containing T', and for 7;, we define the mesh size as h := maxreT;, hr.

Furthermore, let F}, denote the set of all faces in Ty, }',{ the set of all interior faces,

Fl:=F,nQ, and FP :=7F, NN

the set of all faces in the mesh on the boundary 0. We partition 2 in accordance
to the two different boundary conditions ([3.Id) and (3.1d),

]:}E‘::]:hm(rlu...UFM_l), -7:}%::]:}7,ﬁE

The size of each face F' € Fj, is measured by the diameter hr of the smallest
circle containing F'. In this context, we additionally define the function h by

(3.2) h: J F=Reo,  h(@):= Y hrxe(z)
FeFy FeFn

For the dG formulation we will need the following definitions of the tangential jump
and average across an interface F' € F, between two tetrahedra T* # TF, which
are well-defined for functions w € {f € L*(Q;C3)| f|r € C°(T;C3) VT € T},

[u] npe X u|pe +npr X ulpr on F € Ff, F C aTE N oTE,

u] :=
nxu onFEf,?,

3 (ulpe + ul7r) on F € Fl, FCoTtnaTk,

u onFE]—“,?.

flul = {

Here, nyr denotes the outward normal of the tetrahedron TY, nyr the one of T%.
In this context, we recall the so-called “dG magic formula”, cf. 20, eq. (3.1)],
(3.3)

S e xwv)or = 3 ([l fohr — 3 Qullole + 3 (nx wo)e

TETh FeF} FeF} FeFp

for w, v € {f € L*(Q;C?) | f|lr € C°(T,C3) VT € Tp} and abbreviate:

<'7'>]:h = Z <'7'>F7 <'7'>]-',}f = Z <'7'>F7 <'7'>]-',{ = Z <'7'>F7

FeFy FeFp FeF]

<'7'>]-‘,>f = Z <'7'>F7 <7>F}: = Z <'7'>F7 <'7'>]-‘,{UF = Z <'7'>F'

FeFy? FeFy FeFlur]
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Following the steps mentioned above, we multiply ([BIa]) with the complex conjugate
of a test function vy in the finite dimensional space

(3.4) Vi == {ap € L*(C?) | ¢|r € PH(T;C)° VT € T},

where PL(T;C) denotes the space of affine-linear complex-valued functions on 7.
Assuming that q;, and E}, are also in V},, integrating over € leads to

(35) (Vh X qh,vh)g — w2(5Eh, 'Uh)Q — iw(aEh, 'Uh)Q = iw\/%(Ja, 'Uh)g.

Here, V), x denotes the elementwise curl operator, i.e., (Vi Xqy, vn)a = > rer, (VX
gy, V)1, which is well-defined for functions in V. By using integration by parts
on each element 1" € Ty, substituting g; with its numerical flux g} in the integrals
over the elemental boundaries and applying the dG formula (33]), we obtain

(Vi x qpvn)a= > (Vxaquon)r =Y [(qyV xop)r + (nr x q,, vh)or]

TETh T€eTh
= (@, Vi x vi)o + Y (nr X @, vn)or
T€ETh
(36) = (g, Vi x vn)at+ Y _[[ai], {on) p—(Eai} [onl)r] + > (n x @, on) e
FeF} FeFp

Now we adopt a similar procedure to the second equation (B.IB). Therefore, let
¢, € {f € L*(C%) | flr € COT;C¥) N HY(T,C?) VT € T }. Then,

(1qp; dp)a = (Vi X En, ¢p)a = Z (V x Ep, ¢p)7
TETh

= > [(Bn,V x ¢,)1 + (nr x En, ¢y,)or]
TeTh

= > (Bn,V x ¢,)1 + (nr x B}y, ¢y,)or]
TETh

=Y (VX En, )1 + (nr x (Ej, — E), ¢p,)o1]
TETh

= (Vax En,¢p)a+ Y (B, — Exl, {0 })r — ({E;, — Ex}, [64])F]

FeF}

(3.7) + > (nx(E; —En),¢,)r.

FeFP

The Sobolev embedding =1 € W1 (Q;R) — C%1(Q;R) € C°(Q;R), cf. [1, Lem.
4.28], shows that p=t4, € C°(T;C3?) N H'(T;C3) for each element T € T}, and
every function 1, € Vj. Hence, the following expressions are all well-defined,

(an, ¥n)e = (1gp, v~ Py)0
= (Va X En,n” " p)o+ Y ([, — Enl. v "o })r

FeF}

= D> B, B e+ Y (nx (Bj = En), i ) r,

FeF! Fery
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where we used ). Inserting this into (B0) and the result into (B3] yields

iw/Eo(Ja,vn)a = (uflvh X Ep, Vi X vp)a — WQ(EEh,'Uh>Q —iw(cERr,vp)a
+([E}, = En], 'V x vl 71 — (LB, — End [0 Ve x va]) 21
+(nx (B} — Ep), ="' Vi X vp) £p

(3.8) + ([ar], fvn )7 — Han}, [vnl) 71 — (@f.m X vi) £
As fluxes Ej and qj, we choose interior penalty fluxes similar to the ones in [21]:
E F e Fl,
B e Ee R g, B - rh [BA]l on Fe
Eh = O OnFE.Fh, qh = -1 —1 T
p Vi x Ep —7Thp (nx Ey) on F e F,,

E, onFeFr,
where 7 > 0 is a constant penalty parameter. From the tangential component of

the flux gj on X we require n x gj, := —,ualg — iw)\\/aoual(Eh)T. Inserting these
fluxes into (B8], using the definition (28] of f and observing that [{u}] = 0,
[[u]] =0, {{u}} = {u}}, {[u]} = [u], leads to the following equation

f('vh; w) = (u_lvh X Eh, Vh X 'Uh)Q — w2(EEh,’l}h)Q — iw(aEh,vh)Q
—([BR], A Vi x o) pror — (™ Vi x B}, [on]) Fror

+ (a7 [En], [on]) zror — iwAy/eoug {(Bn)r, (vi)1)s

(3.9) =: ap(Ep,vp; w,T).
Then for given w, 7 > 0 the discrete problem reads: Find E}, € V}, such that
(3.10) an(Ep, vp; w,m) = f(op; w) Yy, € Vi

Remark 3.1. Since Vi, ¢ H(curl, Q) and since we use a sesquilinear form ap
different from a. in 27, existence and uniqueness of a solution Ep, to BI0) are
not obvious. We will return to this later on.

Theorem 3.2 (Consistency). The formulation B.I0Q) is consistent, i.e., if E is the
analytical solution to (ZIa)—-2Id), then E also satisfies ap(E,vp; w,7) = f(vp; w)
for all vy, € V.

Proof. The proof follows the standard method to show consistency of discrete dG
variational formulations that is mentioned, e.g., in [30] for other fluxes. Since,
however, we were not able to find a proof in the literature for the fluxes chosen
above, we state it here completely.

If E is a solution of (2.Ia)-(2Id), then the following tangential jumps vanish,
[n= 'V x E]=0onF/, [E] =0on F UF}, since E and u~'V x E are functions
in H(curl, Q) and n x E=0o0nT4,...,I"y—1. This fact together with the identity

(;J,_lv x B,V x ’Uh)Q = (V X (M_lv X E),’Uh)ﬂ - <[[:U'_1v X Eﬂv {{vh}}>]-‘,{
{1 x B o) s — (n x (1Y % ), v4) 5
leads to the desired consistency: =9
an(E,vp; w,m) = (VX (p7'V x E),vp)o — ([0 'V x E], {vn}}) 71

+{r 'V x B} [onl) 5 — (nx (u 'V X E),vn)r — (0 x (u7'V X E),vp) 75

— (WP +iwo)E,vy)q — iwly/copg {ET, (vi)r)s — ({u™ 'V x E}, [va]) Fror
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— ([B], {1 Vi x v }) zpor + (th ™ [E], [on]) zor
=0 =0
= (Vx (u 'V x E) = (w’e +iwo)E,vp)a — (n x (17 'V x E), (vp)71)s

—iwhy/eopg (B, (vn)T)x
= iw\/E0(Ja,vn)a + tig g, (vi)1)s = flvn; w)
for all v), € V3, since (n x (u=1V x E),vn)rz = (n x (W 'V x E), (vp)7r)s. O
3.2. Continuity and coercivity. The next step is to show coercivity of aj on Vj,
and boundedness of an extension aj to a vector space containing both, V;, and X,

with respect to an energy norm on this space. Later on, these results will be the
basis for an a priori error analysis. First, let us define the space V}, that relates the

spaces Vj, in (84) and X in ([26):
\7h =W+ X= {UGLQ(Q;CB)‘EIwh €V, EIueX:v:wh—l—u}.
Note that the sum of the two vector spaces V3, and X is not direct since {0} # V,NX.
On V}, we introduce the following dG-norm:
_1

(3.11)  [vlpa = llvlZ2ips + IVh X w2 + lvrll72m)s + D72 [0]]%0r
for all v € Vj,, where h is the function which has been defined in (Z2) and
(3.12) lw]%ror = > wliapys we L (FLUFL;CY).

FeFiur)
The following inverse inequality will be essential for the analysis of the dG scheme.

Lemma 3.3 (Inverse inequality). There exists a constant Ciny > 0, independent of
the mesh size h, such that for every vy € Vj,

(3.13) hr lonllagorys < Cin lonl2egrys VT € T

Proof. According to [31, Theorem 4] with polynomial degree p = 1, for v, € V},
and T' € Ty, it holds [[v|[Z2gpys < 8 M‘mgﬂ [0n]|72(pys- This implies (313)

— 3 volume(T
since on shape-regular meshes, there exists a constant C' > 0, independent of the

element T', such that % < Ch;l for all T € Tp,. O
Lemma 3.4. For every vy, € V}, it holds
1
(3.14) B= fvr}IFror < Ciuw lonl720),
with || - || pror as in BI2) and the constant Ciny in BI3) of LemmalZ3

Proof. Let vy € Vj. Then we can estimate as follows

1 hF 2
Hh2{{vh}}||_27:}€ur = Z T||Uh|TL + 'Uh|TR||L2(F)3 + Z hFthH%2(F)3
FeF! FeFy

1 2
<3 > he (lvalrellzagrye + lvalerllizeye)” + Y hellvaliays
FeF] FeFy

1
5 S nr (londeel3ages + lonlraliagens ) + 32 helonl3amy:
FeF}l FeFy

IN
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1
< B Z (hTLthlTLH%?(F)?’ +hTR||'Uh|TRH%2(F)3> + Z hF||”h||%2(F)3
FeF] FeFy
<Y bl gy = 3 hrlonlelZory < Cin 3 lonlr sy
TEThH ?Eg% TEThH TEThH
€

where we used the inverse inequality (B.I3)) in the last step. This proves the lemma
since the last term equals Ci,y th”%z(ﬂ)?" O

In order to extend ay, to IN/h X 17;“ we need the following definition, [27] Sect. 3.5].

Definition 3.5. Let Assumption [21] a) on p be satisfied. For u € Vi, we define
the lifting operator £,(u) € V;, via

(3.15) (Lu(w), p~ on)o = ([u], {p ' on}) ror - You € Vi,

Remark 3.6. Foru € Vj, existence and uniqueness of L,,(u) € V3, satisfying (315
follow from the complez-valued Riesz representation theorem, cf. [24 Thm. 2.30]:
For p as in Assumption[21] a) the form (-, u~')q = (u™1,)q is an inner product
on L2 C3). Vi, C L2(Q;C3) is a closed subspace and for every u € Vi, the
mapping 4 (vy) = (Lu~tvy}, [ul) z1or, va € Vi, is a bounded linear functional
on Vi,: Indeed, inequality BI4) from above yields

1 _ _1 — 1
[0 (vn)| < [0 ™ on Bl gror 072 [u] | mror < p=t 02 fon B zror ulloe

< (12! V/Ciny l1lloe ) lonll2goye-

Now we introduce the extended form ap,(-, -; w,7) : Vi x Vi, — C for w, >0 as
an(u,v; w,7) = (1 'V x u, Vi X v)g — w?(cu,v)q — iw(ou,v)q
— (Lu(w), ™ Vh X v)g = (07 Vi X u, L, (v))

(3.16) + (th™u], [v]) Fror —iwA cottp Hur, vr)s.
Remark 3.7. Note that on Vi, x V}, the sesquilinear form ap(-,-; w,7) in BI0)
equals ap (-, w, ) in B9).
Theorem 3.8 (Continuity). Let Assumption[21] be satisfied. Then for all w, 7 > 0
there is a constant v = v(u,&,0, \,w, 7) > 0 with |[ap(uw, v; w, 7)| <7 ||ullpal|vlpe
for all u,v € Vi, i.e., ap is bounded on Vi x Vi, w.r.t. the dG-norm in B.I1).

!_orthogonal L2-projection onto V},.

Definition 3.9. Let Assumption[21] a) on u be satisfied. For uw € L*(Q;C3) the
projection I1,u € V}, is defined as the following Riesz representative:

To prove Theorem [3.8 we will need the p~

(3.17) (' u,vp)0 = (0w, vp)a Yo, € V.
Note that II,, satisfies the stability estimate

(3.18) HMMWWS%WWMW Yu € L2(Q; C?),

since it is readily seen that MIIHHHUH%Q(Q)S < (p'Lu, du)g = (ptu, )

< uZ ull o) 1T 2 ga)s.
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Proof of Theorem[Z8. Fix w, 7 > 0 and let u, v € Vj,. The properties Z2), 23),
(24) of p, € and o lead to

|an(u,v; w, 7)| = }(uflvh x u, Vi X v)g — w?(eu,v)q — iw(ou,v)q
— (Lu(u), 1™ Vi xv)a = (1 Vi X u, L,(v))a
+ (b u, [o]) o — i) 50u51<uT,vT>E]

< pZMIVe X w2z Ve X vllrz@)e + (wPer + woy) [Jull 2y vl L2y

e L (@) 23 Vi X ll 2@ + Vi x w2 17 Lu(0) |22 )
_1 1 —
+ 7|72 ]| gror [0 2 [o] | mror + wXy/eong t lurllc2ms [vr L2 (s)s
< (M:l + w26+ +woy + 2,U'+/L:2V Cinv + 7+ W/\\/Eoﬂal) ||’LL||DG ||'U||DG

because we can estimate as follows (since £,(u) € Vj, and I, w € V4,)

-1c L 171
||,u71£,u(u)||L2(Q)3 _ sup (:u #(u)a w)Q _ sup ( #(u)v I #w)Q
wer2@p w2 weL?(Q)? w202
([w], {p 'w}) Fror 1 ||h%u_1{{Huw}}||ngF
= sup — < b2 [u]f Fror  sup -
weL?(Q)? |w22(a)2 M weL?(Q)? |w22(a)2

B I, wl p2(0)s -
< p='V/Ciny [upa  sup I w20y < i~/ Gl |ul G-

weL2(0)3 ||w||L2(Q)3

In this calculation we used the definitions (8.15) and ([B.I7) of the operators £, and
I1,, as well as the estimates (B.14) and (3.I8). This proves the assertion. O

Theorem 3.10 (Coercivity). Let Assumption[21] be satisfied. Then there exists a
penalty parameter 7 > 0 such that for all T > 7%, and w > 0 there is a constant
a=a(p,e,0,\w,7) >0 with |an(vy, vh; w,T)| > allvpl|pg for all v, € V.

Proof. Fix w > 0 and let vy, € Vj. Then,
‘ah(vh,vh; w,T)‘ = ‘(,U,_lvh X Up, Vh X ’l}h)Q — w2(svh, 'Uh)Q — iw(avh,vh)g
—([onl, Vi < v ) ror = ({u™ Vi x vp ), [oa]) gror
+ (b [wn], [va]) gror — iwdy/eoug (W) 7] Z2(sys -
First, we use the inverse triangle inequality and Hoélder’s inequality to obtain
}ah(vh,vh; w,T)} Z }(,u,ilvh X Vp, Vh X ’l}h)Q — wQ(Evh, 'Uh)Q
_1 . . _
+ 71072 [on] |5 ror — iw(own, va)a — iwAy/eoug ' |(0n)7 (1725 ]
1 1
= 2|[a7 2 [wp] || Fror 02 g VA X v | Fror.
The definition of the absolute value of complex numbers yields

2
= ([(M_lvh X vp, Vi, X vp)a — w2(£vh, vp)a + T||h_% [['Uhﬂ”?:}{ur}

+ [w(avh,vh)g + 2w A\ eoptg t (gvn, va)a [|(va) 7|72 (s)s
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2
+ wweouo1||<vh>T||i2<z>sD — 2072 [vn]|| Fror |02 V0 X vn | por.

Now we use property ([22) of p
2
_ _1
> ([0 % 0 W x v + 7l ol

_ _1
— 2w (evp, vp)a | (W Vh X v, Vi X vp)0 + T|[h72 [['UhﬂH?:’{uF}

Nl=

+ om0 + v, on)h + o (o0l
_ _ 1 1
— 2 ol o 0V x o o

as well as oz +y > %(\/E + /) for 2, y > 0 and we apply Young’s inequality
twice, for a € (0,1), 6 >0

1 _ _1 2
> 5 (1) [0 x o, Vi x oo + 7l ol e

—1 4 2 2 2 % WA Eo‘uo_l 2
— (a — 1) w*(evp, vp)g + W (ovn, vh)g + T ||(vh)T||L2(Z)3
— 6 2 [on] o — 302 (B2 g VA X v R Fror

We note that (a=* — 1) > 0 for a € (0,1) and use the properties 2.3) and Z4) of
¢ and o in Assumption 2] as well as the inverse inequality (B.14):

1 2
> = ((1 — ) [V v, Vi xonda + 7l ol 2

1
_ 2 wA/E
2( 2 1) w22 4
tw (U— ((Z )w E+) ||vh||L2(Q)3 + \/m ”(vh)

L [[UhﬂHzf,guF — 0Ciny 2|V X W12 (00

2
Gl FR1E

Once again /z + y > %(ﬁ—i— V) together with the boundedness [22) of y gives

1 _ _1
> 3 (VIZa [13 195 x onlacap + 7l Ionl e

1 WA/E
+w(o? — (a7t —1)wiel) ||vh||%z<ms) + Jg o) rl12 s

_ 1 —
-6 1||h 2 [[vhﬂ"g-"{UF - 5Cinvﬂf2||vh X vh”%z(g)s

1—a _
~ 19 x onlsay (G2 = 6Cimic”?

244
1
2 -1 2.2\3
9 w (0_ - (a - 1) w 5+) 9 wWA/Eo
+ ||vh||L2(Q)3 2 + ||(vh)T||L2(Z)3 \/m

_1 T™V1—a _
+ |[h™2 [[vhﬂH;-’{up (T -4 1) )
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0_2

el w?eld +— .
We may choose 1 > a > T o7 €84 0= s and obtain
+To- +To-
1
1 o2 2
=||Vp % 2oy | =— ( =—5——=] — 0Ciu?
H h 'UhHL2(Q)'3 <2/14+ (2((}.}251 +0,2)) H_ )
1
2 3
w o wWAV/E0
+ |lvn|)? —(02—7w252> + ||(vn) |2 —
lonlim 5 (72 = gz raz’ed) + lenrla =75
2 3
T o
! 2 (9= ) _s1
I Tonllzer (2 (2(w2€3_+02_)) )
o= - 5Cinv,u:2

= [V x vn 72
204y /2(w?ed +02)
1

2.2 2 4\ 3

w [weio? +o* wWA\/€o
+ Jlonl? = (7+ ) + [[(vn)7ll7 Vornd
H HLQ(Q)S 9 2w26?’_+0_z H( ) ||L2(2)3 2/140

TO_
+ Hh_l[[vh]]H?r;uF -6
24/2(w?e? +02)
Choose 0 < § < b0 §= o ield
oose Cimetis /227 707) T AChmupis /22 102) yields

o_

= IV x vn[F2(q)
Ay y/2(w?ed +02)
1

wlelo? +ol\? )]s wAvEo
2w?e? + o2 RSNy

ro 4C v o /2((,0263_ +0?)

w
+ ol & (

+ [0 on] 1 Fror 5
" 24/2(w?e? +02) H=—O—
2,/2(w2e? +02) 4Ciny 2(w?e2 +02
Now set 7% := (w:+ £ - 12 ((:i cytor) and choose the penalty parameter
2 2((«0252 +0'2,) 4Cinvﬂ+ 2(W252 +(72,) A/E
T> T, eg, T =" . + +w\/§ . Then,

> min

1
o_ w (oﬂsiaZ + 04) 2w/ onl2
Y o ) Vhp DG»
A, /72(&)253 +o2) 2 2w2e? + o2 V240
and everything is proven. (I

Corollary 3.11 (Existence and uniqueness of Ej). Let Assumption[2]] be satisfied.

Then for every frequency w > 0, and T > 7* there exists a unique function Ej € V},

solving BIQ), i.e., an(En,vp; w,T) = f(vp; w) for all vy, € V.

Proof. Since V}, is finite dimensional, it is a Hilbert space w.r.t. the inner product
(wh, vR)DG = (Un, Va)a + (Vi X up, Vi X vp)a

+ ((un)r, (vn)r)s + (07 [un], [oal) zror,  un,vn € Vi
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Due to Theorem B8 and Theorem B0, the form ap(-,; w,7) is bounded and co-

ercive w.r.t. the induced norm | - [[pe = +/(-,-)pc in BII) for any w > 0, and
7 > 7" so that by Lax-Milgram there exists a unique function E; € V}, satisfying

EI0). O

3.3. Error in the energy norm. For the error analysis we will need some prop-
erties of the projection II,, which has been introduced in Definition In order to
derive them we introduce the L?-orthogonal projection II;, onto the space V},. For
w € L2(Q;C3) the projection II,w € Vj, satisfies

(3.19) (th,vh)g = (w,vh)g Yo, € Vj,.

Lemma 3.12. For a node a in the mesh Ty, define Aq as the set of all tetrahedra
sharing this vertex. Then there exists a constant C' > 0, independent of T and hr,
such that for any v € L*(Q;C3) with v|a, € H'(Aa;C?), t € (3,1], any T € Ty,
and any vertex a of T the projection 11, in (BI9) satisfies

(320) ||’U - Hhv”%Q(T)S + hTH’U - Hth%z(@T)s < Ch?”””%{'(Aa)?’

Proof. In two dimensions, this theorem follows from the properties of the interpo-
lation operator in [I1, Thm. 1] or [5, Thm. 2.1 and Rem. 4]. As mentioned in [17]
Sect. A.3], the proof can be directly adopted to the case of higher dimensions. O

The estimate ([3.20) for the L2-orthogonal projection I, on Vj, provides us now
also with an error bound for the y~!-orthogonal projection II,, in Definition

Lemma 3.13. There exists a constant C = C(u) > 0, independent of T and hr,
such that for any v € L*(Q;C3) with v|a, € H'(Aa;C?), t € (3,1], any T € Ty,
and any vertex a of T' the projection IL, in BIT) satisfies

(3.21) [ = T F2pys + hrllv = ol 72 orys < ChE 0] 3 A, -
Proof. Let T € Ty, a be a vertex of T and v € H'(Aq; C?) for some ¢ € (1].
.U-T-l [Hpov — H#”H%?(TP < (0 My — ), o — )7
= (', v — II,v)r — (v, Mo — II,v)r
= (' (yw — ), M — T,w) 7 < pZH [T — v L2 rys [T — 0| L2 (1)
and, therefore,

(322) ||Hhv - H#UHLz(T)s

IN

it [Tpv — v|[r2(1ys, as well as
L

v —=Iuwllr2(rye < [lv —TIhv|L2(r)s + [[Hav = ol 27

< <1 + Z—+) ||’U — Hh'v||L2(T)3 < (1 + Z—Jr) Oh%ﬂ ||'U||Ht(Aa)3

for any corner a of T € T, by Lemma 312 For the L?-norm on 0T we may use
the inverse inequality (B13), (320) for 1T, and (322). Thus,

2
hrllv — Hu””%%a:r)ﬁ <hr (||” - Hhv||L2(6T)3 + [[Tlpv — HuvHL?(c’)T)?’)
S 2hT||’U — Hhv||%2(6T)3 + 2hT||Hh’U — H#’U||%2(6T)3
< 2hr|v = || 72578 + 2Cin [[Thv — T,0[ 270

2
I
< 2hr[lv — 1w 72(o7ys + 2Ciny u_; v = 0| 727y
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< C (hrllo = ol Fagorys + 10 = Tol3a(rys ) < CRE I a s,
so that the lemma is proven. (I

For w, 7 > 0 we define the residual for v, € Vj by
'f'h('l)h; qu) = ah(E,'Uh; w77—) - f(vh; W) = ah(E - Ehuvh; qu)u

where E denotes the exact solution of (2Z1a)—-(2Id) and E}, the dG approximation
as a solution of ([B.I0). We are able to estimate the absolute value of the residual
rp, as follows.

Proposition 3.14. Let Assumption [2.]] be satisfied, and E be the unique ezact
solution to ZIal)-@ZId) for a frequency w > 0 with V x E € H'(Q;C3) for some
te (%, 1}. Then, for T > 0, the residual can be expressed as

(3:23)  ru(vn; w,T) = ({u (VX E =1LV x E))}, [oal) zror Yo € Vi,
In addition, the following estimate holds

75 (vn; w, T)| < ChY||vn|pe||V x E|giyp  Yon € V.
Proof. In order to derive representation (3:23)), let w, 7 > 0, and vy, € Vj,.
rh(vn; w, 7) = an(E,vp; w, 7) — f(vn; w)

= (u 'V x E, V), x vp)a — w(cE,vp)q — iw(cE,v;)0

— (;flV X E, E#(’Uh))g — WA EOILL51<ET, ('Uh)T>E
— (Lu(E), i Vi x vp)a + (th ™ [E], [vp]) zror — flon; w).

The first two expressions in the last line vanish since [E] = 0 on F/“T and, hence,
L, (E) = 0. Applying integration by parts for the integral (u='V x E,V X vp)r
on every element 7' € T;, and afterwards the dG formula [B.3)) yields

=(Vx (p 'V x E),vp)a — (W +iwo)E,vp)a — (0 L(V x E), L,(vr))a

= Y (np x (W'Y x E),vp)or — iwhy/copg (B, (vi)1)s — 115 (g, (vn)1)s
TETh

— iw\/%(Ja,vh)Q
= [V x E], {or )z + {n 'V x B, [orl)r + (0'V % Eynox o) zr
—(nx (W'V x E),vp)rz — ({n (VY x E)}, [on]) sror — g (g, (vn)1)s

—iwA\/eopg (BT, (vi)1)s
=({(u 'V X E - p 'LV x E)}, [oa]) gror — (nx (W™'V x E)
+ i ooy By + g, (01)n)s = ({57 (Y x B~ TL(V x BN}, [on])raor,

since [u~'Vx E] =0 on Fjl, (nx (u™ 'V x E),vp) 55 = (nx (1~ 'V x E), (va)r)s
and E satisfies (2.Id). Using this representation, we can estimate as follows

rn(vn; w,7)| = | (V x E=TL(V x E)}, [v]) 71|
< b [on]l| o 0% 07 Y X B~ T, (V x B) | por
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< pZ|vnllpe ( Y hrllfV x B~ T1,(V x E)}}|%2(F)s>

FeFy,

2
< C||vn|pa < > ||V x E—11,(V x E)||2L2(8T)3>
TETh

< Ol |vnllpcllV % Bl (0)s,
where we used estimate (3.21)) for II,, in the last step. O

Next, we refer to an error estimate for the Nédélec interpolant with respect to
the || - || x-norm for the case p = 1, i.e., for piecewise affine functions.

Lemma 3.15 (Nédélec interpolant). Let v € H'(Q;C3) with V x v € H!(Q;C3)
and vy € Hﬁ(Z)?’ N H(curly, ) for some t € (3,1], where

Hi(3)* = {w € LI(%5C%) | 3¢ € HHH(95C%)  w = 7r(€) = (n x €]) x n |

and H(curlg, ) == {w € L}(3;C3) | Vg x w € L*(3;C) }, where Vs X denotes the
surface curl operator on the surface 3, cf. [7, Prop. 3.6]. Then there exists a function
Iyv € Wi, N X, where Wy, := {v € H(curl, Q) |v|p € RY(T) VT € Tp} C Vi and
R(T):={v:T—-C3¥3a,beC®:v(x)=a+bxx VaecT} satisfying
1
1
v = Tyvllx = [l[o = Txol w0y + |0 = Do)z Fae)]

< O [I[ollmecap + IV % vl + ozl + Vs x @)l

where [[w]| sy = ifyei g g0 { 1€ et s [ 77(6) = ]
Proof. See [16, Lem. 5.2] and [8 Lem. 15]. O

Proposition 3.16 (Partition of the error). Let Assumption[21] be satisfied, and E

solve (Z1a)—(ZId) for w > 0. If E}, is the dG approzimation in BIQ) for 7 > 7%,
then there exists a constant C > 0, independent of h, such that

wh -
inf |E —wvpllpg+  sup Irn(ewn; w, 7)) h’w’T”].
vREVR

|E - Ep|pc <C
whevi\{0}  lwnlpe

Proof. Let vy, € Vy. Then, ||E — Ey|lpe < || E —vh|lpc + |[vn — Enrllpc, and using
coercivity and continuity of aj and ay,, respectively,

allvi — Eplpe < lan(vn — En, v, — Ep; w,7)| = |an (v — Ep, v — Ep; w, 7))
<lan(vy — E,vp — Ep; w,7)| + [an(E — Ep, v, — Ep; w,7)|
<~vl||lvn — E|pc||lvn — Erllpc + |rh(vh — Ep; w, 7)|,

which implies

lon — Enllpe < C [”vh B o o = B w,r)|]

|vi — Enllpc
ThlWhr: W, T
<C [th — E|lpg + sup 7| n(wn; w, )l]
whreVy  ||whllpa

The assertion follows now by taking the infimum over vy in V. ([



MAXWELL’S EQUATIONS WITH IMPEDANCE BOUNDARY CONDITIONS 17

Theorem 3.17 (Error in the energy norm). Let Assumption [Z1] be satisfied and
assume that the solution E of [2J1a)-@2Id) for w > 0 satisfies E € H'(; C3?) with
V x E € H'(QC?) and Er € H{(X)* N H(curly, X) on 3 for some t € (3,1]. Let
E,;, € V), be the corresponding dG approzimation solving BIQ) for T > 7*. Then
there exists a constant, independent of h, such that

|E = Evlloe < O || Ellaeayp + IV % Bl

(3.24) + 1Bzl sy + V5 % (Br)lr2s) -
Proof. This result follows from Proposition[B.14] Lemma [3.75 and Proposition[3.10)

||E—Eh||DGsc[ inf [|E—onfpc+ sup M}
vREV, wpreV), ||wh||DG

<’ [ inf ||E —wv|pc + ht |V x E|Ht(Q)3:|
vREV,
<C [HE — HNEHDG + At HV X EHHt(Q)S}
< C[IIE| ey + IV % Bllar iy + | Erlla s + Vs x (Br)las)|.

which proves the theorem. O

4. REDUCED BASis METHOD

The aim of this section is to present an approach which allows to investigate elec-
tromagnetic wave propagation by computing reliable approximations of the electric
field density E as a solution to the model problem presented in Section [2] for many
different values of the frequency w — a so-called multi-query problem — in a reason-
able time.

Our starting point hereby is the dG formulation (BI0). In the context of the
Reduced Basis Method (RBM) the detailed, i.e., high dimensional approximation
E}, to the exact solution E of (23] is called truth approzimation. The key to set up
the formulation for a lower dimensional reduced basis approximation is the idea that
the sets of all possible truth approximations M := { E}(w) solves (B10) |w € D}
lie on a low-dimensional manifold in V},, [29]. Instead of computing the —expensive—
truth approximations E),(w) for all frequencies w in a given parameter domain D,
the RBM amounts to finding a suitable approximation space Xy C Vj, of MN
with lower dimension N := dim(Xy) < dim(V},) =: N' = N}, and then computing
—cheap— approximations En(w) € Xx. This is done using snapshots, i.e., truth
approximations for N different values of the parameter, cf. [29],

Xy :=span{Ej(w) solves BI0) |w € Sy}, Sy :={wi,...,wn} CD.
Afterwards one computes the Galerkin approximation in X, i.e.E
ap(En(w),vn; w) = f(vn; w) Yoy € Xp.

The spaces Xy are called reduced basis spaces, a standard procedure to construct
them is the Greedy algorithm, see [0, 29]. This algorithm builds up the space Xy
iteratively, enriching it with one new basis function in each iteration. The particular
choice of the basis function is based upon an error indicator, the algorithm therefore
depends on efficiently computable a posteriori error bounds | Ep(w) — E n(w)||pg <

DTy shorten notation we omit 7 since it is chosen constant in our numerical experiments.
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Ap(w). The Greedy procedure then maximizes the efficiently computable Ay w.r.t.
an appropriate training set =i,y C D to define the snapshots.

The key to these efficiently evaluable error bounds as well as the efficiency of the
calculation of the RBM solution E(w) is an affine dependency of aj, and f w.r.t.
the parameter w, i.e., they must be of the following form:

ap(wp, vp; w Z@ w)aj (un, vn), f(op; w Zej )[4 (vn)

for all wp,v, € V;, and all w € D with parameter-dependent functions @g(w),
Of(w): D — R, as well as sesquilinear forms aj(-,-) and antilinear forms f,(-)
which are independent of the parameter w.

The online-efficiency is obtained via precomputing the values a%(ﬁi,ﬁj), 1,7 €
{1,...,N}, ¢ € {1,...,Q,} and f9(§&,), i € {1,...,N}, ¢ € {1,...,Qs} in a
precedent, possibly time-consuming offline phase, where {&;, ..., &y} denotes a ba-
sis of the RB space X . The mentioned error estimator Ay (w) can, e.g., be based
upon the dual norm of the RB residual 7y (+; w) = f(+; w) — ap(EnN, 5 w): Vi = C
and the coercivity constant a(w) of ap (-, ; w). It takes the following form, cf. [29):

Aw(w) = lrw (s @)lpe- 1 (o w)

a(w) (W) w,ev, llvnllpe

For w € D, the dual norm of 7 (-; w) can be evaluated via the dG-norm of its Riesz
representative v, (w) € V3, which satisfies ||v,, (w)|lpe = ||rn(:; w)||lpg=. Based
upon the affine decomposition of a; and f, also the norm of the Riesz represen-
tative v, (w) is offline-online-decomposable (e.g. [10, [I8] 29]) and can therefore
be evaluated efficiently in the online phase. The coercivity constant a(w) can be
computed by an eigenvalue problem or it can be approximated via the Successive
Constraint Method (SCM), [22].

5. NUMERICAL RESULTS

In this section we present results of some numerical experiments for the inves-
tigated problem being treated with the RBM. As already mentioned, one crucial
ingredient of the RBM is the affine decomposition of aj, and f w.r.t. the parameter.
For our dG formulation BI0), this affine form is readily given by:

@lll(w) = 1, al(uh,vh) = (u’lvh X uh,Vh X ’Uh)Q — <[[uh]], {{,uilvh X 'Uh}}>]_-}£ur
— ({7 Vi xund [on]) zror + (th ], [oa]) gror,

0% (w) = w?, az(up,vp) == —(cun, vp)a,

0% (w) :=w, agz(up,vp) = —i(oup,vp)g — iA souo_l {((up)T, (Vr)T)S,
6{((‘}) =W, ( ) = Z\/_(Ja; 'Uh)ﬂv

Of(w) =1, falvn) = (159, (vn)1)s,

and, therefore, Q, =3, Q@ = 2.

The models we use for our numerical tests were created using COMSOL Mul-
tiphysics 4.2a. Details of the implementation are given in Appendix [Al All RB
calculations were implemented in RBmatlab, see http://www.morepas.org.


http://www.morepas.org

MAXWELL’S EQUATIONS WITH IMPEDANCE BOUNDARY CONDITIONS 19

FIGURE 2. Geometry

As geometry we use a 3d-Block of side length 1 where we cut out two smaller
blocks, each of side length 1/4. Omne of the smaller blocks is placed parallel to
the large block, one is rotated by 45 degrees about the z-axis, see Figure 2l The
two interior blocks are supposed to be perfectly conducting (2.ID), whereas an
impedance boundary condition (2Id) is imposed on the exterior boundary of the
block. We implemented two versions of the model: Model 1 has constant coefficients
p=po =47 -1077,e = g9 = 8.854- 10712 and ¢ = 0.01. In Model 2 the
coefficients are given by p(x) = (1 + ||z — (0.5,0.5,0.5)7)), e(x) = eo(1 + ||z]|),
and o(x) = 0.01(1 + 0.52%). Referring to [21], we chose 7 = 1000/po for both
models. With these two models we performed a Greedy sampling with a parameter
domain D = [1,50] GHz which was discretized into 97 equidistant sampling points
to obtain Ztrain-

Note also that we are dealing with complez-valued degrees of freedom (DOFs),
which has to be taken into account, when choosing a solver. Since the MATLAB
backslash-solver (at least for finer discretizations) was not capable of an efficient
numerical solution, we used MUMPS [2], [3], which allows us to use about 300,000
DOFs on an iMac, 3.2 GHz Intel Core i3 with 8GB RAM.

In absence of an analytic solution to (ZIa)-(2.1d), we investigate | E* — E,||pc
for decreasing mesh size h in order to validate our code w.r.t. (3:24). We start with
h = 1 and refine the mesh uniformly until we end up at a mesh size of h = 1/16.
Thus, we obtain conforming meshes. The solution E,,i¢ consisted of 1,413,120
DOFs and was used as reference solution E*, whose computation took about 7
hours. The h-convergence results are shown in Table [II

Model 1 Model 2
h #DOFS w1:1 w2:10 w1:1 w2:10
1 345 | 1.4637 | 2.5759 1.1366 | 4.3942

1/2 2,760 | 0.9465 | 0.6149 | 0.7506 | 1.1621
1/4 22,080 | 0.5653 | 0.2853 | 0.4521 | 0.7041
1/8 | 176,640 | 0.2886 | 0.1357 | 0.2286 | 0.2679
TABLE 1. h-convergence: |[E* — Ejy|pg for different h
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FIGURE 3. Real error and error estimator during the Greedy algorithm

For the Greedy algorithm we used different mesh sizes that are pre-defined by
COMSOL. The number of DOFSs vary from 7,818 to 290,673. In Figure 3] we show
the convergence of the error during the Greedy algorithm when using the real error
(strong Greedy) as well as the error estimator as error indicator. There are several
versions of the SCM for complex-valued problems, e.g. [10] [I8] [19]. As proposed in
[26], we instead obtained the coercivity constant via an interpolation method based
on precalculated values of a(w).

We observe an exponential decay of the error. As expected, the decay is faster
for Model 1 than for Model 2 which is the more sophisticated one. For Model
1 the reduced linear systems became unstable when creating reduced bases with
more than 50 basis functions. At this point, the error measured in the dG-norm
|- lpc was below 10~%. For Model 2 the bases became unstable for N > 73 where
the maximum error over the sampling set was at about 1073, The offline phase
took between 3 minutes for the coarse meshes and 18 hours for the finer meshes.
In Table [2] we show the online times needed for performing a detailed respectively
reduced simulation. The online speedup factors vary from 112 to 75,859. One
can also observe that for both models the error decays slightly faster for the finer
discretized versions. This means that the physics of the problem can be represented
better with a finer mesh and can therefore also be reproduced better with a reduced
solution.

In order to verify the robustness of our RB approach, we finally investigate the
dependency over the whole frequency range. In Figure [4 we show the error and
error estimator over the whole parameter domain for the two models with 92,481
DOFs and reduced bases with dimension N=20 (Model 1) resp. N=40 (Model 2).
As desired, the error estimator resembles the behavior of the true error and both
stay in an acceptable range, which shows the robustness of our dG discretization
as well as of the RBM.

APPENDIX A. DESCRIPTION OF THE COMSOL MODEL

In this section we provide details about the COMSOL model which we used for
our numerical experiments. We use the Weak Form PDE from Mathematics —
PDEFE interfaces and define three Dependent variables E1, E2, and E3. For reasons
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FIGURE 4. Error and error estimator for Model 1 with basis length
N=20 (left) and Model 2 with basis length N=40 (right)

Model 1 (N = 50) Model 2 (N = 73)

# DOFs
tdetailed [s€C]
treduced [SGC]
speedup

290,673 | 92,481 | 47,598 | 7,818 || 290,673 | 92,481 | 47,598 | 7,818
158.767 | 14.872 | 4.923 | 0.258 || 157.087 | 14.710 | 4.831 | 0.270
0.002 | 0.002| 0.001|0.001|| 0.002| 0.002| 0.002|0.002
67,449 | 9,487 | 3,648 | 219 75859 | 7,280 | 2,534 | 112

TABLE 2. Runtimes

of compactness we only show the first entry here when dealing with vectors or mul-
tiple similar expressions.

Table Bl shows the weak expressions (1), (2) and (3) defined by the weak form
PDE node on the whole domain. The jump and average terms that are valid on
mesh boundaries are given in Table[dl The boundary conditions on the two interior
blocks are given in Table [B] whereas the exterior boundary condition is given in
Table [fl We present the Parameters and Variables which we defined in Table [7
respectively, Table Bl A physics-controlled mesh was used, the Element size varied
from coarser to finer. In all cases we used Discontiuous Lagrange as shape function

type.

Weak Value

Form

weak (1) 1/mu *rotE1*rotvl - omega*omega*epsilon *E1*test(E1)

-i*omega*sigma*E1*test(E1)- i*omega*sqrt(epsilon0)*Jal*test(E1)

weak (2),(3)

accordingly

TABLE 3. Weak Form PDE, defined on the whole domain
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Weak Contributions | Value
on Mesh Boundaries
Weak expression (1) -jumpEl * 1/mu * avrotvl -1/mu *avrotE1 *jumpvl
+tau/h*jumpE1*jumpvl
Weak expression (2),(3) | accordingly

TABLE 4. Weak Contributions on Mesh Boundaries, defined on

the whole domain.

Weak Contribution Value
Weak expression (1) -(ny*E3-nz*E2)*1/mu*rotvl
-1/mu*rotE1* (ny*test(E3)-nz*test(E2))
+tau/h*(ny*E3-nz*E2)* (ny*test (E3)-nz*test(E2))
Weak expression (2),(3) | accordingly
TABLE 5. Weak Contributions on Interior Block Boundaries, de-
fined on the two interior blocks

Weak Contribution | Value

Weak expression (4) | - (g1*vT1+g2*vT2+4¢3*vT3) / mul

Weak expression (5) | -i*omega*lambda *sqrt(epsilon0/mu0) * ( ET1*vT1
+ ET2*vT2 + ET3*vT3)

TABLE 6. Exterior Boundary Conditions, defined on the outer boundary

Global Parameters | Expression | Description

omega 1*1e9 | frequency, w € [1 - 1e9,50 - 1e9]
epsilon0 8.854*1e-12 | electric permittivity in vacuum

Jal 1,00E4004 | electric current density, first entry
Ja2 1,00E+004 | electric current density, second entry
Ja3d 1,00E4-004 | electric current density, third entry
mul 4*pi*le-7 | magnetic permeability in vacuum

tau 1000/mu0 | penalty parameter for dG formulation
lambda 1| A > 0, intensity of impedance
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Variables Expression Description

rotEl E3y-E2z Vi x E, first entry

rotvl test(E3y)-test(E2z) Vi, X v, first entry

jumpE1l dny*down(E3)-dnz*down(E2) [E] on F}, first entry
“+uny*up(E3)-unz*up(E2)

jumpvl dny*test(down(E3))-dnz*test(down(E2)) | [v] on FI, first entry
“+uny*test(up(E3))-unz*test(up(E2))

avrotEl 0.5*(up(E3y)-up(E22z) {V x E}, first entry
+down(E3y)-down(E2z))

avrotvl 0.5*(test(up(E3y))-test(up(E2z)) {V x v}, first entry
+test(down(E3y))-test(down(E2z)))

ET1 nz*E1*nz-nx*E3*nz E7, first entry
-nx*E2*ny+ny*E1*ny

vT1 nz*test(E1)*nz-nx*test(E3)*nz vy, first entry
-nx*test(E2)*ny+ny*test(E1)*ny

mu mu0*(1+distance_midpoint) magnetic permeability

sigma 0.01*(1+0.5*x"2) electric conductivity

epsilon epsilon0* (1+distance_000) electric permittivity

distance sqrt((0.5-x)"2 + (0.5-y)"2 + (0.5-z)"2) lz— (3,3 371

_midpoint

distance_000 | sqrt(x" 24y 2+2"2) |||

gl, g2, g3 t1x, tly, tlz g€ L:(X)3
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