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Abstract

We use the empirical normalized (smoothed) periodogram of a Sa.S moving aver-
age random function to estimate its kernel function from high frequency observation
data. The weak consistency of the estimator is shown. A simulation study of the
performance of the estimates rounds up the paper.
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1 Introduction

We consider the problem of estimation of a kernel f : R? — R from observations of the
SasS stationary random function (moving average)

X(t)= [ f(t—s)A(ds), teR% (1)

where A is a SaS random measure with independent increments and Lebesgue control
measure, 0 < a < 2, f € L*(R%). Let f be the Fourier transform of f, and let f~! be its
inverse, whenever these exist. We additionally assume that

(F1) f is positive semidefinite.

It follows from [17, 6.2.1] that f is even (or symmetric), i.e. f(t) = f(—t) for all t € R%.
Assumptions (F2[)—(F3[) on f introduced in Section [3| imply, in particular, that f is
uniformly continuous and bounded and that f € L!(RY). Under the condition f €
C(RY) N LY(RY) it can easily be shown by the Bochner-Khintchine theorem, see e.g. [17,
6.2.3] or [1l, p. 54], that ( is equivalent to f(A) > 0 for all A € R% i.e. f being of positive
type. In order to show that f being of positive type implies ( one also has to use the
inversion formula for Fourier transforms which holds almost everywhere (for short, a.e.)
on R? by [I, p. 17-18, Corollary 2 and Theorem 2] or by [17, 3.1.10 and 3.1.15].

For simplicity, we set d = 1 in the sequel, whereas all our results stay valid with
obvious modifications also in the case of general d, cf. Remark [f| For d = 1, the class
of stochastic processes includes, e.g., stable CARMA processes which are popular in
econometric and financial applications, cf. [3].



Notice that the spectral representation (1)) of X for 0 < a < 2 is in general not unique,
hence the inverse problem of identifying f out of X is in general ill-posed. However, it is
shown in [14, Example 3.2] for 0 < o < 2 that two functions fi, fo € L*(R) fulfilling (1)) are
connected by fo(t) = £ f1(t+1to) for almost all ¢ € R and for some fixed t, € R. Assuming
(, it can be easily shown that f; = f; a.e. on R, i.e., f is determined uniquely a.e. on R.
In the Gaussian case o = 2, the existence of the so called canonical kernel can be shown
for a centered purely nondeterministic mean square continuous X, see [7, Theorem 3.4].
The uniqueness of f can not be guaranteed. However, under some additional assumptions
f is unique which can be shown directly by the following covariance—based approach.

Let X in be an infinitely divisible moving average with finite second moments, i.e.,
A be an infinitely divisible independently scattered random measure with Lebesgue control
measure, E [A?(B)] < oo for any bounded Borel set B C R, and f € L'(R)NL?(R). Then
the covariance function of X is given by

C(t) = Cov (X /ft—s —s)ds, teR
By assumption ( ) we get C = f2 , and hence the relation

—1
f= +VC ae onR (2)

proves the uniqueness of f under the assumptions (Fl1)), (F2') and (F3') in the Gaussian
case.

Our aim is to provide a non-parametric estimator for the function f. We assume that
the observations are taken at the points {tx,,k =1,...,n}, where tx, = kA,, k € Z,
A, — 0, n — oo, and n4,, — oo,n — oo. In other words, we have high frequency
observations, and the observation horizon expands to the whole R, . It is worth to mention
that under low frequency observations, it is in general not possible to identify f in a unique
way. Indeed, let A,, = A be constant. Define for any h € L*[—A/2, A/2] with ||h], =1

the process X, (¢ fAA/Z s)A(ds). Then the observations {X,(tx,), k=1,...,n}
are iid SaS Wlth scale parameter 1, so their distribution does not depend on h. Why
the observation interval should expand indefinitely, is less obvious. In the Gaussian case,
on any finite interval [0, ] it is possible to construct stationary processes such that the
corresponding probability measures on C]0,t] are different but the processes have the
same distribution. Therefore, one is not able to identify the kernel function (not even the
distribution) from observations of the process on a finite interval. However, to the best
of our knowledge, there are no such results in the stable case. It still seems quite unlikely
that a consistent estimation of f is possible from observations from a fixed finite interval,
but we do not have a mathematically strict argument here.

Relation can be used to build a strongly consistent estimator of a symmetric
piecewise constant compact supported f if smoothed spectral density estimates are used
(cf. e.g. [8, § 3.3]). The same problem for random process with square integrable
random measure A and causal f, i.e., supp f C R,, was treated in [2]. There a non-
parametric estimator for the kernel function f was proposed and its consistency was
shown under CARMA assumptions. The estimator made use of the Wold expansion of
the sampled process X.

In [I3], a moving average time series with innovations belonging to the domain of
attraction of the stable law was considered. For X being a-stable, 1 < a < 2, the
parametric estimation of f via a minimum contrast method for the first—order madogram



of X is performed in [9]. A non-parametric estimator of a piecewise constant symmetric
f based on the covariation of X was proposed in [I1]. However, this procedure is defined
recursively and thus errors made at one step influence all following steps.

Here we extend the ideas of the paper [13] and use the empirical (properly normalized)
periodogram of the random function X to estimate the symmetric uniformly continuous
kernel function f of positive type satisfying some additional assumptions if the stability
index o € (0,2) is known. The paper is organized as follows. After introducing the
notation and the normed smoothed periodogram in Section [2] the weak consistency of
the kernel estimation is stated in Section [3] There, Theorems [I] and 2] treat the cases of
compact and unbounded support of f, respectively. The consistency of the estimation of
the L?>-norm of f is treated in Corollary For the ease of reading, proofs are moved
to Appendices A (Theorems [l and [2) and B (auxiliary lemmata). A simulation study
shows the good performance of estimation for d = 1,2 in Section [ There, the scope of
applicability of this estimation method is studied empirically. The estimator performs well
also for skewed stable, symmetric infinitely divisible and for Gaussian A, whereas it fails
to work with some skewed non-stable A. We conclude with a summary and conjectures

(Section [f)).

2 Preliminaries

We use the following notation: a, = op(b,), n — oo, means a,/b, LN 0, n — oc;
an, S b,, n — 00, means a, /by, N 1, n — oo; we write a, = Op(b,), n — oo, if the
sequence {a,/b,,n > 1} is bounded in probability. The symbol C' will denote a generic
constant, the value of which is not important.

To estimate the function f in (1)), we use the self-normalized (empirical) periodogram
of X, defined as

, 2
Lix(N) ’Z?:lX(ta‘He”j‘“
n,X = 0
Zj:l X(tj,n)Q

It is known [4, Theorem 2.11] that A,, - I,, x () converges to a random limit as n — oo,
and so it can not be a consistent estimator of any deterministic quantity of interest. Thus,
following [5] we define its smoothed version. Let {m,,n > 1} be a sequence of positive
integers such that m, — oo and m, = o(n), n — oco. Consider a sequence of filters
{W,(m), |m| < m,,n > 1} satisfying

(3)

(W1) W, (m) > 0;

)
(W2) Z\m\gmn Wi(m) = 1;
(W3) maxjm|<m, Wn(m) — 0, n = oo;
(W4)

W4) 37 < m*W,(m) = o((nA,)?), n — oo.

In the following we will denote W5 = maxm|<m, Wn(m), 2 = D ml<m m2W,(m).

Denote v,(m,\) = A+ m/(nA,), m = —my,...,m,. Then a smoothed periodogram
is defined as
sxN) =Y Wa(m)L x(va(m, V). (4)
Im|<mn



3 Main results

For the sake of brevity, define the normalized function g(t) = f(¢)/||f]|2, where || f|l2 =
\/ Jg f(z)?dx is the L* norm of f whenever it is finite; the Fourier transform of g is

g\ = / g(t)e ™dt, X eER,
R

whenever it exists. First, we estimate g and || f||2 separately. If § and mQ are their

weakly consistent estimators, then f = ||f||, - § is a weakly consistent estimator of f.
For the estimation of g we need a number sequence {a,,n > 1} with the following
properties:

(A1) a,, — oo, n — o0;

(A2) a2W; — 0, n — oo;

(A3) /" = o((nAL)Y*), n — o0
(A4) a2A, — 0, n — oo;

(A5) a2W, P = o((nA,)?), n — oco.

Remark 1. From ( and ( ) it is clear that limsup,, W? > 0. Therefore, ‘D
implies that a,, = o(nA,), n — oo (this will be used in the future). In particular, (A
follows from ( for a < %. Besides this, the assumptions are rather independent.

VAR (AN dA, teR, (5
of g.

Let f satisfy (F|1). Further assumptions depend on whether f is compactly supported
or not. In the case of compact support, we assume

Introduce the estimator

~—

i) = o-

[—an,an]

(F2) a,ws(A,) =0, n — oo,

where wr(A,) = supy_zca, |f(t) — f(s)| is the modulus of continuity of f. Clearly,
assumption ( implies the uniform continuity of f. Hence, f is bounded, and then
f € LP(R) for all p € (0,00]. In the case of non-compact support, we assume (additionally
to (E|1))) that for some a > max{2,1/a}

(F2) a,wr(A,)Ye =0, n — oo;
(F3) f(&) =O(t] ™), [t] = oo
(F4) ay/* = o(wp(A,)Y) (nA,) V), n — oo.

It follows from (F2[) and () that f is uniformly continuous and bounded, f € LP(R)
for p € (é, o] 3 «, 1,2, so f is bounded too, moreover, it is square integrable.
Explicit examples of kernels and corresponding sequences satisfying the above assump-

tions are given in Section [4]



Theorem 1. Let f be compactly supported and (F2)), (AL)-(AF), and (WI)-(WH4) be
satisfied.

(i) The following convergence in probability holds:

on [ (Bl = 1VPPA L5 0, o )

an

(i) If additionally ( is true then ||g — gl|2 L350, n— oo

Remark 2. The assumptions (F[l) and (F[2)) are needed in order to reconstruct f from the
absolute value of its Fourier transform.

Remark 3. Carefully examining the proof, we can bound the rate of convergence in @
by
Op(aZws(A,)* + a2Wi + a2WH (nA,) 2 +atA2), n— .

Remark 4. Using [3, Lemma 2.3] it can be shown that in CARM A(p, ¢) models |§(\)|?
coincides with the power transfer function if p > ¢ + 1. Thus Theorem [Ifi) shows that
A, 1y (A) is a weakly consistent estimator for the power transfer function. However, this
is already known [5, Theorem 1] under the weaker assumption p > q.

Theorem 2. The assertion of Theorem (1| holds true also under the assumptions (F|1)),
(F2)-(FH)), (AD-(AB), (WI)-(WH).

Taking into account the evident relation | f|l2 = ||f|la/|lglla, the estimation of the
norm || f||2 is reduced to the estimation of ||f|l» = ox(), the scale parameter of X (0)
(see [15, Property 3.2.2]), and ||g||o. In the literature, there is a number of estimators
of scale available, see [18, Chapter 4|, [19, Chapter 9]. We consider two scale parameter
estimators: moment-based and quantile-based.

To construct a moment-based estimator, we use the relation o = ¢(p, @) E'[X(0)[?

(cf. [15, Property 1.2.17]) for X(0) ~ Sa(0x(0),0,0), where 0 < p < o and

c(p, @) = pfooo w P sin? udu _ —(1_;(1,2(_11:)17/(1) cos(mp/2), p#1,
’ 2°-11(1 — p/a)

™

F(ioaT) p=1

to get an estimate

c(p, ) - Vv
am=< = Z|X<tk,n>|p> . (7)
k=1

Obviously, o, is sensitive to outliers, i.e., not robust. This can be fixed by considering
quantile estimators.

The quantile estimator is based on the observation that the quantiles of X (0) are equal
to those of S,(1,0,0), multiplied by ox(. Taking different quantile levels, this can be
used to construct a variety of estimators. The most popular choice is quartiles, so that
the correspondent estimator is

5 — T3/4;n — L1/45m (8)

T3/4 — T1/4

where 71,4, and 73,4, are, respectively, the lower and upper empirical quartiles of the
sample {X (t,),k =1,...,n}; x1/4 and x3/4 are, respectively, the lower and upper quar-
tiles of S,(1,0,0).



Since it is not our main concern here, we will only sketch the proof of consistency of
these estimators and the respective rates of convergence. For simplicity, assume that there
is a positive number T" such that for any n > 1, N,, = T/A,, and k, = n/N,, = nA,/T
are integers. Then

—ZlXtm Ly S S

" =1 k:(j-1)T<tg n <jT
1 b 1 T P 1 T D p
~ k_nz? X (s)Pds — E [/( X (s)| ds] = E[IX(0)["], n — oo,

j=1 (-1 J=-)T

where we have used the stationarity of X and the ergodic theorem. The ~ sign can be
justified under some extra regularity assumptions, but we will not go into detail. There
are two useful observations from the above heuristic writing. First, the rate of convergence
of ,, is the same as that of

c(p, a) i v
8m=< i Z|X<jT>|p> .

Thus, extra effort needed to compute 7, is not justified: as n grows to infinity, the ratio
of numbers of terms involved in it and in 7,, grows to infinity as well, while the precision
is only improved by some constant.

Secondly, for suppf = [-T,T], the sequence involved in the computation of 7, is
2-dependent. This means that the rate of convergence of 7, (and that of 7,,, thanks to
the above heuristics) towards Ox(0) is given by the central limit theorem, i.e. is equal to
Op(kn*) = Op (1)),

The consistency of o, can be shown in a standard way. Namely, the consistency of
empirical quantiles follows, through the Glivenko—Cantelli argument, from that of the
empirical cumulative distribution function

1 n
== Z Lix(ty )<z}
k=1

which is, in turn, is justified exactly as the consistency of empirical moments. Moreover,
one can define a “low-frequency” version of the estimator:

~ /I'\g 4n T /I'\l 4n
g, = 4

T3/4 — T1/4

where 71,4, and s/, are, respectively, the lower and upper empirical quartiles of
{X(T),j=1,...,k,}. As above, it has the same accuracy as o, but requires less com-
putational effort.

Now let us turn to the estimation of ||g||,. In the case where f is supported by [T, T]|
(and T is known a priori), one can use the estimator

lallr=( [ g ) "

In the case of unbounded support, we need a number sequence {b,,n > 1} such that

6



(B1) b, — 00, n — o0;

(B2) bi/a_laiW; — 0, n — 00;

(B3) b2 a, = o((nA,)*), n — oo;

(B4) bi/a_laflAi — 0, n — 00;

(B5) b/ a2 = o((nA,)?), n — oo;
(B6) b2 aZw(A,)2 2% — 0, n — oo
(BT) 0% [y many GN?AA = 0, n — oo.

With this at hand, an estimator for ||g||, is constructed as

lalloo, = ( | a0 it " )

Theorem 3. 1. Let f be supported by [—T,T| and the assumptions of Theorem [1] hold.
Then - N
I9la7 — llglla; 7 — oo

2. Under the assumptions of Theorem[1] and (B1)—(B7),

T P
HgHa,bn — |gllas 7 — o0.

—

Introduce a plug-in estimator || f|, = GX(O)/MQ of ||f|l2 where Gx () is a scale es-
timator of X(0) (e.g., O, Om, d¢, or 74) and ||g|, is any of the estimators |g||, and

l9ll,,, corresponding to the case of compact or non-compact support of f.

Corollary 1. Let cx) be any weakly consistent estimator of scale of X(0). Under
the assumptions of Theorems |1 and @ for compact-supported f (or Theorems |9 and @
otherwise) it holds

7 P
I fll2 — |l fll2, n — oo.

Remark 5. The above results stay true also for the case of estimation of the kernel function
f:R% = R of a stationary random field

X(t)= [ f(t—s)A(ds), teR? (10)

where A is a homogeneous Sa.S independently scattered random measure on R?. Let
(Ap)nen, (My)nen and (ay,)nen be real-valued sequences mit A, — 0, nA,, — oo, m,, — 0o
and m,, = o(n) as n — oo. Let {W,(m) | n € N, m € {—m,,...,m,}?} be a sequence of
filters. Denote by || - || the Euclidean norm in R?. Additionally to (A[l) and (W[1)) above,
assume that the following regularity conditions are fulfilled:

-------

77777



(W) Wi =3 amga Wa(m)[Im|? = o((nA,)?), n — oo;

A2) aXW* — 0o, n — oo;

A3) a3t = o((nA,)Y?), n — oo;

Ad) a®A, — 0, n — oo;

(A2)
(A3)
(A4)
(A5) a2W,? = o((nA,)2), n — oo;

Moreover, assume that the function f satisfies ( and that it either has compact support
and fulfills

(F2) alw;(A,) — 0, n — oo,

where w(A,) = supj,_gj<a, |f(t) = f(s)] is the modulus of continuity of f, or that there
is some a > max{d + 1,d/a} such that f fulfills

(F2") aflwf(An)%_% — 0, n — 00;

(F3) () = O (tl=), [ltl] = oo

(F4) ap”* = o(ws(A) V) (nA,) V), n — oo
Put

)))))

L x(\) = —— ;A eRY

77777

where t;, = (j1ln, ..., 54A,) for j = (j1,...,js) € R? and n € N, and

LyN= > Wam)x(A+ T:Zn).

Then for the estimator

ALIE (NN dX, t e RY,

[_anaan]d

the assertions of Theorem [1l and Theorem ] hold.

4 Simulation study

In this section, we study the performance and the applicability range of the above es-
timation method empirically, i.e., by estimating f from each of M = 100 Monte Carlo
simulations of the trajectories of X. First, dwell on the particular choice of the weights
W, and sequences {A,}, {m,}, and {a,}.

Assumptions (WL)—(WH) and (A[L)—(AF]) are evidently satisfied e.g. for

e uniform weights W, (m) = 5

2mn+17
e A, =n"? §€(0,1),

e m,=n" 7€ (0,1-9),



e a, = logn.

Assumptions (f( hold for all positive semidefinite compact supported Lipschitz
continuous kernels f. For all Lipschitz continuous functions (F2[) holds. Assumption
() is valid whenever f decays at infinity rapidly enough, e.g., for f(t) = e 1, while
() holds for all non-constant functions f provided § < _%5, since then wf(A) > ¢+ A
for an appropriate constant ¢ > 0 and sufficiently small A > 0.

Now let us comment on the choice of A. Although the consistency of the estimator
of f was proven only for SaS integrators A, o € (0,2) (see Figures , (left)), it seems
to work well also for Gaussian (o = 2, cf. Figure |2| (right)) and skewed A with different
values of stability index a € (0,2) and skewness intensity 8 € [—1,1], cf. Figure [3|
Numerical experiments with non—stable infinitely divisible integrators A show however
that symmetry is an important assumption that can not be omitted there. We tested
random measures whose marginal distributions are I'-distributed or defined by and
and saw that estimation method for f does not work (cf. Figure [5)) but it works well
for symmetric infinitely divisible measures A with or without a finite second moment,
compare Figure [l In the infinitely divisible case, we have chosen the infinitely divisible
A with Lévy density

alpgd,  z>e
h(z) = ¢ Rl < —, (11)
0, lz] <e

for some ¢ > 0, ¢1,c5 > 0, p1,p2 > 0. In more detail, we choose A such that for
any bounded Borel set B C R we have A(B) = £(|B|) in distribution where |B| is the
Lebesgue measure of B and £ = {£(t), t > 0} is the Lévy process given by

(t) :/t/xQ(dx,ds)—t / xzh(z)dx, t>0, (12)

|z|<1

cf. [16, Theorem 19.2]. Here @ is a random Poisson measure on R, x R with intensity
measure v(A, B) = |A| [, h(x)dx for any bounded Borel subset A x B C Ry x R. If
p1,p2 € (0,3) then A is not square integrable, cf. [16l Corollary 25.8]. A is symmetric
iff h is symmetric, i.e., ¢; = ¢y and p; = py, cf. [10, Exercise 18.1]. It is known that
the distribution of A is completely determined by the law of £(1). In the case of I'-
distributed A, we set A(B) ~ I'(1,|B]) for any bounded Borel subset B where a random
variable Y ~ I'(\, p) has the density

AP P!
p(z) = )

For a Gaussian measure A, we put A(B) ~ N(0,|B|) for a bounded Borel subset B.

To simulate the realizations of X, we used the algorithms given in [I0]. For infinitely
divisible A, the Lévy—Ito representation was used to generate £(1). There ¢ was
chosen to be positive in order to avoid exremely high jumps. For d = 1, we set n = 1000,
m, = n'/*, a, = 20, A = 2T/N = 0.01, T = 20 with uniform weights as above. As
kernel functions for our simulations, we have chosen the triangular, the spherical and the
exponential kernels

ei)w]_{xzo}.

f(t) = (1 = [t y(?), (13)

9



2,00E+00 1,60E+00 -
1,40E+00
1,50E+00 1,20E+00
1,00E+00
1,00E+00 8,00E-01 -
6,00E-01 - 1
5,00E-01 - 4,00E-01

2,00E-01 l \

0,00E+00 2= = = 0,00E+00 —

fornsSdogn?Fado meunncdms  ~o 200601 T ol s S dasn lsndo mrnm S dms N

-5,00E-01 - ' -4,00E-01
= - mean of 100 approximations with different realizations; = - mean of 100 approximations with different realizations;
—— -real kernel —— -real kernel
- lower boundary (0.025 quantile) - lower boundary (0.025 quantile)
= - upper boundary (0.975 quantile) = - upper boundary (0.975 quantile)

Figure 1: Estimation results for SaS X with triangular kernel (13), a = 0.3 (left) and
with spherical kernel (14)), o = 1.7 (right)

f(t) =c- (1 — 15[t + 0.5[¢) 1 y(¢), (14)

f(t) = cexp(—|t]) (15)

with constants ¢ > 0 chosen such that ||f|2 = 1. These kernels f satisfy conditions

(FI)—~(E2) and (HL), (F2[)—(F{]), respectively. Indeed, assumption (Ffl)) holds since all

these functions are valid covariance functions which are positive semidefinite. One can

check that their Fourier transforms are non—negative also directly, compare [12, Table 4,
p. 245]. (F2) and (F2) follow from Lipschitz continuity of the functions (13))—(L5)).

The following numerical results have been obtained for o = 2, 1.7, 1.3, 1, 0.7, 0.3. In
Figures [1| - [5] we concentrated on the estimation of function g = f (which is equivalent
to setting || f|l2 = 1). Each figure contains the graph of the real kernel function f used
to simulate X, the mean of 100 estimates of f and their (0.025,0.975)—quantile envelope,
i.e. the region containing 95% of all estimated curves of f.

If the norm of f is unknown and has to be estimated separately as described in Section
then the volatility of the estimates of f increases, compare Figure[6] There, the constant
¢ in (|15) was chosen to be 2.5, and the estimator of scale is the quantile estimator .

Not surprisingly, the performance of the estimators of the norm ||f||, gets better with
increasing a. Usually, the estimator outperforms the moment estimator ([7)) which
justifies its choice in the estimation procedure for f. But even for the quantile estimator,
its empirical standard deviation is much higher for small o € (0,1). This is the reason
why the empirical mean of M estimated values of f in Figure@ (left) for @ = 0.3 had to be
substituted by the empirical median which is robust to outliers. Numerical experiments
with different sampling mesh values A,, show that the estimation of f performs well for
A, € (0,0.1] (high frequency framework).

In order to evaluate the performance of the estimator when d = 2, we examined a
(symmetric) field with v = 1.8 and kernel

F(t) = el (16)

2m
on a grid with n = 1000 points in each dimension and grid distance A, = T?%/(2n) ~
0.0024. For computational reasons the kernel was restricted to t € [T, T)?, where T' =
2.2. As parameters for the estimator we used uniform weights W,(m) = 1/(2m,, + 1),
m, = |¥/n| =2 and a, = log(n) — 4.5 ~ 2.4. Since the computation time is much higher

10
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—— -real kernel —— -real kernel
= - lower boundary (0.025 quantile) = - lower boundary (0.025 quantile)
= - upper boundary (0.975 quantile) = - upper boundary (0.975 quantile)

, a = 0.7 (left) and

Figure 2: Estimation results for SaS X with exponential kernel
with triangular kernel a = 2 (Gaussian case, right)

1,60E400 - 1,40E400 -
1,40E400 -| 1,20E+00
1,20E+00 - 1,00E400
400
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= - lower boundary (0.025 quantile) = - lower boundary (0.025 quantile)
= - upper boundary (0.975 quantile) = - upper boundary (0.975 quantile)

Figure 3: Estimation results for skewed X with triangular kernel (|13), « = 1.3 and 8 = 0.7

(left), 8 = —0.5 (right)

1,40E400 - 1,40E400 -
1,20E400 1,20E400 -|
1,00E+00 1,00E+00
8,00E-01 8,00E-01
6,00E-01 6,00E-01
4,00E-01 4,00E-01
2,00E-01 2,00E-01
0,00E+00 0,00E+00
-2,00E-01 200001 | s NS S dgEn g HGS mTsNTodmT N
-4,00E-01 -4,00E-01
= - mean of 100 approximations with different realizations; = - mean of 100 approximations with different realizations;
—— -real kernel —— -real kernel
= - lower boundary (0.025 quantile) = - lower boundary (0.025 quantile)
= - upper boundary (0.975 quantile) = - upper boundary (0.975 quantile)

Figure 4: Estimation results for X with infinitely divisible A and exponential kernel
Parameters of Lévy density are ¢; = ¢ = 1, p1 = po = 2.5 (left) and p; = py = 4
(right)
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1,40E+00 1,40E+00
1,20E400 -| 1,20E400 -|
1,00E+00 -| 1,00E+00 -|
8,00E-01 - 8,00E-01
6,00E-01 - 6,00E-01 -
4,00E-01 - 4,00E-01 ~
2,00E-01 - 2,00E-01 -
0,00E+00 0,00E+00
D O N®TONLNRTOWNNDYOTVNWNTRNOY TR DL N T OOWNDTLOONDY DT RNDOTOND ST D
NN AHONGMNATQ FANNA AT A Mg NG AN =L NN IO NGMATO NN A FTOTANGgNE AT D
oNnTddgen Tyado T msu~Nodny No ONN T A AN NGO MmN od MY N®
200801 L W m TS T " ; SSaS aa 200601 | T w T ST ; SSAS aa
= - mean of 100 approximations with different realizations; =~ == - real kernel = - mean of 100 approximations with different realizations; ~ === - real kernel

Figure 5: Estimation results for X with triangular kernel (13)), Gamma-distributed A (left)
and skewed infinitely divisible A (right). Parameters of Lévy density are p; = 2.1,

pp=27and ¢c; =co =1

35 4 7,00E+00
30 6,00E+00 -
25 | 5,00E+00 |
4,00E+00 |
20 A
3,00E+00 |
15 +
2,00E400 |
10 +
1,00E+00 -
5
0,00E+00 -
éé DWW NS W \ob © \of 0N W W T ®
0 1006600 T @R B S N O e Fada BN e B A
-1, ht = F o o<
RERINTERINZIEINZNILEIRNIRERNIZAR R R R SS8s 5%
SRSV T YT T I Now ragg 5558 -2,00E400 -
= - median of 100 approximations with different realizations; = - mean of 100 approximations with different realizations;
—— -real kernel —— -real kernel
= - lower boundary (0.025 quantile) = - lower boundary (0.025 quantile)
= - upper boundary (0.975 quantile) = - upper boundary (0.975 quantile)

Figure 6: Estimation results for Sa.S X with unknown norm of f. Here o = 0.7 and f is
an exponential kernel with ¢ = 2.5 (left) and o = 1.7 and f is a spherical kernel
with ¢ = 4 (right)
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Simulation with n=1000 n=1.8 Gaussian Kernel

Estimated Kernel Abs olut kernel and

06 016

Figure 7: A simulated realization (top left) of Sa.S random field X (d = 2) with Gaussian
kernel (top right), a realization of the kernel estimator (bottom left) and its difference
to the real kernel (bottom right)

than in the one-dimensional case, we simulated just one realization of the estimator.
Figure El (bottom row) shows that our estimation method (with the appropriately chosen
parameters) performs also well in two dimensions.

5 Summary and open problems

The preceding section showed the good performance of the high frequency estimates of
a smooth symmetric bounded rapidly decreasing kernel f of positive type for a—stable
moving averages X (both skewed and symmetric) in the case a € (0,2]. Additionally,
we verified empirically the applicability of the method to certain non—stable symmetric
infinitely divisible integrators A. An open problem is to provide rigorous mathematical
proofs for this experimental evidence. Recall that we were able to show the consistency of
our estimation methods only in the Sa.S case. Our working hypothesis is that the results
of Theorems[I]and [2|stay true for all stable integrators A as well as for symmetric infinitely
divisible A without a finite second moment (at least lying in the domain of attraction of
a stable law).

Another open problem is to prove limit theorems for the estimates of g and f in case
of SaS A. If f is not symmetric (e.g., it is causal) our estimation ansatz fails to work

13



completely, so new ideas are needed here. This is the subject of future research.
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Appendix A: Proofs

Kernel f with compact support

Proof of Theorem[]. We first show how (ii) follows from (i). Notice that [g(\)] = g(\)
for all A € R, since by ( f is symmetric and of positive type. In order to prove

an 2
/ ( AT (A) — g(A)) d\ 250, n— o,

—an

we use the inequality |v/a — v/b| < /[a — b] for a,b > 0. We get

[ (ot —aon) or < [ st -]

< V2a, - \/ / A (V) = g2 dX 50

by (i), where the last inequality is due to Cauchy—Schwarz.
Since g € L*(R) it follows

/ g(A)*d\ — 0, n— oo,
{A:|A|>an}

/R (1[7%,%]&) : \/m —~ g()\)>2d)\ P40, n— oo,

Now Plancherel’s equality yields

1 .
— AT (N e™ d\ — g(t
/R - /{_aman]\/ T e dx — g(t)

which is equivalent to the statement.
Now let us prove (i). Write

so we get

2
dtLO, n — oo,

IZ,X()‘) = 7 )
) 2 n
Where J7SL,X<)\) = Z\m\gmn Wn<m> ‘Z?:l X(tj.’n)eltj,nVn(m)\)‘ ) Sn,X = Zj:l X<tj,n)2-
Let f be supported by [—T,T]. We will assume that N = T'/A,, is integer: this will

simplify the exposition while not harming the rigor. The proof is rather long, so we split
it into several steps for better readability. Choose n > 2N + 1.
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Step 1. Denominator. We start with investigating the denominator S, x. First we
study the behavior of a similar expression with f replaced by its discretized version.
Specifically, define

N-1

Xulti) = 3 Ften)A((G— k= 1)A, (- /fn = As), j=1,...n,
k=—N
where f,(2) = S0y F(trn) Lt teer ) (@). Denote e, = A(((1 — 1)A,,1A,]), | € Z.
For fixed n, these variables are independent Sa.S with scale parameter AL,
Decompose
n n J+N 2
ZXn<tj,n)2 = Z ( Z f j—ln 51 n)
j=1 j=1 \l=j—N+1
n J+N J+N
= Z Z i) Sln+z Z Jj-t,0) f (tj-120)€0 nElm
j=1 I=j—N+1 J=1 I1,la=j—N+1
11l
n—N I+N—1 N I4+N-1 n+N
SO VD S SEED ol o) FORHES
I=N+1j=I-N [1=2-N j=1  I=n—N+1j=I-N

J+N
+ Z Z f(tj—ll,n)f<tj—l2,n)5l1,n5l2,n = Sl,n + S?,n + S3,n + S4,n'
J=1l1,la=j—N+1
l1#l
We are going to show that the last three terms are negligible. We use the shorthand E,, =
= ]\]Ll e? "> as this will be our benchmark term. Observe that S5y, = kN:__lN f(trn)*En.
Thanks to the boundedness and uniform continuity of f we have

A S Flten? /f 2 dr| = O(wr(B).
k=—N
Thus
S e Ydr - Ey| = O(A'wi(A)E,) - (17)
x| WP B = 0(8 (BB, s o

On the other hand, by [6, XVIL.5, Theorem 3 (i)], we have

E,
—— = Z,, N — 00, (18)
n2/a AY®

where Z, is some positive «/2-stable random variable. Therefore, by Slutsky’s theorem,

Sin T
m = o Tf(l’)2d$, n — o0. (19)

Estimate

n+N N—-1
SQ,n + SSn < Z Z > glz,n Z f(tk,n)z = 5577"0‘
k=—N

l=2—N I=n—N+1
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Similarly to ,

55,11 / g 2
(N2l n 2 = 7, /_T flz)dz, n — oc. (20)

Since NA,, =T, we have
Son+ San = Op(A71) = Op((nAn) /0?2 AYOTH) = Op(S1n(nAn) /%),

n — oo. Now write Sy, as

n+N

E bl1,l27n5l17n512,n7

I1,lo=2—N
1o

where |by, 1,n| < 2N| f||A and by, 1, ,» = 0 whenever |l; — l| > 2N. Hence,

n+N
Y bnal® S16N| f,
I1,la=2—N
I1#l2
SO Lemmaimplies Sin = Op(N3/*n 2/0‘*1/2A2/O‘) Op((nA,)~YV2S,,,).

Summing up, we have > 7 | X, (t;, ) = S1n(14O0p((nA,)"?)), n — oo, and S, is

of order n?*A%*~! in the sense of (19).
Now we get back to the denominator of I, x(\). For any positive vanishing sequence
{6,,n > 1} write the following simple estimate:

|0 = ¥*[ < 2la(a = b)| + |a = b* < pa” + (1 +6,") la— b*. (21)

Then we obtain

n

< 671 Z Xn(tj,n ]- + 5 Z (tj,n))z :
=1

7j=1

n(tj,n)2 - Sn,X

From Lemma [ it follows that

n

Y Xaltin) = X(t50))" = Op(ll fu = fI2n® DY) = Op(ws(Dn)*S1n), 1 — oo

J=1

By assumption (, it holds w¢(A,) = 0, n — oo. Putting d,, = ws(A,), we get that

= OP(Wf(An)Sl,n) = Op(Sl’n), n — OQ.

n(tj,n>2 - Sn,X

We conclude that
Snx = Sia(1+ O0p((nAL) ™2 +wi(AL)) = Sin(l+0p(1), n— oo,
whence, using ,

AnSux = (IF13+ Or((nA) ™ +ws(A0)) Bn = | fI5En n =00 (22)
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Step 2. Whole expression
We turn to the expression in the left-hand side of @ Recall that

Tix(N) = > Wy

Im|<mpy,

itj nln m)\)
jn

is the numerator of I; «()\) and write

an

L1212
Flazi ey [fO)
an | |ALIE )\—AA22d)\:an/ nin X d\
[ 188500 = 3P MSex TR

—an —an

2

an

N 2
A2 T3 (A ]f(A)
S 2an / n n,X( ) N d\
AnSn,X AnSn,X
a r 2 r
2 / fo B | "
+2Za, -
J | Asax TR
L2 2
LAV «(A) = |f(N)| En 2 _ 20
= 2a, / - ‘ ix + [1L12En f"s’%x / f(A)‘d/\
AnSn,X AanHQSn,X
Thanks to (22]),
" 2
an n n, -
AnSn,X ||f||4E2 X

—an

If 130 — AnSux |

2a,,
Aull flI3Snx

an ) .
/ FOO| dh = Op(an((nAn) ™" + ws(A0)%) = 0p(1)
as n — o0o. Thus, it remains to prove that

i / '

Step 3. Numerator. As with the denominator, we start with examining the discretized
version of Jy; (M)

2
d\ = op(E?), n — co. (23)

n

AT )~ | Foo[

2

= ) Wi(m

|m|<my,

Z ( '7n)€itj’"yn(m’/\)

Jj=1

n J+N

§ § f j—=ln 81 n€ZtJ nvn(m, )\)

Jj=11l=j—N+1

= ) Wim

Im|<my,
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We proceed in three substeps, first considering the following expression

Rl,n()‘) = Z

lm|<mn

n—N [+N-1

Z Z F(ti—in)erne’ "”n(mﬂ

I=N+1j=I-N

Step 3a): We shall show

an N 2 2
an/ f()\)‘ E, — AiRl,n(A) d\ = OP(EZ), n — 00. (24)
We have for A € [—ay,, a,] that
I+N-1 2
Rl,n()\) = Z Wn( Z Ein ltlnyn (m.2) Z f j—ln th_l’nun(m7/\)
Im|<my I=N+1 j=I—-N
N-1 2
_ Z Z f(tk,n ztk nVn(Mm,\) Z e, neztlnun m)\)
|m|<mnp k=—N I=N+1
n—N
) Z El%n + Z alhlz,n()‘)gh,nglz,m
I=N+1 N+1<l1£l,<n—N
where
N-1 2
F,(\) = Z W, (m) Z F(t)etonn(mA) |
|m|<my, k=—N

6 (ll *IQ)AnVn (m’)\) ]]- [_an,an} ()\> ’

ah,lg n E W

Im|<mn,

Z f tkn ztknunm)\)

With the help of Lemma |5, we obtain

f

2
E,— AiRLn(A)‘ < 0((W7<L2>)1/2(nAn>71 +wp(An) + (1 + ]A|)An)E

+A2 , M — 00.

Z all:l2,n()\)€l1,n€lg,n

N+1<l £l <n—N

Therefore,

an
Qn /
—an

2

aA = O(@WP (A2 + alwp(An) +ab A2 ) B2

2

[ B~ AR

+a, AL /
R

d\, n — oo.

Z allvla,n()\>5l1,nglzm

N+1<l1#la<n—N

By Lemma 2]
2

d\ = Op(A,nY/o=2 Ay,

J

Z allyl2,n()\)8h,n8l2,n

N+1<l1#l2<n—N
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an 2
where A, = [T 3\ y<n @ (M)]7 dA. By Lemma @,

> a2 (N* = OWi(Kon)?),  n— oo,

N+1<l1#l2<n—N

where
N—1 2 2
Ki= sup | 3, fltua)etornmd Z )l |~ A2 n = oo
Im|<my k=—N
Hence,

2

d\ = Op(anALa, W (K*n)*n* "2 A

an AL /
R

Combining the estimates, we get .
Step 3b): We get

Qn
Qn, /
—an

Indeed, write

Z all,lQ,n(A)gllﬂngﬂ

N+1<l1#l2<n—N

= Op(a2W; (nA,)Y*) = Op (a2ZW;E2) , n — oc.

2

d\ = op(E?), n — oc. (25)

2
£

AR, (V) = |f OV

2

A2R,(\) — ‘f(A)r E,| dx

< Qan/ A§|Rn(A)—Rl,n(A)|2dA+2an/

—an —Qan

an

A2R . (\) — ‘f()\)r E,| dA

= 20,88 [ R (3) = Ran OV A+ o0p(E2), o

—an

Let us estimate the first expression. Take some positive vanishing sequence {6,,n > 1},
which will be specified later. Using , we have

|Rin(\) — Ru(N)| < 0,R1 (A + (14 6,1)

I+N—-1 Rt N
( Z Z Z Z >€znemnun m/\)f(tj_lm)eitj_lmyn(mv\)

2

<D W

Im|<mp, [=2—N j=1 I=n—N+1j=I-N
<O Rin(N) + (1401 (Ron(N) + Rsn(N),
where

N N-1 2

Ron(\) = Z W, (m) Z e gttnvn(m,A) F(tyn)eltenrnmN|
Im|<mn, I=2—N k=1-1

n+N n—l 2

R3n()\> — Z Wn(m) Z e eztz nVn(m,\) f(t n)eztk nvn(m,\)

[m|<mn, l=n—N+1 k=—N
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Hence,

an/an [Ru(\) — Run(A)[2dA

<20, [ RuaVdA+ 0, (140,17 [ (Ran(V? + RenV) A
Now
N N-1 2
BoaN) = D0 & > Walm) | D2 fltia)e et
[=2-N \m\émn k=1—1
—1
_|_ Z bll lo n(A)Ell n{;‘lz n
l1,la=2—N
1715
N - N
S Z 512,71 ( Z |f tk:n ) _|_ Z 6117527n()\)8117n5l2’n = R4,N+R57n()\),
[=2—N k=—N I1,la=2—N
1715
where
N-1 N-1
bh,l2,n(/\) = Z Wn(m) i(l1—12) Apvn(m,\) Z Z f tkln tk%n)ei(kl—k?)AnVn(m,)\)'
Imlsmn klzl_ll k’2=1—l2

The functions by, i, ,, satisty

N—1 2
b1y 1 (V)] < ( > |f<tk,n>\) ~ A2 fI n— oo
k=—N

Thus
/ |bll,l2,n()\)|2 Li—a,a,](A) dX = O(anNQA;4), n — oo,
R

1< <l <N

and therefore Lemma [2] implies

/ Rs,(AN)2d\ = Op(a,N*AY=ANY2=2) = Op(a,AY), n — .

—an

Further,

N
R4,n ~ A;ZH][‘H% Z 6l2,n7 n — oo,

I=2—N
so thanks to (20)), Ry, = Op(NQ/aAi/a_Q) Op(A,%), n — co. Thus, we get
/ Ron(N)?dX = Op(a, ALY, n — oo,

Similarly, [*" Ry, (X\)?dA = Op(anA;*), n — oo,

20



Setting 0,, = (nA,)~% 6 we get by ( A' that
an(1+0;1)2 / ) (Rom(N)? + Ran(N)?)dA = Op(a2 A4 (nA,)Y6) = op(n*/* AL/
as n — oo. Therefore, we arrive at
a / T AZR, (N — AZRy (V)] dA

an
an

< 2a,(nA,) Y BIAL / Ri,(N)2d\ + op(n**AY®) n = co.

—an

Noting that OP(n4/°‘A¢/O‘) = 0p(E?), n — oo and by Step 3a)

an an R 4 an
Ai/ Ry (N)2d) <2 </ f(A)‘ dA.E,ZJr/

an | 4
_ (2/ O d)\+0p(1)> E2 1o oo,

[ B = AR

2
d)\)

we get by ( I an fa” |IAZR, () — A%Rlyn()\ﬂ? d\ = op(E?), n — oo, whence
follows from ([24)).
Step 3c): Finally we have

anAi/ ’ |3 x(A) — Rn(A)\2 d\ =op(E}), n— . (26)

an

Using again, write

2

o) = BaN)| = [Ra) = 32 Wi

Im|<mn,

Z ( n)eitj,nun (m,\)
7j=1

n 2

<6 R, (AN +(1+6,1) Z W, (m) Z (Xp(tjn) — X (L)) etmvn(md)

Im|<my,

= 8RN + (146, Y ' / Z (faltjm = 8) = f(tjm — 8))esm N A(ds)

\m\<mn

2

5 Ru(\) 4+ (1467 Ron(N) (27)

for 6, = w;(A,)?/3. Hence,

an

n / |72 (A) = Ru(V)[” dA < 24,62 / R,(N)2dA + 2a,(1+ 6, 1) / Re.n(N)2dA.

—an —an

Define hp, (s, \) = >0, (faltin — 8) = fltjn — s))etnnmN1 0 1(X). Note that
the summands do not exceed w¢(A,), and at most 2N of them are not zero. Hence,
| (5 M ]loo < 2Nwy(A,,). Applying Lemma , we get

“ / Ron(N)2d\ = Op(a N'w; (A (RA)YY) = Op(a2ws(An)yn/* A1) S o0,

—an
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Recalling that 6, — 0 and a,ws(A,)*3 — 0 as n — oo, we ultimately obtain

an A, / |5, R.(N)|* dA

=Op <an wy(A 4/3 / ‘f d\ + 0p(1)> E? + Al (ws(AL)” 4/3a2wf(An)4n4/aAf/a_4)
= 0,(E% 4 noAY) = 0, (E?), n — co.
Combining and , we come to ([23]). O]

Kernel f with unbounded support

Proof of Theorem[9. Part (ii) is derived from part (i) exactly the same way as in Theorem
itk

In order to prove part (i), we need to show that

an/ AT () =[G dA 25 0,0 — oo
We start by setting N, = |w;(A,)VeA ], n > 1, so that T, := N, A, ~ wf(A y~e,
n — oo. Recall that g;,, = A([(I — 1)A,,IA,)]), | € Z, and set E, = Y _,_ ]\J,V"H €
The rest of the proof follows the same scheme as that of Theorem [I} Specifically,
examining Step 2 of the latter, it is enough to show that

(i) S - Je f2)*de-E, (1—|—Op(wf(An)1_1/(2a)+N3/an_2/°‘+(nAn)_l/Q)), n — o0o;

2

() au J 82730~ [FOO] Ea| A= 0p(E2), oo

We thus split the proof into two steps, establishing these relations.

n

Step 1.
Define fo(2) = 32302 (ben) L ters ) (2), Xa(t) = g fult — s)A(ds). Write
J+Nn 2
an ZX jn :Z< Z f j—=ln 5ln>
=1 \i=j—Np+1
n J+Nn J+Nn
=3 Y [t 5ln+z > f i) f(imton)El mElam
=1 1=j—No+1 G=L by la=j— N1
Al
n—N, [+N,—1 Ny, I+N,—1 n+Ny,
2
S DR SR ol SR S ol YURE S
I=Np+1j=l-Nn  1=2—-Nn j=1  l=n—Np+1 j=I—N,
n J+Nn

+ Z Z f(tj*ll,n)f(tjflz,n)gll,nglg,n = Sl,n + SQ,n + SB,n + S4,n-

J=1l1,la=j—Np+1
l17#l2

First note that

Np—1

Z Fltin)? — A /Rf(x)2dx

22

Ey,

Sl,n—Agl/f( Vdw - B,
R




Np—1

Tn
<UD ften) = A [ f(2)dz| B, + A B,
k=—Np

| @i
{z:|z|>Tn }
= Op((Thwy(A,) + Th AN E,) = Op(wp(Ay) ™V AY"1) n — oo,

- TTL

where we have used that T,,w(A, )Y

Similarly to the finite support case,

is bounded away both from zero and from infinity.

Syn + Ss, = Op(NY2AY7Y) = Op(N2/on=2/op2/2A2/2=1)  n — o0,

and
S4,n - 2 Z al1,l2,n€l1,n€l27n7
2—Np<lhi<la<n+N,
where
(11+Nn)/\n
Qly,lon = Z f(tj—h,n)f(tj—lz,n)'
jZ(lQ—Nn)\/l
Estimate
n+Np n+Np (l14+Nn)An 2
2
Z |a11712,n’ < Z Z |f<tj*ll7n)f(tjflz,n)|
l1,lo=1—Ny, l1,lo=1—Np, j:(lg*Nn)\/l
Ihi<ls 11 <ls
nAn+Th nAp+Thn (z+Tn)A(nAR) 2
—4
~A; / / F(z—2)f(c —y)ldz | dydo
—Tn T (y—Tn)VO

nAn+Th nAn,+Tyn—x T, 2
<A / (/ If(Z) (' — y’)|dz’) dy' dv = O(nA;?), n — oo,
0 Yy

~T, T,

since ) .
[ ([5G = wide) dy= 11511518 = WF1E < o
where * is the convolution operation. Hence by Lemma [3]
Sim = Op(n'2APPn 7 AY) = Op((nA,) 7P A2, n— oo

Collecting the estimates, we get

Spx, — A / f(z)*dx - E,
R

= Op((wp(Ap) Y + NZon=2 1 (nA,) ") ¥ A2 .
as n — oo.
Further, by (21), for some vanishing sequence {4,,n > 1}
S0, %0 — Snx| < 02Snx, + (14 0,")S5, (29)
where
n n 2
S0 = D (Xalt5) = X(130)* =3 ([ (i =) = foltsn = )@
i=1 =1
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/t o (f(tin = 8) = faltin — S))A(d5)>

jn—Tn

<3
j=1

n

2
N / F(tim — s)A(ds))
Z ( {s:|s—tj n|€[Tn,nAn]} ’

J=1

n

2
+ (/ f(tjn — S)A(d5)> =: Se.n + 570 + Ssns
1 {s:[s—tjn|>nAn}

]:
where T, = N, A,.. Since | fu(y) — f(y)] < ws(A,) for y € [-N,A,, N,A,], by Lemma [4]
Sen = Op (wf(An)zTan/o‘Ai/o‘_l) = op (wf(An)z_l/“nz/aAi/“_l), n — oo.

To estimate S7,,, we use Lemma . For each n > 1, the process

Y, = / F(t— s)A(ds), te[0,nA]
{stls—tjn|€[Tn,nAR]}

has the same distribution as

Yin = Ci/a(?’”An)l/a Z F;Z”“f(t - fk)]l\gk—t|e[Tn,nAn]Ckv t € [0,nA,],

k=1

where {T,k > 1} and {4,k > 1} are as in Lemma [l {&, &k > 1} are iid uniformly dis-
tributed over [—nA,, 2nA,]. Since we are concerned with convergence in probability, we
can freely assume that Y;, = Y;,. Then, taking into account (),

STV LT <A Y S T E [t — &) Lyt nlelmnan |
j=1 j=1 k=1

C(nA,) 2/a— IZF_Q/QZ/ f(tj,n—$)2d$

Jz—tjnl|€[Tn nAn]}

HA 2/a— 1ZF—2/QZ/ —Qf|_2adfl§'

e—tjn|>Th}

< CnZ/aAi/aflTéfmz Z F};2/a.
k=1
Since by the strong law of large numbers, I'y ~ k, k& — oo, a.s., the last series con-
verges almost surely, therefore, given I', 377 | ¥* = Op(T1~20n2/ 2 A n — .
Consequently, S, = Op(Tﬁ_Q“nwaAi/a*l) =0Op (wf(An)Q_l/“nwaA?/a*l), n — 0o.
To estimate Sg,,, let Z;,, = f{s:|s—t\>nAn} f(t — s)A(ds) and define for some b > 0 the
positive density over R:
_ —1-b
p(x) = Kplz|™"([log |=]| +1) 7, (30)
-1
where Kj, = (fR ||~ (Jlog ||| + 1)_1_bdx) is the normalizing constant. As before, we

can assume that

Ty = CY N T F =m0 @(m) ™ Ty _yoman G 20,
k=1
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where {I'y,k > 1} and {¢, k > 1} are as in Lemmal[l] {n;, k > 1} are iid with density ¢.
Then

= CYN SN TR [ty — ) () Lty s |

j=1 k=1

n
2
D 2T
Jj=1
n

:C’i/aZ/{ f(tj,n_x) 90< 1 2/ad ZF 2/a_ 02/aL ZF 2/a

j=1 z:|lz—tjn|>nAn} k—1

It is enough to study the term L,,:

L,<CYy / o — 2|2 o) da

j=1 JH{zle—tjn[>nAn}

nAnp
- CA’:l/ /{ lo—t|>nA }lt — 2|7 p(x) ¥ dz dt (31)
0 x:|lzx—t|>n

nAn
et [ e A
{y:|ly|>nAn} 0

Since ¢ is monotonically decreasing on [1,00), we have

L, < CAZ / Y72 n AL (A, + [y log" (nAw + yl)dy
{y:lyl>nAn} (32)

< CAL (nA) T T log (nA,),
due to L'Hospital’s rule, where r = (2/a — 1)(1 4+ b). Since a > 2, we get
Sgn = OP((nAn)flnwaAi/a*l),n — 00.
Summing everything up,
S5 =AY Op (wp(An) Y + (nA,) ™), n— 0.

Now set &, = (wy(A,)* e + (nAn)—1)1/2 in ([29). Clearly, 8, — 0, n — oc. Thus, using
, we arrive at

Spx = A ( / f(@)2dz + Op(wy(A,) 7Y 4 N2op=2/e (nAn)1/2)> - E,, n— 00,
R

as claimed.
Step 2. This goes similar to Step 3 of Theorem , so we omit some details. First,
similarly to Step 3a, write

Rin(\) = > W,

lm|<man

= () - By + Z Ay 1y (A€l mEla s

Nn+1§11#l2§n_Nn

n—Np I4+Np—1

1D DD D (CENEN p——

l=Np+1 j=l—-Np

where

Np—1

Z f ztk nVn(m,\)

25




Np—1 2

Z f ztk nn(m,\)

ei(l1*l2)AnV”(m’>\) 1 [—an,an] ()\> :

all,lzﬂl()‘): Z Wn(

|m|<my

Using Lemma [5, we get

f(A)‘ZE — AR (A)' <O<(W(2)1/2( An) "+ Tows(An) + T2 + (A A )E
n nilln > nW f n n n

+A2

Z Ay 1an (A)El mElan | -

Nn—l—lfll?ﬁlen—Nn

2

Then, using Lemmas [6] and [2| we get
L2
| d\

on [ |FON
- O(aiw}zz) (nAn)_Q + aiTr%wf(An)Q + a’iTs_Qa + aiAi) EEL + Op (aiW;(nAn)4/°‘)
= op(E}), n— oo, (33)

— AR, ()

Secondly, we define

Rn(/\) = Z

lm|<mn

n Jj+Nn

E § f Jj— ln Elnen] n¥n(m, A)

Jj=1l=j—Nn+1

and write, using the above,

an
o [
—an

< QanA;i/ IR,(\) — Rin(N)PdX+ 0p(E?), n — oc.

—an

2

dA

TL

AR (f

In turn, for some positive sequence {6,,n > 1},

an/ IR,(\) — Ryn(N)]? dA

—an,
an

< 2a,0? / ' Rin(A)?d)\ + 4a, (1 + 6,1)? / (Ran(A)? + Ry pn(N)?)dA

an —an

with
Ny, Np—1 2
R2,n()\): Z Wn(m Z glmeitlml’ﬂ(m%\) Z f(tk,n)eitk’"yn(m’)\) :
[m|<mp l=2—N, k=1—1
n—+Np n—l1 2
Rg,n()\): Z Wo.(m) Z €lﬁneitl*"l’"(m’)‘) Z f(tk,n)eitk’"yn(m’/\)
|m|<mu l=n—Np+1 k=—N,,

As in Step 3b, these terms are estimated in a similar fashion, e.g.

N, No—1 2 Nn
Ron(A) < Z €in < Z ’f(tkn”) + Z bty o (N)El mElam =2 Ram + Rsn(A),

[=2—N,, k=—Np, l1,l0=2—Ny,
l1#l2
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with

blhlzm()\): Z Wn(m)ei(ll_ZZ)AnVn(m,/\)

[m|<man

Np—1 Np—1

N ST Fltk) [t ) BRI ),

ki=1—11 ko=1—I2
Then from Lemma 2

/ R, (N)2d\ = Op(a, N2AY AN~y = Op(a, TY*AY), n— oo,

—an

and from , Ry = Op(N, WaA%/O‘_Z) = OP(TT%/O‘A %), n — oo. Consequently,

an/ Ryn(N)2dN = Op(a’THAY), n — oo,

an

and similarly for Rs,,. Observing

Ai/“"RLmAPdA=<L4E%>

—an

by and putting 6, = ay/*Ny/*n=1 vields

an At / ' IR () — Ryn(N))?dA = Op(a?/>N?/*n 2/*E?),  n — .

an

Since ab/*Na/“n=1/* = o(1), n — oo, by (), we get

anAfL/ |R,(\) — Ryn(V)]?dX\ = 0p(E?), n — oco.

—an

Finally, by upper bound (27), write for any A € [—ay,, a,] and for some positive vanishing
sequence {d,,n > 1}

|5 x(A) = Ru(N)| < 8 Ru(X) +3(1 + 5,;1)< > Wa(m)

[m|<man

[ (s 0 )

2

ftjn — s)e”f n¥n(moA) A(ds)

{s:|s—tj,n|€[Tn,nAR]}

+ ) Wa(m

Im|<my,

IR

ml<my,

_. 6an()\) + 3(1 + 0, (Ron(A) + Rrn(A) + Rsn(N)),

2

[ty — )€l tm N A (ds)

{s:|s—tjn|>nAn}

where

hn,m<3> )\) = Z (fn(tj,n - 5) - f(tj,n - 5))6 tinn(m, )\)]]-|s tjn\<Tn]]-[ an an]()\)
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Therefore,

o / 2 (N = Ru(N)[* dA

< 24,52 / " Ru(0)2d) + 5dan(1 4+ 6.1)2 / (Rom(N)? + Rrn(N)? + Ren(N)?)dA.

—an —an

As in Step 3¢, noting that ||y (-, A)|lee < 2N,wy(A,) and applying Lemma [7, we get

/ " Ron(\2dA = Op(anNtws (M) (nA,) )

= Op(anws(Ap) T A=) n — oo,

To estimate Rz, ()), define

gn,m(sa )\> - Z f(tj,n - S)eitj’nun(m)\):n-|s—tj7n|€[Tn,nAn]]]-[—an,an}()\)a
j=1

Ghnm(N) :/Rgnym(s,)\)A(ds)

so that 7, (A) = 32, <., Walm) |G N)[°. As before, we can assume that

Grn(N) = CY(3nA)Y* Y T g (6, NG, € [0,04,],

k=1

where {T,k > 1} and {4,k > 1} are as in Lemma [1} {&, &k > 1} are iid uniformly dis-
tributed over [—nA,,,2nA,]. Then, similarly to the proof of Lemma [7]

E {/RRM(A)QCZ/\ ’ T, 5}

< CYe(3nA,) Ve / > Wa(m)E
R

|m|<mp

4

S G (6 NG ‘F,s )
k=1

2

rel| dx

2

< C(nA,)He /R S Wa(m)E

|m|<mp

S 0 G (G NG
k=1

= cmag [ 3 W) (ST (e VP ) r
R k=1

‘m‘ﬁmn
Now estimate

(Gnm (5, <D 1 F (i = )| Ljomgypm, C Y s —tin] ™

j=1 Jils—tjn|>Tn

SCA" Y [T < CAUNY ™ = CA'T

k:|k|> Ny
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Since gp,m (s, -) vanishes outside [—ay,, a,], we get

E U Rrn(N)2dX ‘ r]

Ca 5 Wam) (ST )
k=1

|m|<my,
e} ) 2
—4a o a— -2/«
= Ca, T ¥ AL 4(ka ) :
k=1

whence, as usual, [ Rr,(\)%d\ = OplanTA4and/«AY ™) n = oo.
To estimate Rg,()), define

ZTL m S )\ Z f J n - J nVn(m )\) ]1‘8—75]""|>7’1An 1[—an7an] ()\)7

Zpm(A) = /Rzmm(s,)\)/\(ds).

and let ¢ be as in . As before, we can assume that

Zoan(N) = O™ T2 (6 N (8) ™G, 20,

k=1

where {T'y,k > 1} and {¢y, k > 1} are as in Lemmal [1} {&, &k > 1} are iid with density ¢.
As in the proof of Lemma [7]

E URR&HQ)MA ‘ r, g}

4
<ci [ 30 i [ (6 Ve (6) TG F,é} i\
Im|<mn, k=1
2 2
=C / > W >E[ e 2 (s V() TG m] dX
|m|<my,
2
=0 / > Wil (Zr”/ﬂznm(ék, R W) dA
Im|<mn,
— 4/CV —4/a
|m|<m
1D DIl Vel E S >|2so<§kl>-2/a|zn,m<fk2,A>|2so<sk2>—2/a) A\
k1,k2=1
k1 ko

It follows that

E[/RM QdAH <c/ S W (ZF U [ W[ ()]

|m|<mu
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+ Z F 2/a 2/a [|Zn,m(§k17 /\)|2 w(gkl)—Q/a |Zn,m(€k27 )‘)|2 @(5@)_2/0[} > dA

k1, ka=1
k1ks

<c[ > w (ZF Y [ a0, NI (6) 0]

Im|<my,

a C9/a1?
(Zr 2/) (om0 VI (61) 22 )w.
Similarly to (31]) and (32)),

n 2
E “an(él’ /\)|2 90(51)72/&] < C/R (Z |z — tj,n|a]l|x—tj,n|>nAn> Sp(x)lﬁ/adx
j=1

nAnp 2
~ong? ([ el bpnsdt) ooy
R \Jo
nA,
< OA2(nA,) / / It — 2|72 Ly apona, dt p(x) %/ da
R J0o
< CA? (nAn)Q/a+2_2a log"(nA,,),

n 4
(Z |z — tj,n|_a]l|:v—tj,n|>nAn> (,0(1‘)1_4/O‘d{1:

J=1

E [Jznm(En NI (&)™) < C /

R
4

nAn,
~ CA;‘L/R (/0 [t — x| ]ltw>nAndt> gp(x)l_4/adz

nAn,
< CAH(nA,)’ / / It — 2|7 Ly ppona, dt p(x) '~ da
RJO

4/a+4—4a

< CA(nAy) log®(nA,)

where r = (2/a —1)(1 +b), s = (4/a — 1)(1 + b). Therefore,

E { / Rg,n(A)MA‘P] < Ca, A4 (nA,) 7 T g (nA,),
R

whence [, Rs,(A)2d\ = Op(a, A% (nA, )4/a+4_4a log®(nA,)), n — oo.
Collecting the estimates and setting 8, = wr(A,)T, + T + (nA,) '~ *log™*(nA,),
we arrive at

a, AL / T ) - Re)[
— Op (a2 (ws(An)*T2 + T2 4 (nA,)* * log A (nA,)) (nA,) /)
=Op (ai(wf(An)2’2/“ + (nA,)*™% logS/Q(nAn))EfL) =op(E?), n— oo,
since combining (F2[) and (F{4]) we obtain
alF3a=D/B) (A V0 50, n— oo,

Hence we conclude exactly as in the proof of Theorem [1} O
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Appendix B: Auxiliary statements

Lemma 1. Let (E,E,v) be a o-finite measure space, A be an independently scattered SaS
random measure on E with the control measure v, and {f;,t € T} C L*(E,E,v) be a

famaly of functions indexed by some parameter set T, ¢ be a positive probability density
on E. Then

X, = / f()A(dz), teT,

has the same finite-dimensional distributions as the almost-surely convergent series
OWZF Yoo(&) Y ful&) G tET,

where {Cx, k > 1} are iid standard Gaussian random variables, {&, k > 1} are iid random
elements of E with density @, 'y = m + -+ +m, {m, k > 1} are iid Exp(1)-distributed
random variables, and these three sequences are independent;

o . (-a)yF
Co = (E [ |gl|a]/ r~%sinx dx) = {20/2F((a+1)/2)1"(2a) cos(nay2)’ & 71,
0

\/2/_7r7 a=1.

Proof. The statement follows from [I5 Section 3.11] by noting that

X, = / folx)p(z) Y M(dx),

where M is an independently scattered SaS random measure on E defined by

M(4) = / Mow)A(z), AcE,

so that the control measure of M has v-density ¢. O

Lemma 2. Let, for each n > 1, {epn,m=1,...,n} be iid SaS random variables with
scale parameter o,,. Let also {a;;,, 1 < j <1 <n} be a collection of measurable functions
ajin: R — C such that

/Z lajin(A |d)\<oo
R

1<j<i<n

Then
2

d\ = Op(A,oin**7%), n — .

J

Proof. W.l.o.g. we can assume that o,, = 1. We shall use the LePage series representation.
Clearly, for each n > 1, the variables {e,,,, m = 1,...,n} have the same joint distribution
as {A(fm —1,m]),m =1,...,n}, where A is an independently scattered SaS random
measure on [0,n] with the Lebesgues control measure. By Lemma [1 this distribution
coincides with that of

Z aj,l,n<)\)€j,n€l,n

1<j<i<n

ém,n = nl/aoi/a Z Plzl/a]l[m—l,’m} (SIC)CIC; m = ]_7 s, M,
k=1
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where {I'y,k > 1} and {¢, k > 1} are as in Lemmal [l {&,k > 1} are iid U([0,n]). Since
the boundedness in probability relies only on marginal distributions (for fixed n), we can
assume that ,,,, = &,,,. Let Z,()\) = Zl§j<l§n ajin(AN)€jnEin. A generic term in the
expansion of |Z,()\)|? has, up to a non-random constant, the form

—1l/ap—1/apx—1/an—1/a
Fkl/ Pk/l/ Fkg/ F / ]1[]1 1]1](§k1>1[l1 1l1]<§k’)]1[12 1]2](§k2>1[l2 1l2](§k’)<k1<k <k2<k/

Recall that {(x, k > 1} are independent and centered. Then, given I'’s and ¢’s, such term
has a non-zero expectation only if k1 = ko, k| = k) or ky = k), ke = K} (for ky = K it is
zero since j; # 1), so we must also have j; = ja, [y = Iy or j; = ly, jo = [; respectively so
that the product of indicators is not zero. The latter, however, is impossible, since j; < [3
and js < l. Consequently, the Lemma of Fatou implies

n

E[I2.(M)f|T] < Cy/on*/e Z T2 Z |00 (AP E [ L5215 (&) Lm0 () |

k#k 1<j<i<n
— et ST S P (G € - 1) P (& € [1— 1,0)
kK 1<j<l<n
00 2
< C«i/an4/a—2 Z |aj,l,n()\)|2 <Z F[;?/a)
1<j<i<n k=1

Integrating over \, we get

o) 2
E |:/ |En()\)‘2d)\ ) F‘| S C;l/anll/a—QAn (Z Fk2/a>
: k=1

By the strong law of large numbers, I'y ~ k, k — oo, a.s. Therefore, given I's,
Je [Z22(V)[2dX = Op(A,n*/*72), n — oo, whence the required statement follows. O

The following lemma is an immediate corollary of the proof of Lemma [2]

Lemma 3. Let, for each n > 1, {epn,m=1,...,n} be iid SaS random variables with
scale parameter o,. Let also {bj;,, 1 <j <l <n} be a set of complex numbers with

By.= Y |bjual®
1<j<i<n

Then
Z b; iIn€in€ln = OP(BI/2 2 2/04 1) n — oQ.

1<j<i<n

In the following lemmas {A,,n > 1} is some vanishing sequence, {N,,n > 1} is a
sequence of positive integers such that N, — oo, n — oo, and N,, = o(n), n — oco. We
denote ty, = kA,, k € Z, T, = N,A,, n > 1.

Lemma 4. Let {hm n > 1} be a sequence of bounded functions supported by [—T,,T,] and
= [z A(ds), t € R. Then

ZYM: (Ihal 2 Tn A2, 0 — oo
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Proof. We can assume that ||h,|lc = 1. As in Lemma [2| we also use the LePage
representation, so small details will be omitted. Namely, for each n > 1, the process
{Yin,t € [0,nA,]} has the same distribution as

Yin = Ol + 2T,) Yy T h(t — &), t € [0,nA,],

k=1

where {T, k > 1} and {Ci, k > 1} are as in Lemma [1}, {&, k > 1} are iid U([—T,,nA, +
T,]). We can assume that Y;,, = Y;,. Then

< CY (A, +2L)Y Y N TP € [ty — T tyn + T))

e[ >z r
j=1 j=1 k=1
< 2020 T (nd, + 2T,)2 1> T2,
k=1

It follows that, given I', 377 | V2 = = Op(T,n¥*AY*™), n — oo, which yields the
statement. [

Lemma 5. Let a bounded uniformly continuous function f: R — R satisfy () and
let m,,, Wy(m) and v,(m, \) be as defined in Section[d fulfilling (WL), (W) and (WH4).
If the support of [ is bounded, let it be contained in [—T,T| and put T, := T. If it is
unbounded, then choose a sequence (T,)nen with T,, — 0o and T,w(A,) — 0 as n — oo.
W.lo.g. N, :=1T,/A, is a sequence of integers. Put

Np—1 2

F.(\) = Z W, (m) Z F(t ) eithnvnm)
k=—N,,

lm|<mn

Then

n

f(x)f - Am@)‘ - 0((w<2>)1/2<nAn)*1 T (An) + T+ || An>, n = 0o,

If f is supported by [—T,,T,], then

f(A)f - AiFn(A)‘ - o((wﬁ)l”(nan)—l +wp(An) + A An), n — oo.

Proof. Start by studying the expression

B = 3 Walm) [, A)|

[m[<mn

Using , it can be shown that for any > 0

F] = | Fatm.an])

FOf = R s 0] + @57 X o

[m|<my,
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By () f"is bounded since obviously ]7(.75\)/ = —it/fa and tf(t) is integrable if a > 2. So

S walm)([F0] = [Fontm | ) < 1P D2 Walm) (3= v(m, )’

|m|<mp |m|<mnp
17112 ) 1f)12 W2
AL Z AL

Setting § = (WéQ))l/Z(nAn)_l, we get

FONf = )] = 0 0 ), e

2

Further, denote F5,(A) = 32, <., Wa(m) and write for some 6 > 0, using

ﬁz(’/n(m7 A)

(21),
[FLa(N) = Fon N <Y Walm)]f(n(m, N)? = fuva(m, N)?|
|m[<mn
2
< eFl,n()\> -+ (1 + 971) ‘/ ))eisun(m,/\)ds
|m|<mn
2
+(1+60712 ‘/ ZS'/n(m)\)ds
|m|<m {st] |>Tn

<OF,(\) +8T2(1+ 0 Nwp(A)* +C(1+671) (/ . |s]ads)2
<OF (N + C(L+ 607 (Thwp(A,)? + 75,3|2|“>) .n}
Setting 6 = T,w;(A,) + T, we get
[Fin(A) = Fan (V)] = O(Tows (An) + T,7%),  n— oo,
Finally, for k > 0
|Fon(X) — AZF, (V)]

2

N tht1,n
< kPN + (1457 Y Wn(m) / Ftrn) (e mA) — eitenvalmA)) g
| <ma, _ len
Nn—1 tk+ln 2
< kPN + (L4 R ) Wil (Z / Ften)| A (m, )\)d)
Im|<mn, k=—Np
< 6Fyn(N) +C(L+ 7)Y Wam)|£13(Anva(m, N)*
|m|<mp
2
-1 272 2 m
< HFz,n(/\) +C(1+s)fIFA; ; Wi (m) (/\ + (TLA”)?)

-1 2 A2 2 W7§2)
= KF(X) + OO+ AT, (¥ 4 i )

34



Taking k= A, (|A| + (Wf))I/Q(nAn)_l), we obtain
2,n - EL n = n n ! nay,) , N — OQ.
| Fon(A) — A2E, (V)] O(A (A + (W) (nA,) 1))

Combining the estimates, we arrive at

n

f(A)f - AiFn(A)’ - O((W(2))1/2(nAn)‘1 + Tawp(An) + T+ || An>, n = 0o,

as required. The second statement follows easily, since in this case

/ f(s)enmN s =0, O
{s:|s|>T}

Lemma 6. Let {m,,n > 1} be a sequence of positive integers such that m, — oo,
m, = o(n), n — oo, {Wy(m),n>1,m=—m,,...,m,} be a sequence of filters satis-
fying (WI)~(WR)), and {K,,(m),n > 1,m = —m,, ..., m,} be a sequence of real numbers.
Then

2
n

So= 3 | S0 Walm)K(m)e0mmin| = O(W;(Kn)*), n— oo

jl:jzzl |m|§mn
with Wy = max|y|<m, Wan(m), K = maxX|<m, [K,(m)].

Proof. Write

Se= 3 3 Walm) Ky (m) Wi (m!) K, ()i —32)(m )/

Jj1,je=1mm/=—my
Mp n 2
= Y Walm)Ku(m)Wo(m) K, (m) | > e mmmin
m,m/=—my j=1

6i(m—m’) -1 2

=n? Y Wa(m)?K,(m)* +2 > W (m) K, (m) W, (m') K, (m) ST

Im|<mn m<m/

ei(m—m') -1 2

SWrED? [ n® Y. Wam)+2 > Wi(m)

|m|<mp, —mp<m<m/<mp,
2my, 1
SWaUGP [0 48 Y Walm) ) ———
[ml<ma, o et =1

Note that for z € [0,1], |¢®* — 1] > L |x| with some positive constant L. Since m,, = o(n),
n — oo, for all n large enough it holds m,, < n/2. Therefore, |eik/” — 1| > L|k/n| for
k=1,...,2m,, whence

2m 00
* * — < 1 * * — 1
Sy SWi(K)? 0> +8L7°n% Y Wy(m)> 5] < WH(K*)*n? (1 +8L77) @> :
|m|<mnp k=1 k=1
as required. O
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Lemma 7. Let {m,,n > 1} be a sequence of positive integers such that m, — oo as
n — co. For a number sequence {W,(m),n>1,m = —m,,...,m,} satisfying (WL)-
( and continuous functions hy m: [T, nA,+T,)XR — C,n > 1,m = —my, ..., my,,

nAn+Ty, 2
define Ru(X) = Y jmjcm, Walm) B2, )\)A(dt)‘ . Then

—Tn

/ R,(N)?d\ = Op(H:(nA)Y*), n — oo,
R

where HY = [ H(X) dX for H(\) = > mi<omn Wa ()| m (- N|%.
Proof. By Lemma [T], for each n > 1 the family

nAn+Thp
Hym(\) = / Ty (£, \)A(GE), || < mn, A € R,

-T,

has the same distribution as

Hyn(N) = /(2 + 210 Y T b (6, NG Im] < m, A ER,

k=1

where the variables I', &, Ck, k > 1, are the same as in the proof of Lemma |4 [l Again, we
can assume that Hn m(A) = Hn,m()\) Jensen’s inequality implies (3, <,.. Wa(m)a,,)? <
>l <mn W,(m)a?,. Thus we estimate

E [/RRH()\)zdk ‘ r,g}

4
< CYe(nA, +2T),) 4/a/ Z Wa( 2 B (€ NG| TLE | dA
|m|<my,
9 2
nA 4/04/ Z Z —1/0¢ nmgkv )Ck Faf dA
Im|<mn, k=
o 2
HA 4/0‘/ Z (Z Z/Ollhnmgka )’ )d)\
Im|<mg, k=
ca [ 3w (Z 2/&) P, M,
Im|<mn, k=

for some generic constant C' > 0 where we have used that, given I' and &, the series
Yoo T T By (6, A)Cr has a centered Gaussian distribution. Therefore,

E URRn(A)QdA ‘ r]

CnA,) 4/a<zp—m) [ X Watmlan NI ax

m|<my,
= C(nA,)Y® ( S a) H.
k=1

As a result, given T', [, R,(A\)?d\ = Op(H;(nA,)**), n — oo, which implies the state-
ment. [
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