MAXIMAL NON-EXCHANGEABILITY IN DIMENSION D

MICHAEL HARDER AND ULRICH STADTMULLER

ABSTRACT. We give the maximal distance between a copula and itself when the argument is
permuted for arbitrary dimension, generalizing a result for dimension two by Nelsen (2007);
Klement and Mesiar (2006). Furthermore, we establish a subset of [0,1]¢ in which this bound
might be attained. For each point in this subset we present a copula and a permutation, for
which the distance in this point is maximal. In the process, we see that this subset depends on
the dimension being even or odd.

1. INTRODUCTION

Studying the dependence structure in the distribution function H of a d-dimensional continuous
random vector X the so called copula is crucial. This is the distribution C' of the random vector
U with components U; = F;(X;) where F; is the one-dimensional marginal distribution of Xj .
For details, see Sklar’s Theorem in Sklar (1959).

Of interest are in particular parametric classes of such copulas. The usual examples, how-
ever, have the disadvantage that they share some symmetry properties. Quite popular are
Archimedean copulas which have the form

O(u, .y ua) = (e~ ur) +..., 97 (ua))

with a generating function ¢(s) being most often the Laplace transform of a distribution on
(0,00). If these generating functions contain some parameter § we are given a parametric cop-
ula model. However, a random vector U having this copula as a distribution has exchangeable
components. But it is not clear whether data which have to be investigated follow an exchange-
able copula. On the way to look for tests on exchangeability one comes across the question:
what is the maximal distance between a copula and a version of it where the arguments are
permuted. This paper is devoted to this question.

In the following, let d € IN'\ {1} denote the dimension.

Definition 1.1. A random vector X := (Xq,... 7Xd)T is called exchangeable, if its law coincides
with the law of the random vector X := (Xr(1),. .- ,X,r(d))T, where 7 € Sy is a permutation of

,....d.

Let H be the cdf of X and H, the cdf of X,. Then it is straightforward to see, that if X is
exchangeable, then all marginal cdfs must be identical.

Definition 1.2. A mapping F : R — R is called exchangeable, if
F(z1,...,24) = F(Tz(1), -+ Ta(a))
holds for all (z1,...,24)" € R? and all permutations 7 € Sy.

Note, that instead of exchangeable the notion symmetric is used as well (e.g. for aggregation
functions by Grabisch et al. (2009)), which however is not used in a uniquely defined way (e. g.
Nelsen (1993) defines four different kinds of symmetry of a distribution function). It may seem
unusual to use the same word for a property of a random vector as well as for a property of a
mapping. But it is easy to verify that a random vector is exchangeable if and only if its cdf is
exchangeable. From the famous theorem by Sklar (1959) it follows that a multivariate cumulative
distribution function is exchangeable if and only if its copula is exchangeable (provided that all
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marginal cdfs are identical). In the following, we will address the exchangeability—or rather the
lack of this property—of copulas.

Now, being interested in statistical tests to decide whether some data come from an exchangeable
copula it is important to know how big the difference of a copula from itself with permuted
components can be. For exchangeable copulas this difference is zero. Here comes the first result
in this direction.

Nelsen (2007) shows that for d = 2 and any copula C' it holds that

1
(1) |IC(u) — C(uq)| < 3 for all w € [0,1)> and all 7 € S .

The same result has been published independently by Klement and Mesiar (2006). For = = id
obviously C(u) = C(ur), so for d = 2 there’s only one interesting permutation, namely 7 =
7(1,2), i.e. the transposition of u; and uy. The bound in (1) is the best possible, as Nelsen
(2007) demonstrates by showing that

C(u1, up) = min{“l’“% (“1 - éy * <“2 - §)+}

is a copula and for u = (%, %)T the bound in (1) is attained. As usual we denote by f* :=
max{f,0}.

By defining C(uy,us) := C(ug,u1) for any (ui,us)" € [0,1]2, we obviously get another copula
C. Therefore, (1) could be rewritten as

~ 1
2 max |C(u) — C(u)| < =

) . [C(u) — Olu)| < ¢

i.e. the maximal absolute difference between two copulas. However, the difference between two
arbitrary 2-dimensional copulas in the same point is at most 0.5, as

Ca(as) — Colur)| < M) — Wiaw) < M(32) —w (L 1) = 2

272 2
shows, where M (ui,u2) := min{uy,us} and W(uy,us) := max{0,u; + ug — 1} are the upper
and lower Fréchet-Hoeffding-bounds, respectively. Note that this bound is best possible since
it is attained by the two copulas M and W . Whereas the extension of the latter inequality to
arbitrary dimension d is obvious this is not the case for the inequality (1). Hence, it is aim of
the present paper is to extend inequality (1) to arbitrary dimension d and to investigate the
copulas and the set of points where this bound is attained.

2. MAIN RESULT

Now, let’s state the main theorem of this paper, generalizing the inequality (1) to arbitrary di-
mension d. Just like in Definition 1.1, given a vector u € [0, 1]%, we write u, = (Ur(1),-- - u,,(d))T
for the vector whose components are permuted according to w € Sy.

Theorem 1. Let C be a d-copula. Then

d—1
3 Clu) — Cuy)| < ——
) x| - Cluwn)| < G
holds true for any permutation m € Sg. The bound is best possible, i.e. for each dimension d there
exists a d-copula C, a permutation 7 € Sy and a vector u* € [0,1]4, such that |C(u*) —C(uk)| =
d—1
d+1°
Remarks:
i) The difference between two arbitrary copulas C1 and Co of dimension d can be bounded for all
u € [0, 1] as follows

d—1

|C1(u) — Co(u)| < Mg(u) — Wy(u) < Mg(u®) — Wa(u®) = 4
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with the Fréchet-Hoeffding-bounds My(u) = min{uy, ..., uq} and Wy(u) = max{> " u; — d +
1,0}, and uj = (d=1)/d forallj =1,...,d. Although Wy is no copula for d > 2, the bound d%dl
is best possible, since for every fized u € [0,1]% there exists a copula C, such that C(u) = Wy(u)

(see e.g. Nelsen (2006) or for an exact form of such a copula with given diagonal section, see
Jaworski (2009)).

it) If we assume uj < uj, Nelsen (2007) shows that for d = 2 there is exactly one u* = (%, %)T
for which the mazimum in (3) is attained. Under the condition, that ui < --- < u}, we get
nonuniqueness or uniqueness of u* depending on d being even or odd. For d =2n+ 2,n € N
there are infinitely many choices for such a w*—yet within some lower dimensional manifold.
In any case, for d > 2, a fired u* and a fixed copula C, such that the bound in (3) is achieved,
there’s still more than one choice for the permutation w. This will be discussed in more detail

in Section 4.
i11) Based on our result we could define

d+1
C) = —— max max |C(u)— C(u,
wO) = Wesdue[071]d| (u) — C(ug)|
as a measure of non-exchangeability for the copula C'. Note, that the definition of measures
of non-exchangeability by Durante et al. (2010) is just for bivariate copulas and therefore not

applicable in this case.

In the following corollary we see that Theorem 1 is not just a statement about exchangeability,
but also has consequences for the possible choices of lower dimensional margins of a copula. For
example, if d > 3 there exists no copula, of which two (d — 1)-dimensional margins C, and Cj
coincide on the point %(1, ...,1)T with the Fréchet-Hoeffding-bounds.

Corollary 2.1. Let d > 3, C be a d-copula and 1 < k < %. Let Clg_p),a and Cg_p)p two
(d — k)-dimensional margins of C. Then

d—1 d—k—-1
Sar1S Ak
for all @ € [0,1]97% and w* := &E2L(1,...,1)T € [0,1]%F

1Cla—k),a(t) — Cla—p)p(w)| = Mg—g(u*) — Wa—(u”)

By Mgy we denote the upper (d — k)-dimensional Fréchet-Hoeffding-bound, and by Wy_; a
(d — k)-copula which coincides with the lower (d — k)-dimensional Fréchet-Hoeffding-bound in
u*. Note, that Corollary 2.1 is still correct for d = 3, but gives no information.

Proof. As Cy_p) . and C(q_p)p are margins of C, for a fixed u € [0, 1]97% there exist uq, up €
[0,1]¢ with exactly k& components equal to 1, such that
Cla—k).a(@) = C(uq) and Cg_p) p(a) = Clup).

These two d-dimensional vectors u, and wu; are the same, up to the order of their components.
Therefore, there exists a permutation m € Sy such that u, = (up), and

1Cla—r),a(@) = Cla—pyp(@)] = |C(ua) — C((ta)x)| < ;l;i

The other equations are straightforward to compute. O
3. PROOF OF THE MAIN RESULT

Before proving Theorem 1 we first state some auxiliary results needed in the proof. By 7;; we
denote the transposition of ¢ and j, i.e. the permutation interchanging components ¢ and j and
leaving the others unchanged.

Lemma 3.1. Let u € [0,1]¢, letd,5 € {1,...,d}, then
’C(u) - C(uT’LJ)| < ‘ul — Uy
holds for any d-copula C'.
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Proof. Let C be a d-copula, u € [0,1]% and i,j € {1,...,d}. Now define v by
Vg = max{u, uTi].(k)}, k=1,...,d

which implies vy = uy for k # 4, j. Due to the monotonicity of C' we get

(4) C(u) <C(v), Clug,) < C(v).
C' being Lipschitz-continuous (see e.g. Nelsen (2006)) yields
d
(5) C(v) = Clw)] < | — upl = |v; — ] + |v; — wy
k=1

where the last equation is due to the choice of v. As v; = v; = max{u;,u;} either |v; — u;| or
|vj — u;| vanishes. Together with (4) we conclude

C(u) € [C(v) — Ju; — uj],C’(v)].

By replacing w in (5) by u,,,, it is easy to see, that C(u,,;) is within the same interval, which
completes the proof. O

In the next lemma, we will show that the upper inequality in Theorem 1 holds. For the proof
we need the following example of special permutations.

Example 3.1. Let u € [0,1]¢ and 7 € S,;. Note that in this example each transposition might
be the identity mapping. Let 74 be the transposition, which exchanges d and 7(d). Thus, 74 puts
ugq in the right place. Now let 741 be the transposition, which puts ug—1 in u,, in the right place.
If (d — 1) wasn’t concerned by 74 (i.e. 74(d —1) =d — 1), then 741 is the transposition which
exchanges (d—1) and w(d—1) (note that 7(d—1) # m(d), so ug remains untouched). Otherwise,
74(d) = d—1 and then 74_1(d — 1) = d — 1 and, even more important 74_1(d) = 7(d — 1). Now,
we have ug and u4—; in the right places, i.e. on the same positions in u, and wu,, ,or,. Like
this, we can go on, until 7 finally puts us into its place. We needn’t worry about u;, because
when uo, ..., uq are all on their places, then u; has to be taken care of as well. In a nutshell,
7 can be replaced by the composition of at most d — 1 transpositions (for more details see e. g.
Dummit and Foote (2009, p. 107)).

Let’s have a look at a concrete example, namely 7 : (1,2,3,4) — (3,2,4,1). Now, one way to
generate m is by m = 75 o 73 0 74, where the transpositions 7; are characterized by

T4 = (34) T3 — (14) and T9 = id.
In this case, as 79 = id, even two transpositions suffice to generate m = (143).

Lemma 3.2. Let u € [0,1]¢, let m € Sy, then

(6) Clu) — Clun) < 577

holds for any d-copula C'.

Proof. Let C be a d-copula. W.lLo.g. let uy < ... < ug, otherwise we replace C' in the proof by
C with C(v) := C(v,-1) for all v € [0,1]%. Here o € Sy is the permutation which orders the

components of u by size, i.e. uy = (u(y), ..., U(d))T.
If there exists at least one ¢ € {1,...,d} with u; < % the claim follows immediately by
d—1
|C(u) — Clug)| < max{C(u),C(us)} < M(u) <u; < FERE
Hence we may assume now that % < up. In the following, we write u; := u; — d—j&, SO we

haveogﬁigdi

+7. The permutation 7 is generated by at most (d — 1) transpositions (as
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described in Example 3.1, see also Dummit and Foote (2009)), therefore, we are able to write
T=1T90...0T74_107Tq. Next we use the triangular inequality to derive

[C(u) = Clug)| <
< |C(u) - C(qu)| + |C(u7'd) - C(qu71OTd)| +...t |C(u7'30~--07'd) - C(uﬂ’)|

d d
< Z(uz —up) < Zﬂi
i=2 i=2

where the second inequality follows from Lemma 3.1.
At the same time, we have

|C(u) = Clux)| < Ma(u) = Wa(u)

8 d . d
®) Su— (Yw-@-n) =201 -3
=1 1=2

with the Fréchet-Hoeffding-bounds My and Wy (see Nelsen (2006)). Therefore, we may conclude
d—1

that
d d—
_ < mi T Pl TP APl
|C(u) C’('u,r)|_mln{;2ul,2d+ Z‘2uz}_d+

which completes the proof. O

(7)

M=

—_

In the proof of Lemma 3.2 we need u; < ... < ug just for notational convenience. Therefore, it
is straightforward to derive the following corollary:

Corollary 3.1. With the prerequisites of Lemma 3.2

d
|IC(u) — C(ug)| < min{ul, . .,ud,Z(ui —umy), (d—1) +uqy — Zuz}

i=1 =1
holds for any d-copula C' (where u(yy := min{uy, ..., uq}).
By now, we established the upper inequality in Theorem 1. In order to prove that it cannot

be improved, we have to find a proper d-copula, for which the bound in (3) is attained in some
point u € [0,1]¢ and for some permutation 7 € Sy. To this end let w* € [0,1]¢ such that

9

—1 . d+1
1 fOTlS]ST

9) ;o= #‘ll for j = ¢ +1 and d even

IS
+

1 otherwise

for j € {1,...,d}. In the following we consider the mapping C* : [0,1] — R with

d—1d-1 d +
(10) @)= 3" A (wrmymoaass — > (1))
=0 k=0 i=1,4¢1(j5,k)

where I(j, k) :== {((j + ) modd) +1:1=0,1,...,k} and AL a; = min{ay,...,aq}. A small
calculation shows that in the case d = 2 this copula satisfies C*(u1,u2) = min{uy, ug, (u; —
1/3)" + (ug — 2/3)*} as discussed above.

Lemma 3.3. Let C* be the mapping defined in (10) and u* € [0,1]? as in (9). Let m € Sy the
-1

order reversing permutation, i.e. w(k) :=d—k+1, then C*(u*) = 0 and C*(uy) = 7.

Proof. First, note that Zle uf = d — 1 by the choice of u* and therefore, Zgzl(l —ul) =1
Now for the first claim: let j € {0,...,d — 1} and k := 0. Thus I(j,k) = I1(j,0) = {j + 1} and

because of
d d

YoA—u) =) (1 —u) — (- ufy) = ujp

i=1,i¢I(4,0) i=1
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we get
d +
(u?(j-Fk) modd)+1 — Z (1— Uf)) = (uj1 — U;H)Jr =0
i=1,ig1(j,k)
whenever £ = 0. As this holds for each j we have C*(u*) = 0.
In order to prove the second claim, note that C*(u*) = Z?;é Z;é (mj,k)Jr, with
d
Mk = u?[(d—l)—(j—i—k)} modd)+1 — Z (1 —)
i=1,ig1(j,k)

because d — (((j +k)modd)+1)+1= ((d—1)— (j +k)) modd+ 1. Now let j € {0,...,d —1}
and 0 < k < d — 2. We want to show that m;j is nondecreasing in k, i.e. m;; < m;g41. This
is the case if and only if

(11)

k= U([(d—1)— (j+k)] mod d)+1 — U([(d—1)—(j+k-+1)] mod d)+1

<l- u?(j-i-k—‘rl)modd)-kl = Bk

holds. Obviously the left hand side of (11) is the difference between consecutive components of
u*, so o = 0 for most choices of k. The cases where o, # 0 depend on d being odd or even.
If d is even, a;, # 0 if:
(1) ([(d=1) = (j +k)]modd) +1=1. Then o, = uj —u; <0< S
(2) ([(d=1)—(j+k) modd)+1 = 4+2. In this case ((j+k+1) modd)+1 = d—(¢+1)+1 = L.
Therefore,

1 2
_ * * _ _ * .
K T R F I s

(3) ([(d—1)—(j+k)]modd)+1 = 4+1. In this case ((j+k+1)modd)+1=d—%+1=g+1.
Therefore,
1

A e e i
If d is odd, aj # 0 if:
(1) see 1. where d is even.

(2) g[ﬁzq)—(ﬁk)] modd)+1 = 4L 4+1. In this case ((j+k+1) modd)+1=d— 4L +1 =
T2

vla *

. Therefore,
2

Qi =Uhys — Uy = ——=1—-1—-ul, =81 .

B= Vg ~¥ap = G 2 = Pk

So we have a;; < B and thus mj; < mji4q for all choices of j and k. This means the
minimum in (10) is always achieved for k = 0 which gives us

d—1 d—1 d—1
CHu") = (myo)* = (i —ujn)* = dr1
=0 j=0
as for j > % the term (uj_; — u¥, ;)" is 0 by the construction of u*. O

Now we are finally set to prove Theorem 1.

Proof of Theorem 1. Let m € Sy and C be a d-copula. Then by Lemma 3.2 we get (3). In
Lemma 3.3 we show that there exists a point u* € [0,1]% and a mapping C* : [0,1]¢ — R such
that Jo1
C*(u") - C (Uw)\—m-

So, all we need to do in order to prove Theorem 1 is to show that C* is indeed a copula. This is the
case, as it can be constructed as a shuffle of min. In two dimensions Mikusinski et al. (1992) show
that by slicing the unit square vertically (including the mass of the upper Fréchet-Hoeffding-
bound on the main diagonal) and rearranging it, i.e. shuffling the strips, the resulting mass

distribution will yield a proper copula. Mikusinski and Taylor (2010, section 6) state that this
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also works for d > 2 by rearranging [0, 1]¢ (with the mass on {u € [0,1]? |u; = ... = ug}). [0, 1]¢
is separated along hyperplanes of the form {uy = A\;}. The separate parts are then rearranged.
The resulting shuffle of the original mass distribution corresponds to a proper copula. C* can
be obtained this way, by using hyperplanes with g := Zle(l —u}). Durante and Ferndndez-
Sénchez (2010) generalize this concept by applying it to arbitrary copulas. By Remark 2.1.
therein, and following their notation, we get a copula C indicated by ((FM)E_1,(CHL,) where

Ci(u) == My(u) fori=1,...,d, and #* = Jk’)] , with

[Zgzl,i;éj,...,k(l —uj), ch‘l:l,i;éjJrl,“.,k(l - Uf)] if j <k,
(12) Iy =1 [Cn ! e —uf) 1] if j =k,

h k+1(1 =), i (1= )] if j >k,
for k =1,... ,Nd. In Proposition 2.2. Durante and Ferndndez-Sanchez (2010) give an explicit
expression of C, namely

d u; —ab)t ug — ah)t
" é(w:ZMJ;)MdC 1A(J}g) o dA(J};) )

where a] is the left limit of the interval Jk Showing that C(u) = C*(u) is just notationally
demanding. The sums in (10) and in (12) look similar, but in (10) we circumvent the distinction
of cases by using modular arithmetic. Note that in (13), we write (u; — a§)+ instead of u; — a§
in Proposition 2.2. in Durante and Fernandez-Sénchez (2010). But from their proof it is clear

that a summand is 0 whenever u; < aé» for at least one i € {1,...,d}. O

4. ADDITIONAL RESULTS

As mentioned in Section 2, if we assume u] < u3, Nelsen (2007) shows that for d = 2 there is
exactly one u* (namely u* = (%, %)T) for which the maximum in (3) is attained. For d > 2,
the point u*, where equality in (3) holds, is unique if and only if d is odd (assumed u} < u; for
i <j). Ifd = 2n+2 (n € N), then there is a (4 —1)-dimensional manifold M C [0,1]?, such that
for all u* € M, there exist a copula C' and a permutation 7 € Sy with |C(u*) — C(u})| = d+1

This is shown in Lemma 4.2. For the proof we are going to improve the bound in (7) which was
derived in the proof of Lemma 3.2.

Lemma 4.1. Let d > 2 and u € [0,1]¢ with u; < u; fori <j. Then
d
(14) |C(u) — Clug)| g Z (u; — uy)

holds for any copula C' and any permutation m € Sd, where [a] denotes the smallest integer
n>a.

Before the proof of Lemma 4.1 for an arbitrary m, we will give the proof for a special case in the
following example.

Example 4.1. Let d > 3, w as in Lemma 4.1 and © € Sy such that w(i) # i for exactly
three i € {1,...,d}. This means, there are exactly three components w;, , u;,, u;; in w, which are
permuted in u,. W.L 0.g. we may assume i < i3 < i3. As 7 can’t be a transposition (otherwise,
there is one k with 7(ix) = i), either 7 is a left-shift or a right shift, i.e. 7 = m; := (i1igiz)
or m = 7, := (iy1i2i3) (as there are no other derangements in S3). Now let 71 := (i1i2) and
T9 = (i2i3), then m; and 7, are generated by those two transpositions in the following way:
T =T1072, Ty =7T20T1.

So we have

|C(u) = Clur)| < |C(uw) = Clun)| + |Clur,) — Clug)|
)| <1C(u) = Clur)| + |Clur) — Clux)|
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and applying Lemma 3.1 yields
[C(u) — Clum)| < |uiy — wiy| + |wiy — wiy| = uiy — iy | < fug — u
|C(u) — Clug,)| < |uiy — wiy| + |wig — uiy| = [wiy —uiy | < ug —ual.

Note that the last equation holds, as u1 < u;; < ws, < uiy < ug by the prerequisites. Now, in
this special case, (14) follows immediately, as either 7 = m; or m = 7,.

For more information on generating permutations by transpositions, see e. g. Dummit and Foote
(2009). We will make use of Example 4.1 in the following proof of Lemma 4.1.

Proof. Let d > 2, u € [0,1]¢ with u; < uj for i < j and 7 € S;. We will need p € N, defined by
pi= {1 <i<d:n(i) £}

i.e. p is the number of elements of {1,...,d}, which are no fixed points of m. Note, that for
p = 0, there is nothing to show and p = 1 is impossible. Therefore, we may assume p > 2 and
have p indices 1 < i1 < ... < i, < d with 7(ig) # i for k € {1,...,p}. We will proof Lemma
4.1 by establishing the similar claim

(15) Clu) = Clun)l < Y (uy, —usy).

=gin
Then (14) follows immediately, as
p d
> (wiy =) <Y (w— )
=g+ =[fln

holds true for all p and the corresponding index sets.

The proof of (15) will be an induction on p. For p = 2 equation (15) holds true due to Lemma
3.1. Now assume (15) holds for p—1 (with p > 3). The proof will be completed by a case-by-case
analysis, dependent on y in 4, := 7(i,). In any case y # p as iy is by definition no fixed point of
.

Case 1. y € {Pﬂ +1,...,p— 1}: Just like in Example 3.1, we can see 7 as a composition of at
most p — 1 transpositions, such that each i, is put in its place, starting with 7,. Therefore, we
have m = o o 7, where 7, := (z’pw(ip)) and o is the permutation which is generated by all the
remaining transpositions. As 7,(i,) = 7(i,) by definition, i, is a fixed point of o, so o permutes
just p — 1 elements. Thus we get

[C(u) = Clug)| < [|Cu) = Cluo)| + |Cug) — Clux)]
1

p p
< (i, — wiy) + (i, —i,) <> (wiy, — i)

Case 2. p=2n+1and y = [§] =n + 1: Analogous to Case 1, as {%w +1=n+1.

Case 3. p=2n and y = [%W = n: Now let i, := 77 1(ip) (z # p as i, is not a fixed point of 7).

Case 3.1. x > y: Similar to Case 1 (resp. Example 3.1) we write 7 as a composition of tranpo-
sitions. This time m = o o 71 0 7o, with

T = (Za; ip), T = (’Ly ’Lg;)

and o being the composition of the remaining transpositions. ¢, and 7, are fixed points of
o, as 11 0 To(ip) = m(ip) and 11 o To(iy) = 7(iz). So o permutes p — 2 elements. Because of
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71 0Ty = (iy iz ip), With Example 4.1 we get

[C(u) = Clug)| < [|Cu) = Cluo)| + |Cug) — Clux)]

p—1 P
< Y (i —w) (i, —w,) <Y (i — )
k=222 +1, k#z k=[2]+1

by the induction hypothesis and Lemma 3.1.

Case 3.2. x = y: With m = g o7 and 7 := (i) (see Case 1 or Example 3.1), we get (15)
analogous to Case 1.

Case 3.3. x < y: Similar to case 3.1. we write m = 0 o 7y o 7o. This time with
T = (Zz iy)? T2 = (Zy Zp)
we get (15) analogous to Case 3.1.

Case 4. y € {1, ceey {g] — 1}: With i, = w‘l(ip) this case can be solved analogous to Case 3,
which completes the proof.

O

Now we are able to prove, that for d > 2, the point u*, where maximal non-exchangeability is
possible, is unique if and only if the dimension is odd.

Lemma 4.2. Let d > 2, Cq:={C :[0,1]¢ = R : C is a d-copula} and
M= {u €10, ug < ... <ug,Im € Sy IC € Cy s.t. |C(u) — Clug)| = %} .

Then |M| =1 if and only if d = 2n+1 (foran € IN). Ifd = 2n, then M is a (n—1)-dimensional
manifold.

Proof. Let w € M and u; = u; — Z—H € [O, ﬁ] (). The left bound of u; follows from
% = |C(u) — C(us)| < My(u) < wu; for any ¢ = 1,...,d. From (8) we find that any such u
satisfies 24—1 Z?:Q @; > 21 ie. it holds that

d+1 d+1>
d d
d—1 - -
ﬁ > U > Z Uj
= i
. . . d o d ~ ~ d—1 .
This and the inequality Zz:[%} (i —un) =320 a7 (i — ty) > g77 from Lemma 4.1 yield
d
d—1
16 0 — =
(16) zd: R
i=[g]+1
for every u € M. Let d = 2n + 1 then the only way for (16) to be true is
5 - . . 2
M= =) =0 U T ST gy
as 0 <u; < diﬂ forall j=1,...,d.
Now let d = 2n and u € [0, 1]¢ with
d—1
U =...= Uy = +4; for j=1 ;N

such that §; € [0, ﬁ] and

holds. Let M be the set of all such u. For each u € M there exists a permutation 7 and a
copula C, such that |C'(u) — C(u,)| = %. We will construct such a copula by the Shuffle of
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Min method, presented by Mikusinski et al. (1992) and Durante and Ferndndez-Sénchez (2010),
in the Appendix. Therefore, we have M C M. Now, let uw € M. If we assume Upt1 < #ll,
ie., Upt1 < ﬁ then equation (16) implies that there exists some @, ; > % contradicting ()
in the beginning of the proof. Hence, we can write u,4; = #‘ll +0; with 0 <61 <--- <6,

Consequently we have 4, = ﬁ—l +4;, j=1,...,n and equation (16) implies
n—1
d; =
Z e
which means that w € M and thus M C M. O

The above proof shows, that for every uw € M the first [%] components are equal. Therefore,
even for a fixed u* € M and a fixed C € C,4 there’s never a unique 7 € S; which maximizes (3)
(for d > 2). E.g. let m be such a permutation, then 7 := 7 o 712 maximizes (3) as well.
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APPENDIX A. EXAMPLES

Let d = 2n and uw € M as described in the proof of Lemma 4.2, i.e.
d—1 d
u1:...:un:m, Uptj = d+1+6 for j =1,.

such that §; € [0 and

1
751
51 < ... < 6, E:aj:Z:.

Let m € S be the order reversing permutation, i.e. 7(j) =d—j+1for j =1,...,d. By applying

the Shuffle-Of-Min-Method, we will construct a copula C, such that |C'(u) — C(uw) = %.

According to Remark 2.1. in Durante and Fernandez-Sanchez (2010), all that is needed for the
construction of such a copula, is a so called shuffling structure of d-dimensional orthotopes and
a system of copulas (C;). We use C; = My for all i for simplicity, but other choices, especially
non-singular copulas are possible. Now for the orthotopes J}! x...x J& (withi € {1,...,3n—1}):
In the following, we will give J¥ for all cases of i € {1,...,3n — 1} and k € {1,...,d}.

Case 1. i€ {1,...,n—1}:

Case 1.1. ke{l ;n—i}U{n+1,...,2n} then:
JF =[50 (d+1+5) 2 5= (d+1+5)]

Case 1.2. k=n —i+ 1 then: JF := [§+%,d+1+5]

Case 1.3. i >2and k€ {n —i+2,...,n} then:

JF = [Z; 11,g¢n+1—k(d+1 +35), Z;:L#nﬂ—k(ﬁ +45)]

Case 2. i € {n,...,2n — 2} and:

Case 2.1. k =1 then:

I = [d+1 On +Z (d+1 5)’d+1 On "‘Ez nH( 1 05)]

Case 2.2. n >3 and k € {2,...,2n — i — 1} then:

= [% ~ On — Ont1-k +Z (d+1 5')>% — On — Ont1-k +Z (d+1 5)]

Case 2.3. k = 2n — i then: ch [d+1+5n+1 k,l]
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Case 2.4. i>n+1and/<:€{2n—i—|—1 .,n} then:

TE =t = 0n+ Y (g — 05), S = 0+ 3 (g — 6)]
Case 2.5. k€ {n+1,...,2n} then:

Tt =g =+ X2 (d+1 0)s a4t — On+ 521 (g — 95)]
Case 3. i € {2n—1,...,3n — 2} and:

Case 3.1. k=1 then:

R = Zl 2n+1(d41r1 5), G+ ZZ 2n+2( — ;)]

Case 3.2. k€ {2,...,n} then:

JE =[5+ 2 2nﬂ(d-lu 0)s 1 + =1 (i — 99)]

Case 33. ke {n+1,...,3n—2}\ {i —n + 2} then:

o= [+ Skt ~0). s+ S - )
Case 3.4. k=1—n+2: Jik = [d%il 4+ Ok—n, 1]

Case 4. i =3n — 1:

Case 4.1. k=1: JF = [d L 1]

d¥1
Case 4.2. k € {2,...,n} then: JF := [djv gﬁ]
Case 4.3. k€ {n+1,...,2n} then: Jk [d+1 S, #‘11 — 5n]

By Definition 2.1. in Durante and Fernandez-Sénchez (2010), the intervals JF must fulfill four
conditions, in order to get a proper copula:

(1) First, ¢ must run in a finite or countable index set. This is obviously the case, as
1<i<3n-1.

(2) Second, for every k € {1,...,d} and i; # iy the intervals Jl-k1 and Jik2 have at most one
endpoint in common. This condition is tedious to verify, but nonetheless fulfilled.

(3) Third, the orthotopes must be d-hypercubes, i.e. |Jik1 ‘ = ’Jik"" for every i and every pair
k1, ko. This is the case, as for every k

dJ1r1+5 forie {1,...,n—1},

d+1 + 0i—nt1 fori € {n,...,2n — 2},

+di—onye forie{2n—1,...,3n—2},
for i = 3n — 1.

| E] =
d+1
2
d+1
(4) Last, for every k, the length of the intervals must sum up to 1.

3n—1 2n—2 3n—2
Z ‘Jk‘ = Z ) +6;) + Z (ﬁ — Oimnt1) + Z (ﬁ — i—ony2) + % =1
i=1 i=n 1=2n—1

for every k.

Analogous to (13) we get an explicit expression of C, namely

3n—1
(17) C(u) = Z min((ul - ail)+,.  (uq — af ) }Jl‘)

i=1
where af is the left limit of the interval Jf . The distribution of mass within the d-hypercubes
is arbitrary, as long as there is exactly the mass ‘JH in the hypercube J} x ... x Jld. In our
example, all the mass is on the diagonal. For a non-singular copula, one could spread the mass
evenly within the hypercubes, for example replace My in (13) by the Independence Copula 7.
Let’s clarify things with two small examples for d = 4:
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Example A.1. In (9) we get u* = (0.6,0.6,0.8,1). The copula in (10) is given by
C*(u) = min{(u1 — 0.6)%, (up — 0.2)", ug,us }+
+ min{(us — 0.6)%, (ug — 0.4)", (ug — 0.4)", w1 }
+ min{(ug — 0.8)", (us — 0.8)", (u1 — 0.4)*, ug} + min{(us — 1)*,...}.
T

Therefore, we have |C*(u*) — C*(1,0.8,0.6,0.6)| = 0.6.

Example A.2. As the dimension is even, the point «* in Example A.1 is not the only one, in
which maximal non-exchangeability is achieved. Let d; € [0,0.1] and @ = (0.6,0.6,0.8401, 1—47).
Note that 1 — d§; = 0.8 + d2 if §; + d2 = 0.2. The copula in (17) is given by

C(u) = min{uy, (ug — 0.6)", uz,us,0.2 + & }+
+ min{(u; — 0.2 = 6)F, (ug — 0.8+ 61)*", (us — 0.6 — 61) ™,
(ug — 0.6 —01)",0.2+ 61}
+ min{(u1 — 0.4)%, ug, (ug — 0.8 = 01) ", (ug — 0.8)%,0.2 — 61 }
+ min{(u1 — 0.6 + 1) ", (uz — 0.2+ 61)*, (us — 0.8)", (ua — 1+ 61)", 61}
+ min{(u; — 0.6)", (ug — 0.2)", (ug — 0.2 — 6;) ", (ua — 0.2 — ;) *,0.4}.

Therefore, we have |C(a) — C(1 — 01,0.8 4 61,0.6,0.6)| = 0 6. This copula C is different from
the copula C* in Example A.1, as C'(a) = 0, but C*(a)
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